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Problem
a)

Construct the matrix representations of S, and S, for a spin-1 particle using the basis

1 0 0
m=1)=[0],m=0=(1],lm=-1)=1[0
0 0 1

What is the behavior of S+ under time reversal?

b)

Given the Hamiltonian
H=AS2+B(S:-5))

with A, B € R, find the eigenstates and energies. How does the Hamiltonian behave under time reversal?
What about the eigenstates and energies?

Solutions

a)

By construction, S, is diagonal in this basis. We have

S. = h|1) (1[+010) (O] = A[-1) (=1[ = h

S O =
o O O
o

Now, to build .S, we let’s use operators that we already know the behavior of:
Sy =8, 1S,

[his tells us 1
S, = —(S+ —5_

SO
! ]‘ /
([ S, lm) = o (m'| S, — S |m)
h
= Z(\/ (I—=m)(24+m)om mt1 — V(1 +m)(2— m)6m17m,1)
. 0 -1 0
ih
= Sy=—72|1 -1
V2 0 1 0



after calculating out these matrix elements. While not asked by the problem, it will be useful to know later
that a similar calculation using S, = %(S+ + S_) yields

01 0
K
S.=— (1 0 1
V2o 1 0

Now, how do S+ behave under time reversal? Well, we know on physical grounds that spin operators

transform as
05,071 = -5,

We also know that © acts as an antiunitary operator, i.e. it conjugates coefficients as it passes through
them. Thus,
05,071 =0(S, + iSy)@fl

= (85, ¥i6S,)07!

= (05,07 F i(@Sy@_l)

=-S5, £1iS,

=—(5:F Z.‘S’y)

=|-5¢]|.

b)
Using our computed matrix representations, the Hamiltonian has the matrix

H=AS2+B(S:—-S))
2 2 2

10 0 01 0 0 -1 0
B B
:hQ[AOOO +5101+510—1}
00 —1 01 0 0 1 0
100 10 1 1 0 1
B B
:hQ[Aooo+5ozo+50—2o]
00 1 101 1 0 -1
A0 B
=20 0 0
B 0 A

1
1
Ef =*(A+B); |Ey)=—= |0
V2 s
1
E_=h(A-DB); |E_) = 2o
V2o
0
Eg=0; |[Eo)= |1
0



How does H act under time reversal? We have
OHO ! = @(Asf + B(S2 - Sf,))@”
=A05207" + B(0S;0 ' —05.071)
— A(05.071)(05,071) + B((@Sm@‘l)(G)Sx@‘l) - (@sye—l)(@sye—l)
= ASZ 4+ B(S: - 52).

So, H is invariant under time reversal.
Now, how do the eigenstates transform under time reversal? We know

S} |Jv m> = (_1)m ‘J’ _m> )

SO

=—|E})
1
OlE-) = —2=6(jm=1)~|m=-1))
= (0m=-n=(Dm=1)
= 5 (Im =1~ jm =)
= |E)
O |Eo) = ©fm = 0)
= |m =0)
= |Ep)

So, the |E, ) eigenstate is odd under time reversal while the others are even. Notice that the time reversal
simply introduces a phase to the state, and thus does not change the energy.



