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Spin dynamics in quantum dots on liquid helium
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Liquid He-4 is free from magnetic defects, making it an ideal substrate for electrons with long-lived spin states.
Such states can serve as qubit states. Here we consider the spin states of electrons electrostatically localized in
quantum dots on a helium surface. Efficient gate operations in this system require spin-orbit coupling. It can be
created by a nonuniform magnetic field from a current-carrying wire, can be turned on and off, and allows one
to obtain large electrodipole moment and comparatively fast coupling of spins in neighboring dots. Of central
importance is to understand spin decay due to the spin-orbit coupling. We establish the leading mechanism
of such decay and show that the decay is sufficiently slow to enable high-fidelity single- and two-qubit gate
operations.
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I. INTRODUCTION

This paper expands on the Emmanuel Rashba results on
spin dynamics, and in particular the possibility of the electric
dipole spin resonance where a resonant transition between
spin states is excited by the electric field [1,2] (see Ref. [3]
for a review). Among numerous applications of these results
of the immediate relevance is spin dynamics in quantum dots.
Such dynamics underlies the operation of semiconductor-
based qubits [4], a topic of significant current interest and an
area of rapid progress (cf. [5–8] and references therein).

Along with qubits based on the electron states in semicon-
ductor quantum dots [9] there were proposed qubits based on
the electron states in quantum dots on the helium surface [10].
This latter proposal relied on using orbital states of electron
motion normal to the helium surface (a charge qubit). It was
later extended to using in-plane orbital states [11]. Whereas
quantized orbital states of motion normal to the surface have
been known for a long time [12], quantized in-plane orbital
states have been observed on helium only recently [13]. Quan-
tized orbital states with a long coherence time were recently
observed for electrons floating above solid neon, a system in
many ways similar to electrons floating above liquid helium
[14].

An alternative idea is to develop spin-state qubits based
on electrons in quantum dots on helium [15] and on solid
neon [16]. There is a major difference between spin-based
qubits in semiconductors and on the helium surface. The
electrodes that form a quantum dot on helium have to be
submerged beneath the surface by a distance �0.1 µm to avoid
strong coupling of the electrons to vibrational excitations
in helium [17]. Therefore it is hard to make a multiple-dot
structure that would rely on controlled interdot tunneling and
the exchange electron coupling. However, as we discuss, there

are other ways to couple electron spins in different quantum
dots.

In this paper we study spin dynamics in a quantum dot on
the helium surface. The scheme of the quantum dot is sketched
in Fig. 1. The confining potential is created electrostatically.
A strong magnetic field applied parallel to the surface leads to
quantization of the spin states, which become the qubit states.
Transitions between the states are controlled by pulses of a
resonant microwave field. The coupling to this field can be sig-
nificantly increased by the spin-orbit coupling, in the spirit of
the electric dipole spin resonance. For helium, such coupling
can be provided by a spatially nonuniform magnetic field from
a wire beneath the electron [11]. Strong spin-photon coupling
induced by a nonuniform magnetic field has been discussed
and observed in quantum dots in semiconductors [18,19]. An
advantageous feature of electrons on helium is that it should
be possible to switch this coupling on and off. The effect is
particularly significant if the spin transition frequency is close
to the frequency of one of the orbital intrawell transitions.

Along with the increased coupling to the electromagnetic
field, the induced spin-orbit coupling leads to relaxation of
the electron spin. We argue that the major mechanism of
spin relaxation is the decay of the excited spin state into
the close in energy orbital state. On helium, the decay is
induced by the coupling to surface capillary waves, ripplons.
Ripplons are soft excitations. The coupling to low-frequency
ripplons involved in a small energy transfer can become strong
for confined electrons even where the rate of the ripplon-
induced scattering of unconfined electrons is still very small.
For strong coupling, the spin relaxation rate is determined
by processes with participation of many ripplons. As we
show, for electrons on helium, by varying the temperature and
the coupling parameters one can switch between weak- and
strong-coupling limits.
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FIG. 1. Sketches of single-electron quantum dots on the surface
of liquid helium. The confining electrodes are submerged into the he-
lium to depth 0.2–0.5 µm. The electron vibrations within the dot have
typical frequencies of 6 GHz. A permanent magnetic field �0.5 T is
applied parallel to the surface. Superconducting wires running across
the dots produce a nonuniform magnetic field that is turned on and
off by a dc current ∼2–5 mA through the wires. (a) The current can
be turned on and off in each dot separately. (b) The current runs
through several dots, and the spin-orbit coupling is controlled by
tuning the intradot vibration frequency close to resonance with the
Larmor frequency.

Understanding qubit dynamics is important not only for
the implementation of single-spin operations with microwave
pulses, but also for operations on coupled spins, which cor-
respond to two-qubit gate operations. Such operations can be
performed between remote spins using again the aforemen-
tioned induced spin-orbit coupling [20]. The spin coupling in
this case is a consequence of the Coulomb coupling between
the electrons. A consistent analysis of the resulting spin-spin
coupling requires some care and is also given in the paper.

In Sec. II we describe the model of a single-electron quan-
tum dot with coupled orbital vibrations of the electron and
its spin. Section III gives the theory of the Coulomb-force
mediated spin-spin coupling in different dots. Section IV is
the central section of the paper. It describes the mechanism of
spin relaxation due to the spin-orbit coupling and the coupling
of the orbital motion to capillary waves on the helium surface
and shows where this coupling becomes strong and how it
can be reduced to make a spin-based qubit. In Sec. V we give
numerical estimates of the parameters. Section VI provides
concluding remarks.

II. QUANTUM DOTS ON HELIUM

We will consider the geometry where the helium surface is
in the xy plane. The electrons float above the surface and are
pressed against it by the electric field E⊥, which is pointing
along the z axis. Quantum dots on the surface are created
by electrodes submerged into the helium to depth �0.5 µm
[11,13,21] (see Fig. 1). The low-lying orbital single-electron
intradot states are weakly nonequidistant states of two vibra-
tional modes. We will choose the coordinates of these modes
to be pointing along the x and y axes and call them x and y
modes, respectively. The mode eigenfrequencies ωx and ωy

are controlled by the electrode potential. Of interest for the
experiment is the range where ωx/2π,ωy/2π are of the order
of a few gigahertz; in particular, the frequencies used in the
experiment [13] lied in this range. It is advantageous as it is
the range of frequencies of the superconducting microwave

cavities used to excite interstate transitions and measure qubit
states in other implementations of condensed-matter-based
qubits. The frequencies ωx and ωy can be close to each other
or different depending on the electrode geometry.

