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There is general agreement that the frequency difference limen measured in a two-sine-tone frequency
discrimination experiment is smaller than that measured in a frequency modulation (FM) experiment. We
present a model of frequency modulation detection for low modulation frequencies, within the framework
of signal detection theory, which accounts well for the observed difference between frequency
discrimination experiments and FM detection experiments. The FM detection model also predicts
psychometric functions for detection of FM with different modulation waveforms. FM detection
experiments with square, sine, trapezoid, and triangle FM are in reasonable agreement with the model

predictions.

PACS numbers: 43.66.Fe, 43.66.Ba [BS]

INTRODUCTION

FM detection and pulsed-sines discrimination

The minimum detectable change AF in the frequency
of a sine tone is an important quantity in the description
of human hearing. This quantity indicates the limits of
the frequency analyzing ability of the ear and has played
a key role in the development of auditory theory.

There is a long history of efforts by psychoacoustici-
ans to measure AF. In 1931 Shower and Biddulph
attempted to measure AF by finding the minumum de-
tectable frequency modulation of a sine tone. Their
study was comprehensive, spanning a wide range of fre-
quencies and intensity levels.

In 1952 Harris used a two-interval, forced-choice
method to determine frequency discrimination for sine
tones which had different frequencies in the two inter-
vals. We follow Wier e/ al. (1977) by referring to this
type of experiment as a “pulsed-sines” experiment.
For frequency ranges below 2000 Hz Harris found fre-
quency difference limens which were notably smaller
than those found in the FM experiment of Shower and
Biddulph. The discrepancies were very large for fre-
quency ranges below 500 Hz.

In 1954 Stevens compared a number of pulsed-sines
frequency discrimination experiments with the Shower
and Biddulph data. Although there was considerable
variation among experiments, the pulsed-sines data
were roughly consistent with the rule, 1 JND=1 mel.
The Shower and Biddulph FM data were not consistent
with this rule; their data showed frequency difference
limens which were too high to fit the rule at low fre-
quencies.

Nordmark (1968) has compared the Shower and Bid-
dulph FM data with FM detection data found by other
experimenters. He argued persuasively that the Shower
and Biddulph data are not representative. In particular,
the FM detection level in the Shower and Biddulph data
rises too rapidly with decreasing center frequency com-
pared with other FM studies.

Even if one discounts the low-frequency Shower and
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Biddulph data there is still a marked tendency for FM
detection data, from all modern studies, to show high-
er-frequency difference limens than are found using
pulsed sines (Wier ef al. 1977). The discrepancy be-
tween the frequency difference limens determined by
FM and pulsed sine techniques is best observed in these
experiments in which the two techniques are directly
compared, using the same subjects under similar con-
ditions. Such studies have been performed by Ver-
schurre and van Meeteren (1975), Jesteadt and Sims
(1975), Moore (1976), and Fastl (1978). These studies
all agree. Frequency difference limens measured with
FM detection are higher, by about a factor of two, than
those measured using pulsed sines.

It is not really surprising that the FM detection and
pulsed-sines techniques give different results. As noted
by Harris (1952), and by Jesteadt and Sims (1975), the
two experiments involve perceptual tasks which are
quite different. The pulsed-sines experiment is easy to
analyze from the point of view of signal detection theory.
However, there is presently no theory of FM detection
within the framework of signal detection theory, which
would enable one to make a theoretical comparison be-
tween the two kinds of experiments. In this paper we
present a theory of FM detection which allows a direct
comparison. The FM detection theory also makes pre-
dictions for the relative detectability of FM with differ-
ent modulation wave shapes. The theory is tested by ex-
periments which compare frequency discrimination of
pulsed sines with FM detection and which compare FM
detection for four different modulation wave shapes.

Alternative models for FM detection

In the long history of FM perception studies much has
been written about the spectrum of a frequency modulat-
ed tone. The spectrum is calculated by performing a
Fourier transform of the modulated signal on the entire
time axis from minus to plus infinity. The spectrum
has a number of sidebands on either side of the carrier,
separated from one another by the modulation frequency.
The number of significant sidebands is determined by
the modulation index B = Af/f,, where &f isthe frequency
excursion and f, is the modulation frequency. Shower
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and Biddulph referred to the sidebands as extraneous
frequencies and considered them to be a kind of distor-
tion.

