The problem

An electron is in an £ = 1 state of a hydrogen atom. It experience a spin

orbit interaction
Voo =al-§

and feels an external magnetic field

vbzﬂé-(E+2§)

Calculate the eigenvalues of the Hamiltonian in the |JM) basis.
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Outline - steps to solve the problem

@ Calculate Clebsch—Gordan coefficients to obtain a change of basis
matrix C which transforms from |my, ms) to the |JM) basis

Q@ Write VS(OJ) in terms of operators J_Q, [’2' and S2

© Calculate matrix elements of the spin-orbit term V_c,(oJ)

Q Write V,SZS) in terms of operators L, and S,

@ Calculate matrix elements of Véﬁs)

O Use the matrix C from step one to transform Vées) to VéJ)

@ Write out the matrix H = V_c,(oj) + V,EJ) and calculate the eigenvalues
of the 6x6 matrix
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Calculate the Clebsch-Gordan coefficients

Some useful operators:

J I M)y =h/(J+M)(J-M+1)|J,M-1)

S_|s, ms) = hn/(s + ms) (s — ms + 1)|s, ms — 1)

L |6, mg) = hn/(€ + mg) (€ — mg + 1)[¢, mg — 1)
Jo=S +L_
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Calculate the Clebsch-Gordan coefficients

Begin at the top of the ladder. There is only one |my, ms) state
corresponding to the |J, M) state with M = ¢ + s.
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Calculate the Clebsch-Gordan coefficients

Apply the lowering operator to obtain the coefficients for the state with
the same J, but with M =/¢+4 s — 1.

3 3 1
J_‘J 5,/\/]—§>—(S_+L_)’mg—1,ms—§>
3 1 1 1
h\/_‘.j 5, —§>—h‘mg—l,ms——§>+h\/§‘mg—0,ms—§>

1 2
mgzl,msz—i —+ §

1
mg:0,m5:§>
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Calculate the Clebsch-Gordan coefficients

3 1 2 1
i=3m=3)- ﬂ”” z>+@””:°’ms:z>

Since there are two possible |my, ms) states corresponding to

|J =3/2, M =1/2), there must be another | JM) state expressed as a
linear combination of the same |my, ms) orthogonal to that above, with
J =/{+s—1 (switch the coefficients and make one negative).

=i M=) it =) - o)

This multiplet must begin at the top of its own ladder.
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Calculate the Clebsch-Gordan coefficients

Going further gives states with negative M, which mirror those we've
already calculated.

3 1 1 1 2 1
J=§,M=—§>= §mg:—1,m5=§>+ gmg:O,ms=—§>

1 1 2 1 1 1
J—§,M——§>— 5mg——l,m5—§>—\/;mg—0,ms——§>

3 3 1
'J—E,M——§>—‘m5——l,ms——§>

No new multiplets are opened because the number of |my, ms) states per
level doesn't increase.
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Create a transformation matrix
We can use all these relations to form a matrix that transforms an
|mg, ms) state into a |JM) state.

1 |171

2.9 :
5. Vi e 1-3)
S B VRS 0.4)
3-1) NG 1,1
1-3) 2 /1 0.-1)
3,-3) 1) \J-1,-1)

) = C )

Since the coefficients are real:
ch=ct
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Calculate the spin-orbit term

S )2 - o
J7:(L+5> —[24+8242L-5
re_lia o m oay_ I
[ SZE(J ) —5>:>?(J(J+1) —0(l+1)—s(s+1)

There is only J-dependence so the matrix is diagonal in the |JM) basis.
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Calculate the spin-orbit term

3 1 3 1 3 3 3 3\ am
S| 2 N2 2y 2 2y 2
<2’25°2’2> <2’25°2’2> 2

11 11 11 11

S vl 2VN=( 2 Sl s 2= a2
<2’2 s°2’2> <2’25°2’2> @

1
1
ah? -2
= )
)
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Calculate the Zeeman term

v,,:m§-<£+2§>

1 1
<mg:1,ms:§ Vi mgzl,m5:§>:2,uhB
1 1 1 1
<1,—§ Vb 1,—§>—0 <0,§ Vb 0,§>—/J,hB
1 1 1
1,2V =1, ) = 2|0, -2 ) = —
< L, b 72> 0 <O7 5 b(0, 2> phB
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Calculate the Zeeman term

This term is diagonal in the |my, ms) basis.

2

Vi) = uhB
-1
-2

We perform a transformation to the |JM) basis using the matrix of
Clebsch-Gordan coefficients.
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Calculate the Zeeman term

2
v — e cT = unB
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Write down the Hamiltonian

HO = v 4 V( )
ob® 4 2uhB
o 2B —2uhB
iy 2hB  —ah® + 3uhB

«@

—2uhB  EuhB
2uhB  —ah? - LuhB
al? _ 2uhB
o« = = = 9ace
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Calculate the eigenvalues

al? 4 2uhB
2
hB hZ 52 hB 2p4
R AL I
2




Weak— |ntermediate— Strong —=
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