The spin states of the localized electron are controlled by
the magnetic field Bx, which in our model is applied along the
x axis. The Larmor frequency ωL = 2μBBx/h̄ is also assumed
to be in the few gigahertz range (here μB is the Bohr magneton
and we have approximated the g factor by 2). For a typical
field Bx = 0.2 T, which can be used in superconducting res-
onators, ωL/2π ≈ 5.6 GHz.

We consider using the ground |↑〉 and excited |↓〉 spin
states as the qubit states |0〉 and |1〉, respectively. They are
eigenstates of the spin operator sx:

|↑〉 = 2−1/2

(
1
1

)
, |↓〉 = 2−1/2

(
1

−1

)
.

The temperature is assumed to be low, so that thermal exci-
tation of the vibrational intradot states and the spin states can
be disregarded. We will consider the setting in which the y
mode is not excited during the qubit operation and remains in
its ground state.

For a few low-lying orbital states the anharmonicity of the
intradot vibrations can be disregarded, and then the Hamilto-
nian of the electron in the dot takes the form

H0 =
∑
i=x,y

h̄ωia
†
i ai − h̄ωLsx, (1)

where ai and a†
i (i = x, y) are the ladder operators of the x

and y vibrational modes. In what follows we will consider
resonant behavior of the vibrations and the spin. To do this,
we note that, for a system with the Hamiltonian H0, in the
Heisenberg representation the relevant operators oscillate in
time as an(t ) ∝ exp(−iωnt ) and s̃±(t ) ∝ exp(∓iωLt ), where
s̃± = sy ± isz. The commutation relations for these spin oper-
ators are [s̃±, sx] = ∓s̃±, [s̃+, s̃−] = 2sx; we use overtilde to
distinguish s̃± from the more conventional s± = sx ± isy.

The spin-orbit coupling comes from the coordinate-
dependent magnetic field from a wire beneath the electron
(see Fig. 1). We assume that the wire goes through the center
of the dot along the y direction. The z component of the field
changes sign at the center of the dot, so that, if we count the x
coordinate of the electron off from the center of the dot, to the
leading order the coupling to the z-field component is

Hso = λso(ax + a†
x )sz,

λso = 2lxμB∂xBz, lx = (h̄/2meωx )1/2 (2)

(me is the electron mass). We note that the field from the wire
also changes the field Bx. In the analysis of the effect of the
wire field we will assume that this change δBx is incorporated
into the value of Bx. However, one should keep in mind that
the current through the wire is supposed to be turned on and
off, so the field Bx becomes time dependent, which leads to
accumulation of the qubit phase ∝∫

dt δBx(t ). The spatial
nonuniformity of the field δBx is small for lx small compared
to the distance to the wire.
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A. Electric dipole moment of the spin transition

If the Larmor frequency ωL is close to ωx, the spin-
orbit coupling (2) is close to resonant. It strongly increases
the oscillator strength of the spin-flip transition induced by
the electromagnetic field, making resonant spin transitions
electrodipolar, reminiscent of the electrodipolar transitions
described in Ref. [3]. A qualitative argument provided in
Ref. [11] suggested that, if the electron Hamiltonian in the dot
is H0 + Hso, the coupling of the spin transition to a resonant
electric field at frequency ωL is described by the Hamiltonian

Hed = −dsszEx, ds = −2
eμB∂xBz

me
(
ω2

L − ω2
x

) . (3)

The parameter ds is the electric dipole moment of the resonant
spin transition. It sharply increases if the orbital and spin states
are close to resonance, i.e., if ωx is close to ωL, with ds ∝
|ωL − ωx|−1.

A more rigorous analysis can be done by studying the
electric conductivity of the system σxx(ω) in the frequency
range ω ≈ ωL. The analysis of σxx(ω) is given in Appendix A.
The analysis is perturbative: it refers to the case where the
coupling is comparatively weak, |λso/h̄(ωL − ωx )| 
 1. For
stronger coupling one should take into account the repulsion
of the levels of the x-polarized vibrational mode and the spin.

The conductivity σxx(ω) displays a peak at ωL. The ampli-
tude of this peak is determined by the dipole moment ds. The
corresponding electrodipolar absorption can be much larger
than the relativistically small magnetodipolar absorption.

III. SPIN-SPIN COUPLING

The spin-orbit coupling induced by the nonuniform field Bz

leads also to the coupling of the spins in different quantum dot.
It is mediated by the Coulomb coupling between the electrons
in different dots and by the intradot vibrations. The coupling,
which was induced by a fast-oscillating field Bz in different
dots and was mediated by intradot vibrations, was considered
by Zhang et al. [20]. In contrast, we consider a static field Bz,
which is much easier to implement. This requires a different
analysis and allows us to obtain what we believe is a realistic
estimate of the spin-spin coupling.

The electron spin and the electron vibrations in the same
dot are coupled by the Bz field. A key observation for describ-
ing the spin coupling in different dots is that the vibrations
in different dots are hybridized by the Coulomb coupling.
Then the spins in different dots become coupled to the same
hybridized modes. This leads to the spin-spin coupling me-
diated by virtual exchange of vibrational excitations, similar
to the spin coupling via microwave cavity photons in double
quantum dots in semiconductors [7].

We consider first a geometry where the two dots are aligned
along the x axis and are at a distance R from each other, with
R � l (n)

x , l (n)
y [see Fig. 1(a)]. Here we use the superscript n =

1, 2 to enumerate the dots. In particular, λ(n)
so is the spin-orbit

coupling parameter (2) for the dot n and ω(n)
x,y are the vibration

frequencies in this dot; l (n)
y = (h̄/2meω

(n)
y )1/2. The strong field

B along the x axis is the same for the both dots. However, the
nonuniform field Bz that couples the spins in each dot to the

intradot vibrations can be different and the frequencies ω(n)
x

can depend on n as well.
The interdot coupling energy of the electrons Vid (|r(1) −

r(2)|) can differ from e2/|r(1) − r(2)| because of screening. To
the lowest order in the displacements x(1,2) from the equilib-
rium intradot positions, the x-displacement-dependent term in
the potential energy of the vibrations has the form

U (x(1), x(2) ) ≈ 1

2
me

∑
n

ω(n)
x

2x(n)2 + 1

2
meω

2
C (x(1) − x(2) )2,

ω2
C = m−1

e [d2Vid(r)/dr2]r=R. (4)

Here we have taken into account that the coupling potential
Vid(r) falls off with the increasing r. The term ∝(x(1) − x(2) )2

in U (x(1), x(2) ) describes the coupling of the intradot vibra-
tions. We note that, strictly speaking, R is the distance between
the electron equilibrium positions in the dots, which is slightly
different from the interdot distance due to the Coulomb cou-
pling.