In 1937 Koch presented a theory of FM detection based
upon the nature of the FM sidebands. Koch noted that
when the modulation index is increased from zero to a
value between 1.5 and 2, the envelope of the spectral
components becomes bimodal. Koch argued that modu-
lation should be detected when Af is large enough to
make this two-peaked structure appear. In fact, he
argued that this detection procedure represents a theo-
retical limit, and that performance for human observers
should never be better than performance in this theore-
tical limit, g=1.5-2.0.

The most persuasive argument against Koch’s model
is simply to compare its predictions with modern FM
detection data. For example, Kay and Matthews (1972)
found, for a carrier of 250 Hz, that the detectable mod-
ulation index at f, =1 Hz was 0.4 and that at f, =2 Hz it
was 0.2. For larger values of f, the modulation index
at the detection level was never greater than 0.13. Thus
actual detection performance is better than Koch’s theo-
retical limit by a factor of 10.

Feth e al. (1969) examined the difficult question of FM
detection as a function of modulating frequency. Like
Koch, these authors focused on the envelope of the spec-
trum. They made measurements of the physical spec-
trum of frequency modulated tones and produced a table
of correction factors to be used in converting FM de-
tection data to frequency difference limens. Unfortun-
ately their physical measurements and correction fac-
tors do not seem to be relevant to FM detection because
the physical measurements were made at modulation
indices much greater than detection levels. The spec-
tral envelopes shown by Feth e/ al., and particularly
their “intuitive” spectrum, do not resemble the spectra
at detection levels. The basic problem with the spectral
view of FM detection at low values of f_, as noted, in
fact, by Feth ¢/ al., is that the ear does not integrate the
stimulus signal for a long enough time to create a valid
representation of the spectrum.

In our work we take the point of view that FM detec-
tion (and amplitude modulation detection as well) can be
rather simply understood in two regimes: a high modu-
lation frequency regime, where f approaches or ex-
ceeds the critical bandwidth (Zwicker, 1952), and a low
modulation frequency regime, f <6 Hz (provided that
the carrier frequency is not too low). According to this
view, in the high-frequency regime the spectral repre-
sentation does provide a psychologically relevant char-
acterization of the signal (Hartmann, 1978, 1979). In
the low modulation frequency regime the relevant char-
acterization of FM (or AM) is a temporal one. For in-
termediate modulation frequencies the detection and the
perception of modulation is, quite likely, a rather com-
plicated process. There is hope of understanding it,
though, if a proper understanding of high and low f
limits is first achieved.

The present paper considers FM detection in the low-
frequency regime. In this regime a human subject can,
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with some success, attempt consciously to track the
temporal variations caused by the modulation. Viewed
as an integrator the ear integrates for a long enough
time to establish a sensation of pitch, but for a short
enough time to notice the variations in frequency due to
FM. Our model for FM detection then is based upon
successive samplings of the pitch of the stimulus. This
model is presented in Sec. II. Section I presents a
straightforward model for pulsed-sines discrimination
for comparison.

I. THEORY: FREQUENCY DISCRIMINATION FOR
PULSED SINES

We consider a two-interval forced-choice experiment
intended to determine a frequency difference limen.
Each interval contains a sine tone; in one interval the
frequency is higher than in the other. The subject’s
task is to decide which interval contains the higher-fre-
quency tone. The analysis of this experiment in terms
of signal detection theory is straightforward.

The frequencies of the two tones are f, and f, where,
by definition, f,>f,. The two tones are coded in the
auditory system on a tonotopic coordinate x. Because
our theory is concerned only with detecting small dif-
ferences, AF=f,~f,, in a single fixed-frequency range,
the exact relationship between x and f is unimportant.
Therefore, we take the internal representation of the
two frequencies to be given by

X, =f+ N, ()
and (1)

xz:fz'*‘Nz(/),

where N, and N, represent time-dependent noise inter-
nal to the auditory system, associated with the lower-
and higher-frequency tones.

