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The Angular Momentum Operator

• The angular momentum operator is defined
as:

• It is a vector operator:

• According to the definition of the cross-
product, the components are given by:
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Commutation Relations

• The commutation relations are given by:

• These are not definitions, they are just a
consequence of [X,P]=ih

• Any three operators which obey these
relations are considered as ‘generalized
angular momentum operators’

• Compact notation:

zyx LiLL h=],[

xzy LiLL h=],[

yxz LiLL h=],[

llh LiLL jkkj ε=],[

0  if any two indices
    are the same

1  cyclic permutations
   of  x,y,z (or 1,2,3)

-1  cyclic permutations
     of  z,y,x (or 3,2,1)

ljkε

‘Levi Cevita tensor’

Summation over  l is implied



Simultaneous Eigenstates

• In the HW will see that:

– Where:

• This means that  simultaneous eigenstates of
L2 and Lz exist
– Let:

– We want to find the allowed values of a and b.
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Why L2 and Lz and

not Lx or Ly?



Algebraic solution to angular
momentum eigenvalue problem

• In a analogy to what we did for the Harmonic
Oscillator, we now define raising and lowering
operators:

• Lets consider the action of L+ first:

yx iLLL +=+

yx iLLL −=−
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Lz L+ a,b( ) = LzLx a,b + iLzLy a,b

zxyxzyxz LLLiLLLiLL +=→= hh],[

zyxyzxyz LLLiLLLiLL +−=→−= hh],[
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Lz L+ a,b( ) = ihLy a,b + LxLz a,b + hLx a,b + iLyLz a,b

baiLLbaLiLL yxzyx ,)(,)( +++= h

( ) baLbbaLLz ,)(, ++ += h

( )PiXA +=
2
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( )PiXA −=
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Analogy is not exact:

recall our approach
for SHO:

( ) ( )( )εεε †† 1
†

AAAA +=



Ladder Argument

• Conclusion: if |a,b〉 is an eigenstate of Lz with
eigenvalue b, then there is also an eigenstate
|a,b+h〉 with eigenvalue b+h

• Thus we can say:

• Similarly, we can readily show that:

– So that we must have also:

• This allows us to say:

1. If |a,b〉 exists, then |a,b+h〉 exists or C+ab=0

2. If |a,b〉 exists, then |a,b-h〉 exists or C-ab=0

( ) baLbbaLLz ,)(, ++ += h

h+= ++ baCbaL ab ,,

( ) baLbbaLLz ,)(, −− −= h

h−= −− baCbaL ab ,,



Establishing Some Lower Bounds

• Starting from:

• It follows that

– Which makes sense because Lx is an observable

• Therefore, we have:

• Result:
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The Trick

• We note that:

• This means that:

• By definition, we have:

• Combining the two gives us:
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yxz LLLL +=−

( ) baLbabaLbabaLLba yxz ,,,,,, 2222 +=−

( ) ( ) bababaLL z ,, 222 −=−

02 ≥−ba
2ba ≥

0≥a aba ≤≤−

( ) 0,, 22 ≥− baLLba z



The conclusion

• Conclusion:
1. There is a bmin for every allowed a

2. There is a bmax for every allowed a

• Thus we must have:

– So that no states with higher b can exist
– Which requires:

– Similarly,

0≥a aba ≤≤−

)(min aba ≤− aab ≤)(max

0)(, max =+ abaL

0)(max
=+ aabC

0)(min
=− aabC

We are just saying
that b is bounded
from above and

below



Just a Little Further to Go…

• If we have:

• Then we must have:

• But:

0)(max
=+ aabC 0)(min

=− aabC

0)(, max =+ abaL

0)(, max =+− abaLL

( )( )yxyx iLLiLLLL +−=+−
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yxyyxx LLiLLiLL +−+=

zz LLL h−−= 22

],[22
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Starting to see the light at the end of the
tunnel…

• This  means:

zz LLLLL h−−=+−
22

0)(, max =+− abaLL
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L2 − Lz
2 − hLz( ) a,bmax = 0
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a − bmax
2 − hbmax( ) a,bmax = 0

0max
2
max =−− bba h

)()( max
2
max ababa h−=



Not quite done yet…

• Similarly, we can show that:

• Which together with:

• Gives us:

0)(, min =−+ abaLL
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L+L− = Lx + iLy( ) Lx − iLy( )
= Lx

2 − iLxLy + iLyLx + Ly
2

= Lx
2 + Ly

2 − i[Lx,Ly ]

= L2 − Lz
2 + hLz
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2
min ababa h+=
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max ababa h−=



Keep moving forward…

• From a=a we get:

• The solution is:

( )h+= )()( maxmax ababa

( )h−= )()( minmin ababa

)()()()( min
2
minmax

2
max abababab hh −=+
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bmin =
1
2

h ± h2 + 4bmax
2 + 4hbmax( )

0)()()()( max
2
maxmin

2
min =−−− abababab hh

( )( )maxmin 2
2

1
bb +±= hh

maxmin bb += h maxmin bb −=

maxmin bb <

This is a perfect square
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Ladder Termination Requirement

• MAIN POINT SO FAR:
– For a given a, bmin(a) and bmax(a) are the only b

values from which the lowering/raising
operators do not create new states.

• So we can build a ladder by starting at bmin
and acting with L+ to create a new state at
bmin+h, etc…

• The only way the ladder will terminate is if
we have

– For some integer N

• With bmin=-bmax, this leads to:

• This means that the maximum z-component
of angular momentum must always be a half-
integer or whole integer times h

bmin
bmin+mhbmin+h

hNbb += minmax

hNb =max2

h
2max

N
b =



Quantization of angular momentum

• Lets replace bmax with the symbol l    l=N/2.

• The allowed eigenvalues of Lz are then:

• From the condition:

• We see that the corresponding eigenvalue of
L2 is:

• Conclusion:
– We can relabel the states as:

– Then we have:

llllh ++−+−−== ...,,2,1,; mmb

( )h+= )()( maxmax ababa

( )hhlhl +=a

( )12 += llha

mba ,, l→

mmL ,)1(, 22 lllhl +=

mmmLz ,, lhl =



The FINAL SLIDE

• Now we have:

– Likewise:

( ) −+ = LL †
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L+ a,b
2

= C+ab
2
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baLLbabaL

h−−=

= +−+

2

2
,,,

bbaC ab h−−=+
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bbaC ab h+−=−
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a = h2l(l +1)
b = hm
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L± l,m = h l(l +1) −m(m ±1) l,m ±1