The potential (4) can be diagonalized by a standard rotation

x(1) + ix(2) = (x1 + ix2)e−iα12 ,

tan 2α12 = 2ω2
C

/(
ω(1)

x
2 − ω(2)

x
2
)
. (5)

The same transformation has to be done for the x compo-
nents of the momenta to obtain normal modes. The squared
eigenfrequencies 	1,2

2 of the vibrations with the collective
coordinates x1,2 are, respectively,

	k
2 = 1

2

(
ω(1)

x
2 + ω(2)

x
2
) + ω2

C − (−1)k

2

[
2ω2

C sin(2α12)

+ (
ω(1)

x
2 − ω(2)

x
2
)

cos(2α12)
]

(k = 1, 2). (6)

As a result of the hybridization, each hybridized mode is
coupled to both spins. If ck and c†

k are the lowering and raising
operators of the hybridized modes, the coupling has the form

H ′
so =

∑
kn

λ
(n)
k (ck + c†

k )s(n)
z , (7)

where k = 1, 2 enumerates the hybridized modes and n = 1, 2
enumerates the dots,

λ(n)
n = (ω(n)

x /	n)1/2λ(n)
so cos α12,

λ
(n)
k = (−1)k

(
ω(n)

x

/
	k

)1/2
λ(n)

so sin α12 (n 
= k). (8)

Coupling of the spins to the same mode leads to the spin-
spin coupling. For the coupling to one orbital mode the effect
is described in Appendix B. Extending the result to the case
of the coupling to two modes, we obtain for the exchange
Hamiltonian Hex

Hex = gs̃(1)
+ s̃(2)

− + H.c.,

g = 1

4h̄
λ(1)

so λ(2)
so sin(2α12)

(
ω(1)

x ω(2)
x

)1/2(
	2

2 − 	1
2
)

(
ω2

L − 	1
2
)(

ω2
L − 	2

2
) .

(9)

From Eq. (9), the exchange-coupling parameter is g ∝
ω2

C for ω2
C � |ω(2)

x
2 − ω(1)

x
2| (this limit is reached for any

ωC if the intrawell frequencies ω(1)
x and ω(2)

x coincide) and
|2ω2

L − ω(1)
x

2 − ω(2)
x

2| � ω2
C . The relation g ∝ ω2

C also holds
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for a weak Coulomb coupling ω2
C 
 |ω(2)

x
2 − ω(1)

x
2|, |ω2

L −
ω(1,2)

x
2|.

The dependence of g on the frequency ωC is modified in the
important case where both frequencies ω(1,2)

x are close to each
other and to ωL. Here, for a small interdot distance, one can
have ω2

C � |ω(2)
x

2 − ω(1)
x

2| and ω2
C � |ω2

L − ω̄2
x |, where ω̄2

x =
(ω(1)

x
2 + ω(2)

x
2)/2. Then

g ≈ 1

4h̄
λ(1)

so λ(2)
so ω̄x

(
ω2

L − ω̄2
x

)−1
. (10)

In this case g ∝ |ωL − ω̄x|−1 sharply increases as ωx ap-
proaches the Larmor frequency, but is practically independent
of the interdot distance. We note that ωL is shifted by the
polaronic effect from the coupling to the intradot electron
vibrational modes. This shift is discussed in Appendix B.

The results immediately extend to the geometry where the
wires in the dots are along the interdot direction [see Fig. 1(b)]
if the current in each dot can be switched on and off separately.
The orbital coupling energy in this case has the same form
as in Eq. (4), except that ω2

C has to be replaced with −ω2
C =

−(meR)−1|dVid/dr|r=R. Respectively, ω2
C has to be replaced

by −ω2
C in Eqs. (5)–(10).

To conclude this section we note that it is tempting to
think that, since the spins are associated with electric dipoles
[cf. Eq. (3)] there should be a direct electrodipolar coupling
between spins in different dots. If the dipole moment operators
in the dots 1 and 2 are d (1)

s s(1)
z and d (2)

s s(2)
z , respectively, and

screening can be disregarded, the energy of the dipole-dipole
coupling is −(d (1)

s d (2)
s /R3)s(1)

z s(2)
z . It leads to the coupling of

the form (9), but the value of the coupling parameter g is dif-
ferent from that in Eq. (9). However, the underlying argument
is misleading. To describe the spin-spin coupling one has to
consistently take into account the coupling of the spins to the
respective intradot vibrations and the coupling between the
vibrations in different dots.

IV. SPIN RELAXATION DUE TO THE IMPOSED
SPIN-ORBIT COUPLING

The orbital motion of the electron is coupled to vibrational
modes in helium or neon. These modes are described by a
two-dimensional (2D) wave vector q and a branch number
μ; for example, μ can refer to ripplons or phonons in liquid
helium or different acoustic branches in solid neon. Their
Hamiltonian Hb and the coupling Hamiltonian Hi are

Hb = h̄
∑
q,μ

ωqμb†
qμbqμ,

Hi =
∑
q,μ

Vqμeiqr(bqμ + b†
−qμ), (11)

where ωqμ is the frequency and bqμ is the annihilation opera-
tor of mode (q, μ), r = (x, y) is the electron coordinate, and
Vqμ is the parameter of the electron coupling to mode (q, μ).
It is obtained by projecting the overall coupling energy onto
the lowest state of electron motion normal to the surface. Pa-
rameters Vqμ are well known for the coupling to ripplons and
phonons in helium [11,21] and for the coupling to phonons on
the neon surface [14,16].

It is a good approximation to disregard the direct coupling
of ripplons and phonons to the spin of an electron floating
above the surface. This is an important distinction from spin
relaxation in quantum dots in semiconductors [4,22–24].