Our expression for the tonotopic variable x has the
same form as the expression for the internal represen-
tation of signal amplitude for the familiar study of the
detection of a signal in noise (Green and Swets, 1966).
It is not difficult to justify this form for the tonotopic
variable. The neural encoding of the amplitude of an
auditory signal is a stochastic process, in which the
primary neural elements fire with a certain amount of
randomness. Frequency information contained in the
signal, in particular pitch information, is extracted
from a neural firing pattern by some transformation of
the pattern. The transformation may be based upon
neural synchrony or it may be based upon the distribu-
tion of excitation with respect to the characteristic fre-
quencies of the primary fibers. In either case the noise
present in the original encoding of the stimulus will re-
sult in a noisy representation of frequency information
on the tonotopic coordinate. This idea is the basis of
Siebert’s (1968) theoretical comparison of intensity and
frequency discrimination and for Henning’s (1967, 1970)
experimental comparison.

We assume that the internal noise has a Gaussian
probability density p, with zero mean and variance a?,
i.e.,
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py ()= (021 ) " exp(-x%/20%). (2)

Let p,y(x) and p,, (x) be the probability densities for x
for the lower- and higher-frequency intervals. These
densities have mean values f, and f,, respectively. Ac-
cording to the theory of ideal observers the subject
makes a correct decision if his sample x, from distri-
bution p,, is higher than his sample x, from distribution
piy- Therefore, the percent correct responses in a
2IFC experiment is given by the familiar result,

P,= [m ax poy (x) J-Y ax’ p oy (). (3)

For the case of independent Gaussians with the same
variance, function P, is the cumulative normal probabil-
ity from —« to a value of d’/V2 where d'=AF/o.

Il. THEORY: MODULATION DETECTION

Modulation detection is quite different from frequency
discrimination for pulsed sines. The most important
difference is that in the modulation detection experiment
the subject must detect a frequency variation within a
single experimental interval, whereas in a pulsed-sines
experiment he must detect a frequency difference be-
tween two intervals.

A. Sampling-differencing

- In the low modulation frequency regime a listener’s
image of an FM signal is that a pitch is moving in time.
Therefore, in our model of FM detection the listener
takes successive pitch samples and compares them in
an attempt to detect a change. Experiments on pitch
discrimination for short tones indicate that it is possi-
ble for subjects to operate in a sampling mode. As the
duration of a short tone increases pitch acuity im-
proves. According to the data of Henning (1970),
asymptotically good performance is achieved when tone
durations are about 25 ms. Therefore, at a modulation
rate of 4 Hz, where many FM detection experiments
have been done, a subject could take ten pitch samples
during the course of a single modulation cycle. The
subject could take as many as 80 samples during a
2-s stimulus tone. The subject can take more samples
in a given length of time if he is willing to sacrifice re-
solution on each sample.

The frequency modulated signal is represented on the
internal tonotopic coordinate according to the formula,

x@)=fo+Af, (D+N (1), (4)

where f, is the center frequency, Af, (/) is the modulation
waveform, and N (/) is internal noise. Because we are
concerned with frequency differences the center fre-
quency is of no importance. It is mathematically con-
venient to shift the tonotopic scale so that f,=0. We de-
note the maximum value of the modulation excursion by
the symbol x,. Index M is O for the case of no modula-
tion, and has values S, T, Z, and @ for sine, triangle,
50% trapezoid, and square modulation, respectively.
For example, the frequency excursion for sine modula-
tion with angular frequency w , is given by

Afs()=xg sin(w, t). (5)
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A frequency modulated signal can be represented sta-
tistically by a fregiiency probability density p(x), which
indicates the probability that a pitch sample has value
between x and x+dx.

The frequency probability density plays an important
role in our theory. Itisdifferentfromthe spectrumofa
modulated signal. A frequency probability density is ob-
tained when the sampling time is short compared with
the modulation period. A spectrum is obtained from
measurements in which the sampling time is long com-
pared with the modulation period.

In the absence of noise the density p(x) is simply pro-
portional to the amount of time that the modulated signal
has a frequency which maps to tonotopic coordinate x.
We refer to this density as p, where A/ indicates the
modulation waveform. Densities for various common
waveforms are given below.