The spin-orbit coupling induced by the nonuniform mag-
netic field brings in the coupling of the spin not only to the
microwave electric field, but also to ripplons and phonons. It
thus leads to spin relaxation. For quantum computing applica-
tions, the relaxation time has to be long so that the spin does
not have a chance to decay during the time when the field Bz

is on. Calculating the Bz-induced relaxation time is the goal
of this section. We will concentrate on the spin relaxation of
electrons on the helium surface; an extension to the electrons
on the surface of solid neon is straightforward.

An important aspect of the electron dynamics on helium
is that the major source of dissipation, the ripplons, are very
soft excitations. As a consequence, the electron relaxation is
slow. The momentum transferred to ripplons in scattering of a
localized electron h̄q is limited by the reciprocal localization
length, i.e., h̄q � h̄l−1

x , h̄l−1
y . The energies of the ripplons

with such momenta are much smaller than the electron level
spacing h̄ωx, h̄ωy. Transitions between discrete electron states
separated by a few gigahertz, in energy units, require emitting
or absorbing two ripplons with the total momentum �h̄/lx,y or
a phonon [21]. The coupling to such excitations is weak. This
leads to a long lifetime of the electron orbital states, which
is estimated to be in the range of 0.1 ms [11,21]. It is much
longer than the reciprocal momentum relaxation rate in the
absence of in-plane confinement, which is due to quasielastic
scattering by ripplons.

The idea of using spin states for quantum information is
based on the assumption that the relaxation of the spin states
will be still much slower than the relaxation of the orbital
states. However, when an orbital state and a spin state are
close in energy, single-ripplon processes can lead to transi-
tions between them. This can significantly increase the spin
relaxation rate. Moreover, the orbital coupling to ripplons in
the localized electron states may be strong. This means that
the coupling energy may be larger than the ripplon energy,
while still both being much smaller than h̄ωx,y, so that the
ripplon-induced transitions between the orbital states are still
strongly suppressed. In this case the electron dynamics in
quantum dots becomes similar to that in color centers, where
an electron is coupled to phonons and the distance between
the electron energy levels largely exceeds the characteristic
phonon energy [25,26].

A. Polaron transformation

To analyze the dynamics in the presence of the coupling
to excitations with the energy smaller than the level spacing
of the electron system it is convenient to write the electron
Hamiltonian in the absence of spin-orbit coupling as

H0 =
∑
n,κ

εn,κ|nκ〉〈nκ|,

εn,κ =h̄(ωxnx + ωyny + ωLκ). (12)

Here n ≡ (nx, ny) enumerates the excited states of x and
y modes. Parameter κ enumerates the ground (κ = 0) and
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excited (κ = 1) spin states; |nκ〉 = |n〉|κ〉. Equation (12) dif-
fers from the expression (1) for H0 by the constant −h̄ωL/2;
this difference plays no role in the further analysis. In the
(n, κ) representation the Hamiltonian of the coupling to the
vibrational modes of helium reads as

Hi =
∑

q,μ,n,n′
V nn′

qμ (bqμ + b†
−qμ)|n〉〈n′|,

V nn′
qμ = Vqμ〈n| exp(iqr)|n′〉. (13)

The operator Hi is a unit operator in the spin space.
The effect of the coupling to the modes (q, μ) on the

spin dynamics can be conveniently analyzed using the polaron
unitary transformation

U = exp

⎡
⎣∑

q,μ,n

(
V nn

qμ

/
h̄ωqμ

)
(bqμ − b†

−qμ)|n〉〈n|
⎤
⎦. (14)

This transformation allows one to eliminate the diagonal in n
terms in the coupling Hamiltonian Hi,

U †(Hb + Hi )U = Hb +
∑

n

Pn|n〉〈n|

+ U †
∑

q,μ,n 
=n′
V nn′

qμ (bqμ + b†
−qμ)|n〉〈n′|U,

Pn = −
∑
qμ

∣∣V nn
qμ

∣∣2
/h̄ωqμ.

Here Pn is the polaronic shift of the nth intradot orbital energy
level. Where the level spacing in the quantum dot exceeds
the typical frequencies ωqμ of the helium modes coupled to
the electron, the off diagonal in n, n′ terms in Hi lead to
shifts of the electron energy levels, which are smaller than Pn.
These off-diagonal terms remain off diagonal after the unitary
transformation. In what follows they are disregarded.

The transformation (14) couples the spin states to modes
(q, μ). We will consider this coupling assuming that the
electron remains in the state ny = 0 since y vibrations are un-
coupled from the spin. Respectively, we will use the notation

v(m)
qμ = (h̄ωqμ)−1

[
V nn

qμ

]
nx=m,ny=0.

With this notation, the transformed Hamiltonian of the
spin-orbit coupling (2) becomes

U †HsoU = λsosz

∑
m

(m + 1)1/2|m + 1〉〈m|

× exp

⎡
⎣∑

q,μ

(
v(m)

qμ − v(m+1)
qμ

)
(bqμ − b†

−qμ)

⎤
⎦+H.c.,

(15)

where |m〉 ≡ |nx = m, ny = 0〉 and we used that a†
x ≡∑

m(m + 1)1/2|m + 1〉〈m|.

B. Spin decay rate

The coupling of the spin to helium modes, which is de-
scribed by Eq. (15), leads to decay of the excited spin state
|↓〉. The involved process is a spin transition to the ground
state |↓〉 → |↑〉, accompanied by the excitation of the orbital

state |m〉 → |m + 1〉 [we recall that m here enumerates the
states of x-polarized vibrations], with the energy difference
going to helium modes.

The physics strongly depends on the lifetime of the excited
orbital state. We will assume that this time, even though it
is long on the scale of the modern condensed-matter qubits,
is still much shorter than the spin lifetime. Then, once the
excitation has been transferred from the spin to the excited
orbital state, it will not go back to the spin state. In this
case the transition rate Ws can be calculated keeping the
leading-order term in λso. We will assume that, initially, the x
mode is in the ground state. This means that, in terms of the
states |nκ〉, we are calculating the probability of the transition
|nx = ny = 0, κ = 1〉 → |nx = 1, ny = 0, κ = 0〉. This prob-
ability has to be averaged over the states of the helium modes.
A standard calculation gives

Ws = λ2
so

2h̄2 Re
∫ ∞

0
dt ei(ωL−ωx )t−εt exp[−wpol(t )],

wpol(t ) =
∑
q,μ

|αqμ|2[(2n̄qμ + 1)(1 − cos ωqμt ) + i sin ωqμt],

n̄qμ ≡ n̄(ωqμ); ε → +0. (16)

Here n̄(ω) = [exp(h̄ω/kBT ) − 1]−1. The parameter αqμ =
v(0)

qμ − v(1)
qμ is the difference of the coupling parameters in

the ground and first excited states of the x mode. Using the
explicit form of the coupling parameters (13) and the wave
functions of the electron intradot vibrations in the states in-
volved in the transition, we obtain

αqμ = (
Vqμl2

x q2
x

/
h̄ωqμ

)
exp

[− 1
2

(
q2

x l2
x + q2

y l2
y

)]
. (17)

The factor exp[−wpol(t )] is similar to the factor that de-
termines the shape of the absorption lines of color centers
in solids [25,26]. The spin relaxation rate is determined by
the Fourier transform of this factor at the frequency ωL − ωx

given by the difference of the Larmor frequency and the fre-
quency of the intradot vibrations coupled to the spin.

The general expression for Ws simplifies in the limiting
cases of weak (C 
 1) and strong (C � 1) coupling of the
intradot vibrations to the vibrations of liquid helium, where

C =
∑
q,μ

|αqμ|2(2n̄qμ + 1) (18)

is the dimensionless coupling parameter. Note that Eq. (16)
refers to a weak spin-orbit coupling; however, the coupling of
the intradot vibrations to the helium modes can be weak or
strong. For weak coupling we have Ws = W weak

s ,

W weak
s = πλ2

so

2h̄2

∑
q,μ

|αqμ|2
(

n̄qμ + 1

2
± 1

2

)
δ(ωL − ωx ∓ ωqμ).

(19)

Here the upper sign refers to the process where ωL > ωx

and the spin transition to the ground state is accompanied by
excitation of the intradot vibration and emission of a helium
vibration. The lower sign refers to the case ωL < ωx where the
spin transition requires activation by helium vibrations.
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For strong coupling the integral over time in Eq. (16) can be
calculated by steepest descent. This gives Ws = W strong

s , where

W strong
s = π1/2λ2

so

23/2h̄2γ
exp[−(ωL − ωx − Pstrong)2/2γ 2],

Pstrong =
∑
q,μ

|αqμ|2ωqμ,

γ =
⎡
⎣∑

q,μ

|αqμ|2(2n̄qμ + 1)ω2
qμ

⎤
⎦

1/2

. (20)

Equation (20) applies provided

C � 1 (21)

or, equivalently, γ 2 � ω̄2
qμ, where ω̄qμ is the typical fre-

quency of the helium vibrations with q � l−1
x , l−1

y . The
inequality (21) is sufficient where the relevant vibrations of
helium are thermally excited, h̄ω̄qμ 
 kBT . The transition
|↓, nx = 0〉 → |↑, nx = 1〉 is then accompanied by emission
and absorption of a large number of vibrational helium
excitations. If, on the other hand, h̄ω̄qμ � kBT , Eq. (20)
applies for ωL − ωx − Pstrong > 0. In this case the transition
|↓, nx = 0〉 → |↑, nx = 1〉 is accompanied only by emission
of helium excitations.

The dependence of the switching rate on the frequency
difference ωL − ωx is Gaussian in the strong-coupling case,
with a characteristic width γ ; in what follows, γ is called
the strong-coupling width parameter. Parameter Pstrong comes
from the polaronic shift of the energy levels of the orbital
states |nx = 0〉 and |nx = 1〉. It does not depend on temper-
ature. In contrast, the width γ is temperature dependent. It
linearly increases with T for kBT � ω̄qμ.

We emphasize that αqμ are the parameters of the coupling
of electron orbital motion to helium vibrations. They do not
depend on the detuning of the spin transition frequency ωL

from the intradot electron frequency ωx. The strong-coupling
parameters γ , Pstrong are also independent of ωL − ωx. How-
ever, the rate Ws depends on ωL − ωx both directly, as seen
from Eqs. (19) and (20), and in terms of the spin-orbit cou-
pling parameter λso.

V. NUMERICAL ESTIMATES FOR QUANTUM DOTS
ON HELIUM SURFACE

In this section we provide estimates of the spin-spin cou-
pling mediated by the induced spin-orbit coupling and of the
spin decay rate. We consider a quantum dot with the intradot
frequency and the Larmor frequency being ωx ∼ ωL ∼ 2π ×
6 GHz. We assume that the spin-orbit coupling is imposed
by a wire parallel to the y axis at a distance 0.5 µm from
the helium surface, and that the current in this wire is 2 mA.
We set the difference between the Larmor frequency and the
intradot vibration frequency to be |ωL − ωx|/2π = 5 MHz,
For these parameter values the spin-orbit coupling constant
λso/h̄ and the scaled electric dipole moment of the resonant
spin transition |ds/e| are

λso/h̄ ≈ 1.1 × 107 s−1, |ds/e| ≈ 13.8 nm.

We estimate the exchange coupling between the spins in
different dots assuming that the dots have the same frequen-
cies ωx, that they are 3 µm apart, and that the Coulomb
coupling between the electrons is not screened. Then from
Eq. (9) the coupling parameter is

g/h̄ ≈ 5.5 × 105 s−1.

For the Coulomb coupling used in obtaining this estimate,
the coupling frequency ωC largely exceeds |ωL − ωx| and,
therefore, g weakly depends on ωC .

For the same parameter values, a single-qubit rotation over
time 5.5 × 105 s−1 can be performed by a resonant field of
∼3 × 10−4 V/cm. This is smaller than the typical zero-point
field in a superconducting cavity, which shows that the actual
duration of the single-gate operations can be much shorter
than a microsecond.

In the geometry sketched in Fig. 1(a), the spin-orbit cou-
pling can be turned on by applying a nonuniform magnetic
field independently to each dot. In the setting shown in
Fig. 1(b) a nonuniform magnetic field is applied globally to
all dots at a time. The spin-orbit coupling can be controlled in
this case by changing the intradot vibration frequency elec-
trostatically. For example, if we want to suppress the spin
orbit-coupling in a dot and, as before, we set ωL ≈ 2π ×
6 GHz, we can detune ωx to 2π × 3 GHz. Then the electric
dipole moment becomes |ds/e| ≈ 0.03 nm and the interdot
coupling parameter becomes g/h̄ ≈ 9 s−1. The spin relaxation
mechanism discussed earlier does not work, and the spin
decay rate becomes exceedingly small. On the whole, even
though the control is less efficient than when the nonuniform
magnetic field is turned on and off in each dot separately, the
“switching off” the spin-orbit coupling electrostatically is still
fairly efficient.