(1) No modulation:
polx)=06() . (6)
(2) Sine modulation:
ps)=m" (k2= 212, 0<|x|<xq,
=0, |x]> xg.
(3) Triangle modulation:
prl0)=Qxp)", 0<|x]< g,

o, (8)

| %> % e
(4) Trapezoidal (50%) modulation:

pol0)= 5lx7 +8(e+x )+ 8(x —x,)], 0<|x|<x,,

9
=0, |x|>,XZ. 9)

(5) Square modulation:

Po()=5[6(x —xg)+56(x+x,)] . (10)

There are several ways in which a listener could use
successive samples of p(x) to detect FM. For instance,
he could compare pitch values obtained on two success-
ive samples and, if the difference is large enough, de-
cide that FM is present. A more efficient process,
however, is to perform a cross correlation between the
sampled pitches and a modulation waveform template
stored in memory. Mathematically this process would
be represented as a correlation sum with a contribution
to the sum from each sample interval. In this section
we develop a general sampling—differencing model based
upon only two samples giving a single difference. We
defer, until Sec. B, the questions of number of samples,
correlation between samples, and correlation of sam-
ples with a modulation template.

The sampling and differencing operations are describ-
ed as follows. The probability density for x at the first
sample time is

Punled= [ axipy Wby e, = ). (11)
Here p, is the probability density of the noise in the
first sample, and p,, (x)dx) is the probability that the
stimulus modulation has frequency excursion between
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FIG. 1. (a) Frequency modulation waveforms. The wave-

forms are scaled to have equal rms amplitude. (b) Probabil-
ity for the waveforms p y(x). The densities are in the correct
scale except for the delta functions.

x! and x} +dx,. Note if the first sample is uncorrelated
with the modulation then all values of x|, are a priovi
equally probable, and the density P, simply becomes
equal to the frequency probability density of the modu-
lation p,. For the present, however, we keep the for-
malism general and refer to the density for the first
sample as Pu,

Similarly, the probability density at the second sam-
ple time is

Paun)= | Asp, (5 by, s =0 (12)

where p,, is the noise density for the second sample,
and p, may or may not be correlated with sample 1.

According to the model the subject takes the differ-

ence between the values obtained in the two samples,
Z=Xy =X (13)

The probability density for the difference is given by

pan@)= [ 6, prunl) oyl +2)- (14)

We assume that the noise has the same variance for
both samples, i.e.,

leszzsz’ (15)
where p, is given by Eq. (2). Then it is easy to show
that
pAMN(Z): J’ dx’l f dx;le(xll)pMZ(Xlz)'r(Z+x,1 "'x,z)7 (16)
where v is the convolution of p, with itself, i.e.,

7(x)=2ovr ) exp(— x%/40?). (17)

The special case of no modulation is particularly im-
portant. The difference density is
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P aoy @)=7(2). (18)

This is the difference distribution obtained by the sub-
ject in a 2IFC experiment during the interval in which
there is no modulation. The values of the difference z
may be positive or negative. When asked to choose
which of two intervals contains modulation the ideal ob-
server chooses the interval with the largest absolute

value of z. The density for the absolute value of z is
given by
pAAMN(Z)ZszMN(Z), ZZO,
=0, 2<0. (19)

The expression for the percent correct responses in a
2IFC experiment, based upon a single differencing op-
eration, is then,

P.= f dZI)AAMN(Z) j dZ,PA AON(Z,)' (20)
Substituting from the above equations we find that
P.=2 f dx’, f dx;le(x’l)pMz(x;)
X J dz v (z+x', —x3) erf(z/20), (21)

where erf is the error function (Abramowitz and Stegun,
1964, p. 297).

A convenient form for P_ is obtained by writing the

modulation frequency probability densities in the form
py)=x3p,(x/x,). (22)

Then with appropriate changes of integration variables
we obtain,

2 [ “
pc:ﬁ_[ dz)le(v)j_ dy PMZ(V)

X Jm duexp!—[u+sD@ —v)Pert(u),

0

(23)

where D is the discrimination parameter, the ratio of
the maximum frequency excursion to the noise error

D=x,/0. (24)

It is interesting to evaluate Eq. (23) in the limit of
small p. For a number of important cases the linear
term in a Taylor expansion of P, vanishes, and the
leading term is proportional to D®. This occurs if Py,
and by, are the same functions, as would be the case
for uncorrelated random sampling. It also occurs if
by, and p,. are both even functions of their arguments.
The unsampled densities p, are even functions for the
waveforms described in Eqs. (6)—(10). Unless corre-
lations in the sampling operation favor one direction of
frequency excursion over the other the sampled densi-
ties (pM and pMz) will also be even functions. In these
cases psychometmc functions for modulation detection
should rise from 50% correct more slowly than linear-
ly. Pyschometric functions for pulsed-sines discrim-
ation, by contrast, should rise linearly with the dis-
crimination parameter.