One of the most important estimates is that of the spin
relaxation rate. We will consider it for scattering by ripplons.
We will drop the subscript μ when discussing ripplon frequen-
cies and the parameters of the coupling to ripplons. We will
further assume that ωx is close to ωy, and thus lx ∼ ly. Then
the characteristic ripplon frequency is

ω̄ ≡ ω̄q = (
σHe/ρHel3

x

)1/2
, (22)

where σHe and ρHe are the surface tension and the density of
liquid helium, and we use that the typical wave number of
the ripplons coupled to the electron is q = l−1

x . Numerically,
we have ω̄ ≈ 2 × 108 s−1. For the typical temperatures T �
1.6 mK used in the experiment kBT � h̄ω̄q.

The coupling to ripplons is determined by the electric field
E⊥ that presses the electrons against the helium surface and
the polarization coupling that comes from the ripplon-induced
modulation of the image potential [27]. The coupling param-
eters Vq are given by the sum of the contributions of these two
mechanisms. Therefore, |αq|2 is determined by the sum of the
corresponding contributions as well, but it also has a cross
term. However, this term is smaller than the other two terms
and we will not evaluate it.

It is seen from Eqs. (19) and (20) that of interest for the
analysis of relaxation due to ripplon scattering is the function

ℵ(ω) =
∑

q

|αq|2(2n̄qμ + 1)δ(ωq − ω). (23)
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To estimate ℵ(ω) we will assume that lx = ly. Using the
explicit form of the coupling parameters (cf. [21]), we find
that, for typical frequencies ω in the range 105–109 s−1, the
value of ℵ(ω) for the E⊥-induced coupling, ℵE⊥ (ω) is

ℵE⊥ (ω) = e2E2
⊥kBT

8π h̄2 (σHeω
1/3ω̄8/3)−1e−(ω/ω̄)4/3

, (24)

whereas for the polarization-induced coupling, ℵpol(ω), it is

ℵpol(ω) = �2kBTr2
pol

32π h̄2

ρ
4/3
He

σ
7/3
He

ω7/3

ω̄8/3
e−(ω/ω̄)4/3

. (25)

In Eq. (25), � = (εHe − 1)e2/4(εHe + 1), where εHe is the
helium dielectric constant; rpol = ( 2

3 ) ln(ω/ω̄) + ln(rB/2lx ) +
γE − ( 1

2 ), with γE being the Euler constant and rB being
close to the electron localization length normal to the helium
surface, rB ≈ 7.6 nm.

A. Strong-coupling parameters

The function ℵ(ω) immediately gives the coupling parame-
ter C as well as the strong-coupling width parameter γ and the
polaronic shift Pstrong due to the coupling to ripplons, which
are defined in Eq. (20). For kBT � h̄ω̄

γ 2 =
∫ ∞

0
dω ω2ℵ(ω), Pstrong = h̄γ 2/2kBT . (26)

From Eq. (24), for the coupling due to the pressing field E⊥,
the strong-coupling width parameter is

γE⊥ = (3e2E2
⊥kBT/32π h̄2σHe)1/2.

The expression for the contribution γpol to γ due to the polar-
ization interaction is cumbersome. For typical lx used earlier
and for rB = 7.6 nm we have

γpol = [
(3�2kBT/128π h̄2)ρ4/3

He σ
−7/3
He ω̄8/3Cpol

]1/2

with Cpol ≈ 16.
For T = 0.1 K these expressions give γpol ≈ 2.1 × 108 s−1

and, for typical E⊥ = 300 V/cm, γE⊥ ≈ 4.8 × 108 s−1. Thus,
γE⊥ exceeds ω̄, whereas γpol is very close to ω̄, which indicates
that the coupling to ripplons is not weak for such a tempera-
ture.

B. Estimate of the spin decay rate

We recall the constraints on the spin decay rate Ws. First, it
must be small compared to the energy decay rate of the orbital
state to which the energy is transferred Worb. Then there is
an important constraint on the quantum-information side: the
spin-decay rate should be small compared to the reciprocal
duration of the gate operations. The latter means that, when
the nonuniform magnetic field is on and gate operations are
performed, the decoherence of the spin state is inessential. The
rate of the qubit (spin) swap gate, which is determined by the
coupling parameter g in Eq. (9), is ∝λ2

so (if we assume the
same spin-orbit coupling in the both dots). The qubit decay
rate as given by (16) is also ∝λ2

so. Therefore, it is the ripplon-
dependent factor in the spin decay rate that must be adjusted
to meet the low-decoherence condition.

In the limit of strong coupling to ripplons, from the con-
dition W strong

s ∼ λ2
so/h̄2γ 
 g/h̄ ∼ λ2

so/h̄2�ω we have γ �

�ω, where �ω = |ωL − ωx| (in estimating g we assumed
that ωC � �ω). The condition γ � �ω is incompatible with
the above analysis of the electrodipolar spin transition. In-
deed, the parameter γ determines the typical width of the
orbital-transition absorption spectrum at frequency ≈ωx. This
width is supposed to be much smaller than �ω, so that the
spin-transition absorption spectrum is well separated from the
orbital spectrum and the spin can be selectively excited by a
resonant electric field at frequency ωL.

Therefore, of primary interest is the case of weak electron-
ripplon coupling, γ 
 ω̄. In this case the spin decay rate is

W weak
s = (

πλ2
so

/
4h̄2

)ℵ(�ω), �ω = |ωL − ωx|. (27)

Here we have taken into account that kBT � h̄ω̄,�ω. We
assume throughout the paper [except for Eq. (20)] that the
orbital frequency ωx has been renormalized to incorporate the
frequency shift due to the coupling to ripplons.

The condition of the small effect of decoherence on the
gate operation W weak

s 
 |g|/h̄ and the condition of the spec-
tral separation of the spin and orbital transitions W weak

s 
 �ω

are met for ℵ(�ω) 
 �ω−1. The spin-spin coupling parame-
ter g increases with the decreasing �ω. As seen from Eqs. (24)
and (25), for typical �ω 
 ω̄, the pressing-field induced con-
tribution ℵE⊥ (�ω) to ℵ(�ω), and thus to W weak

s , increases
with the decreasing �ω as �ω−1/3, whereas the polarization
contribution ℵpol(�ω) decreases as �ω7/3. These estimates
are important for choosing the detuning �ω.

For the small detuning �ω/2π = 5 MHz that we con-
sider and for T = 0.01 K, we have ℵpol(�ω) 
 �ω−1. The
polarization-coupling induced decay rate for weak coupling
to ripplons is

W pol
s ∼ 0.6 × 103 s−1. (28)

This sets up the lower limit on the decay rate for the
estimated �ω and T . The decay rate can be further reduced
by reducing the temperature. The E⊥-induced decay rate is
∼6 × 105 s−1 for the pressing field E⊥ = 300 V/cm often
used in estimates, i.e., W E⊥

s ∼ g/h̄. Therefore, to meet the
small-decoherence conditions it is necessary to significantly
decrease the pressing field E⊥ compared to 300 V/cm, which
is a fairly routine procedure in the experiment.

The energy-decay rate of the orbital states on liquid helium
is Worb ∼ 3 × 104 s−1, for the typical intradot frequency ωx ∼
2π × 6 GHz [11,21]. It is larger than W pol

s by a factor of 50.
This justifies the considered model of spin decay.

The probability of spin decay during the gate operation, if
we estimate it using Eq. (28) as h̄W pol

s /g, is ∼10−3. It can be
further reduced by reducing the difference �ω of the Larmor
frequency and the orbital intradot frequency. The constraint
on �ω from below is imposed by the linewidth of the in-
tradot orbital transition. Because of the nonzero linewidth, it
is possible to excite an orbital state by driving the electron at
the Larmor frequency. However, the excitation probability is
∝(Worb/�ω)2 and would remain negligibly small even if �ω

is further reduced by a factor of 10.
The other constraint comes from the fact that the calcula-

tion has been based on the perturbation theory, which relies
on the assumption that �ω is much larger than λso/h̄, i.e.,
that the spin-orbit coupling is weak. The analysis of the range
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where the spin-orbit coupling is strong and the electron states
should be described in terms of dressed states [28] is beyond
the scope of this paper; this range is less interesting in terms
of a spin qubit on helium. In the perturbation theory, the
parameters g and Ws scale as λ2

so. Therefore, the relations
between the qubit parameters will not be compromised if the
ratio λso/�ω is reduced, which can be done just by reducing
the control field Bz.

VI. CONCLUSIONS

The results of this paper show that the spin dynamics in
quantum dots on liquid helium is very different from the spin
dynamics in quantum dots in semiconductors. The difference
stems from several factors. In particular, there are no Ohmic
contacts to the electrons on helium. The quantum dots on
helium are ∼0.2–0.5 µm in diameter and the interdot distance
is �1–3 µm, so that the excited low-lying orbital electron
states are just intradot vibrational states, whereas the inter-
dot tunneling plays no role. There are no fluctuating nuclear
magnetic moments in isotopically purified 4He, and the in-
trinsic spin-orbit coupling, including the Rashba coupling, is
extremely weak. Therefore, the spin relaxation time is ex-
ceedingly long. The leading sources of spin decoherence are
magnetic fields from stray currents and vortices in the super-
conducting circuits, but those can be efficiently suppressed by
choosing proper materials, particularly given that the electrons
are comparatively far away (∼0.5 µm) from the electrodes.

Another major advantageous feature of the system is the
possibility to turn the spin-orbit coupling on and off by
applying a spatially nonuniform magnetic field from a current-
carrying wire. A Nb wire with a cross section of 100 ×
150 nm can carry 5 mA. Such current should produce a
strong enough field. The spin-orbit coupling enables elec-
trodipolar transitions of the spin in a quantum dot, and thus
strongly enhances the coupling of the spin to electromagnetic
modes in the cavity. This allows performing single-qubit gate
operations on the spin in a submicrosecond time using a
microwave field that only slightly exceeds the zero-point field.
The intradot spin-orbit coupling also enables coupling spins in
different dots with each other. The coupling is much stronger
than magnetic dipolar coupling. It opens a way to performing
two-qubit gate operations at rate ∼5 × 105 s−1.

In a broad parameter range, the electric dipole moment of
the spin transition and the interdot spin-spin coupling parame-
ter scale as the inverse of the detuning �ω = |ωL − ωx| of the
Larmor frequency ωL from the intradot vibration frequency
ωx. The detuning can be controlled by the gate electrodes in
a broad range. This allows one to efficiently turn the spin-
orbit coupling on and off electrostatically by changing ωx, in
the presence of a spatially nonuniform magnetic field. Such
arrangement is particularly important in the geometry where
the nonuniform field is turned on globally for all quantum dots
at a time [cf. Fig. 1(b)].

The other side of the spin-orbit coupling is that it leads
to decay of the spin states. Our estimates show that the decay
rate can be made small, so that the spin coherence is preserved
during gate operations, with an error <10−3. A feature of the
electrons on helium is that they are coupled most strongly to
soft excitations, ripplons. The leading process of spin decay

is a transition from the excited spin state into the intradot
vibrational state with the energy deficit h̄�ω going to or taken
from a ripplon. As we show, this process becomes slow for
small (but not too small) �ω provided the field E⊥ that presses
the electron against the helium surface is largely compensated.

Aside from the spin physics, interesting physics that can
be explored with electrons in quantum dots on helium is
related to the possibility to have strong coupling of the
intradot vibrations to ripplons. The characteristic coupling
energy can exceed the characteristic ripplon frequency. This
makes intradot vibrations similar to the electron excitations
in color centers in solids, where these excitations are cou-
pled to phonons [25,26]. An important aspect of the electron
dynamics on helium is that, in contrast to color centers, the
coupling to ripplons can be controlled by varying the field
E⊥. In conventional color centers the coupling may not be
controlled. This makes electrons in quantum dots on helium a
unique platform for studying in the experiment various aspects
of the color center spectroscopy, including the change of the
spectrum as the electron coupling to the vibrations of the
medium varies from weak to strong.
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APPENDIX A: RESONANT ELECTRODIPOLAR SPIN
CONDUCTIVITY

It is convenient to express the conductivity σxx(ω) of an
electron in a quantum dot in terms of a two-time Green
function [29,30]. For operators A and B, the two-time Green
function is defined as

〈〈A|B〉〉ω = −i
∫ ∞

0
dt eiωt 〈[A(t ), B(0)]〉, (A1)

where 〈·〉 stands for statistical averaging. The equation of
motion for such Green function follows from the Heisenberg
equation of motion for the operator A. For a system with the
Hamiltonian H it reads as

ω〈〈A|B〉〉ω = h̄−1〈〈[A,H]|B〉〉ω + 〈[A, B]〉. (A2)

The Kubo formula for the conductivity is

Re σxx(ω) = (e2ω/h̄) Im 〈〈x|x〉〉ω. (A3)

It is convenient to write the electron displacement x as x =
lx(ax + a†

x ) and calculate the Green function for the ladder
operators. If the Hamiltonian is H = H0 + Hso [see Eqs. (1)
and (2)], we have

(ω − ωx )〈〈ax|x〉〉ω = (λso/h̄)〈〈sz|x〉〉 + lx.