The sampling and differencing operation described
above is a rather general model of the way in which two
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samples can be used to produce a decision variable for
FM detection. Each of the sampling operations is ac-
companied by internal noise. The above model then re-
lates FM detection to pulsed-sines discrimination if one
assumes that the internal noise associated with the pitch
sampling in FM is statistically similar to the noise as-
sociated with pitch perception in pulsed-sines discrim-
ination. To evaluate the above expression for P, re-
quires some assumptions about the nature and number
of the sampling operations. We consider a special and
simple case in Sec. B.

B. Correlated-differencing model

The correlated-differencing model for FM detection
is a special case of the general sampling—differencing
model described in Sec. A. It includes assumptions
which make it possible to evaluate the general expres-
sion in Eq. (23). We believe that these assumptions are
plausible when the modulation is barely detectable, but
that the assumptions probably are in error when the
modulation is so large that detection performance is
close to 100%. Below we list the assumptions of the
correlated —differencing model and discuss them.

1. Crude cross correlation

The optimum detection process is a cross correlation
between the sampled modulation and a modulation wave -
form template stored in memory. A subject can operate
in this optimum mode in an experimental situation in
which the signal is specified exactly (Green and Swets,
1966, p. 162). For FM detection this corresponds to a
situation in which the modulating waveform, frequency,
and initial phase angle are kept constant during the
course of the experiment. In practice, however, not
all this information is available to a subject. When
modulation widths are so small that FM is barely detec-
table it is impossible to distinguish one modulation
waveform from another (Klein and Hartmann, 1979). A
just-detectable trill (square wave FM) and a just-de-
tectable vibrato (sine wave FM) sound identical. For
this reason the cross correlation between stimulus and
memory waveforms may not be a very detailed one. A
subject is mainly aware of the periodicity of the modu-
lation. He expects that the tone pitch will go up, and
then, half a cycle later, will go down. Therefore, we
assume that only periodicity information is used to cor-
relate the first and second samples.

2. Random initial phase

We assume that the modulation is barely detectable so
that the subject does not know the initial phase angle of
the modulation. Therefore, he cannot take his first
sample at an optimum time, when the frequency excur-
sion is at a positive or negative maximum. Instead the
phase angle of the modulation at the first sample time
is random and, therefore,

Py, =Py (25)

3. Half-period correlation

We suppose that the subject does use his memory of
the modulation period to help him in the detection task.
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All the waveforms of interest to us have the symmetry
relation

Af()==Af(1+T/2),

where T is the modulation period.

(26)

It is not hard to show that, on the average, the sub-
ject’s best strategy is to take the difference between two
samples separated in time by T/2. Therefore, we as-
sume that the second sample is tightly correlated with
the first so that

D, (x2)=8(xp+ %), (27

where § is the Dirac delta function and x'l is the frequen-
cy excursion at the time of the first sample.

With these assumptions, the probability density for the
difference, Eq. (16), becomes
pAMN(Z):f A P 1y (X1) Py +2)- (28)
Difference densities P,q,, for sine modulation, and
P pqy for no modulation are shown for illustration in Fig.

2. Because P, is symmetric about zero for M =0,S, T,
Z, and @, P, is also symmetric.

The final expression for the percent correct respons-
es in a 2IFC experiment, Eq. (23), becomes

P, = % fw du fw dv p,@)exp[ —(u+Dv)]erf(u), (29)

| N l'
Z/)(S

o
ol

FIG. 2. Thefigure showsp,gsy, the probability density for the dif-
ferencedistribution givenboth sine modulation and internal
noise. In this figure, D=x5/0=2. When there is no modula-
tion the difference density is given by £ pgx- The correlated—
differencing theory predicts that for these densities a 1-cycle
FM 2IFC experiment would find 79% correct responses. The
dashed curve shows the probability density p g for sine modu-
lation alone. The divergences at 2 =+xg are responsible for
the peaks near z=4+2x ginthe differencedensity. All probabil-
ities are normalized to unity.
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where D is given by Eq. (24). This expression predicts
that P_ should be proportional to D? for small values of
D.

4. Independent multiple sampling

Equation (29) gives the percent correct responses
predicted by the correlated—differencing model if the
subject performs only a single differencing operation.
However, the stimuli in FM detection experiments are
typically long enough for the subject to take many dif-
ferences. A complete theory of FM detection must deal

in some way with the possibilities for multiple sampling.