Writing a similar equation for 〈〈a†
x |x〉〉ω, we obtain

〈〈x|x〉〉ω = 2λsolxωx

h̄
(
ω2 − ω2

x

) 〈〈sz|x〉〉ω + 2lxωx

ω2 − ω2
x

. (A4)
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To find the Green function 〈〈sz|x〉〉ω we write the equation of
motion (A2) as

ω〈〈A|B〉〉ω = −h̄−1〈〈A|[B,H]〉〉ω + 〈[A, B]〉.
This equation follows from the Heisenberg equation of mo-
tion dB/dt = −(i/h̄)[B,H]. Following the steps that led to
Eq. (A4), we ultimately obtain

Re σxx(ω) = (ω/h̄)D2 Im 〈〈sz|sz〉〉ω,

D = 2eμB∂xBz
/[

me
(
ω2 − ω2

x

)]
. (A5)

In the frequency range ω ≈ ωL, which is of interest, we
can replace ω with ωL in the expression for D, and then −Dsz

becomes equal to the dipole dssz in Eq. (3). This means that
the conductivity (A5) is given by the electrical conductivity
of the dipole dssz, the latter being determined entirely by the
electron spin.

APPENDIX B: DERIVATION OF THE SPIN-SPIN
COUPLING

Here we show how coupling of electron spins to the same
vibrational mode leads to the spin-spin coupling. The mech-
anism is a standard exchange of virtual excitations, but it has
its peculiar form in the problem of spins in quantum dots.
Also, the Green function technique we use differs from what
is typically done in the analysis of the coupling mediated by
a microwave mode in a cavity. Aside from the spin-spin cou-
pling, it also describes the polaronic shift of the spin energies.

We first show what the Green function technique gives
where the sought interaction is already in place, i.e., we derive
the equation of motion for the relevant Green function of
directly coupled spins. We then show how the same equa-
tion of motion follows from the model where there is no direct
interaction, but there is coupling of two spins to the same
vibrational mode.

The model of directly coupled spins in a magnetic field is
described by the Hamiltonian Hee,

Hee = H0 + Hd , H0 = −h̄ωL

∑
n=1,2

s(n)
x ,

Hd = h̄gd s̃(1)
+ s̃(2)

− + H.c., (B1)

where s̃(n)
± ≡ s(n)

y ± is(n)
z for n = 1, 2. The parameter gd deter-

mines the direct coupling of the spins and describes a SWAP
gate, in terms of the qubit operations.

We will employ the short notation 〈〈A| ≡ 〈〈A|B〉〉ω. The
dependence on the operator B is suppressed in this notation, as

it is inessential for the following calculation. For concreteness
we will assume B = s̃(1)

− .
For the model (B1) we have from Eq. (A2)

〈〈s̃(1)
+ |(ω − ωL ) = 2gd

〈〈
s(1)

x s̃(2)
+

∣∣ + 〈[s̃(1)
+ , B]〉 (B2)

with 〈[s̃(1)
+ , B]〉 = 2〈s(1)

x 〉. Equation (B2) has the form that
we will aim at obtaining where there is no direct coupling
between the spins.

The Hamiltonian of two electrons coupled to the same
vibrational mode by the spin-orbit coupling has the form

Heev = − h̄ωL

∑
n=1,2

s(n)
x + h̄ω0a†

0a0

+ h̄(a0 + a†
0)

∑
n=1,2

ζns(n)
z . (B3)

Here a0, a†
0 are the ladder operators of the mode, ω0 is its fre-

quency, and ζ1,2 are the coupling parameters. We assume these
parameters to be small compared to ω0, ωL, |ω0 − ωL|. We
further assume that the temperature is low so that 〈a0a†

0〉 ≈ 1.
The equation of motion for the same Green function we

considered earlier now reads as

〈〈s̃(1)
+ |(ω − ωL ) = iζ1〈〈(a0 + a†

0)s(1)
x | + 〈[s̃(1)

+ , B]〉. (B4)

We can now write similar equations for the Green function in
the right-hand side. For example,

〈〈
a0s(1)

x

∣∣(ω − ω0) = − i

2
ζ1

〈〈
s(1)

y

∣∣ + ζ2
〈〈

s(1)
x s(2)

z

∣∣. (B5)

Here we have used that, for low temperatures, 〈〈a0a†
0s(2)

z s(1)
x | ≈

〈〈s(2)
z s(1)

x |.
The function 〈〈s̃(1)

+ | is large for ω ≈ ωL. This is immedi-
ately seen from Eq. (B4). Such behavior can be understood
from Eq. (A2) since for an isolated spin we have in the
Heisenberg representation s̃+ ∝ exp(−iωLt ). Therefore, in
Eq. (B5) we can set ω = ωL and replace 〈〈s(1)

y | ≈ ( 1
2 )〈〈s̃(1)

+ | and

〈〈s(1)
x s(2)

z | ≈ −(i/2)〈〈s(1)
x s̃(2)

+ |.
Making the aforementioned approximations in Eq. (B5)

and in the similar equation for the function 〈〈a†
0s(1)

x | and sub-
stituting the result into Eq. (B4), we bring Eq. (B4) to exactly
that same form as Eq. (B2), with the substitution

ωL → ωL + 1
2ζ 2

1 ωL
/(

ω2
L − ω2

0

)
,

gd → g0, g0 = 1
2ζ1ζ2ω0

/(
ω2

L − ω2
0

)
. (B6)

The change of the Larmor frequency is the polaronic effect
of the coupling to the vibrational mode, whereas g0 is the
parameter of the spin-spin coupling mediated by the coupling
to this mode.
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