The most convenient assumption to make in the present
context is that the subject, who is presumed to be aware
of the modulation periodicity, performs a differencing
operation on each modulation cycle. As the subject
takes additional differences his performance in the FM
detection task improves. The simplest statistical de-
scription of the improvement is obtained by assuming
that successive differencing operations are stochasti-
cally identical and are independent. With this assump-
tion our final expression for the percent correct re-
sponses in an FM detection experiment is given by Eq.
(29) with D given by the equation

D=x,VN /o, (30)

where N is the number of differencing operations per-
formed.

Ideally a subject’s performance should improve with-
out bound if the number of modulation cycles presented
becomes sufficiently large. In practice there is a limit
to the number of differencing operations which can be
usefully performed, analogous to the maximum integra-
tion time of standard signal detection theory. To find
the maximum value for N we performed an experiment.

111, EXPERIMENT 1

The goal of experiment 1 was to determine the maxi-
mum number of modulation cycles, and hence, accord-
ing to our simple sampling model, the maximum num-
ber of differencing operations which a subject can use
in performing an FM detection task. The experimental
approach was to monitor FM detection performance in a
series of experimental runs in which the number of
modulation cycles presented N, varied from run to run.
We expected that as the number of cycles was increased
performance should improve, roughly proportional to
VN,, until the maximum number N  was reached. No
further improvement was expected when N, became
greater thanN .

Three subjects participated in the experiment. Sub-
jects had at least a year’s experience performing
psychoacoustical tasks in pitch perception. The signals
were 800-Hz sine tones presented binaurally at 75 dB
SPL through Beyer DT-48 headphones. The experiment
used a two-interval, forced-choice procedure. On one
interval the signal was frequency modulated with a 4-Hz
sine wave. Signals began and ended with the modulation
at a positive-going zero crossing. On the other interval
there was no modulation. A 250-ms silent interval
separated the two observation intervals. A 1-s gap,
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following the subject’s response, separated the trials.
The experiment used a staircase procedure (Levitt,
1971). Following an incorrect response the FM peak
excursion was increased by 0.16 Hz; following two cor-
rect responses the peak excursion was decreased by
0.16 Hz. On each experimental run the subject reversed
the direction of the staircase 26 times. The first four
reversal points were discarded and the average of the
remaining 22 was interpreted as a measurement of the
FM peak excursion at the 719% correct point. On a giv-
en experimental run the number N, was fixed. Runs
with different values of N, were performed in haphazard
order and experimenting continued until the subject’s
response stabilized. The average of the final four runs
for each value of N, was used to determine the just-de-
tectable excursions plotted in Fig. 3.

The data in Fig. 3 apply to the theory of Sec. Il in
two ways. First, they provide the value of N , the
maximum number of usable cycles. Detection perform-
ance improves for increasing N, for N _ <4, but there is
no statistically significant improvement for N >4.
Therefore, it appears that N is about 4. Second, the
data test the plausibility of the assumption that detec-
tion performance should improve according to Eq. (30),
i.e., x,~N:'”for N <N,. In Fig. 3 a dashed line has
been fitted to the experimental points at N_.=2,3, and 4.
This line passes through the point (Af =0,N_ =«). Ideal-
ly all the experimental data should lie on this line for
N <N .

Because N is only 4 there are not many data points
to test the assumption, but it appears as though per-
formance deteriorates more rapidly with decreasing N,
than the assumption predicts. The data can be inter-
preted, within the context of the correlated-differencing
model, as indicating that successive cycles of the mod-
ulation should not be considered statistically equivalent

;
)
5r3 -%,
)

4r3r - @
32r o+ e %%
op il o0 %/@
¢// s
I—OH—H——‘——»TO//
o0—O0—

O lllllll 4 l + !

12 86 4 3 2 N |

FIG. 3. Just-noticeable sine FM frequency excursion for three
subjects as an experimental function of N, the number of
modulation cycles in the stimulus. The horizontal scale is
proportional to Nc'l/z.
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or independent. With that interpretation our justifica-
tion for the assumption of independent differencing op-
erations is only one of mathematical simplicity. Alter-
natively one might note that the stimuli with only a sin-
gle modulation cycle are brief, 250 ms. It may be that
there is some other effect, unknown to us, which makes
detection performance unexpectedly poor for these brief
tones.

IV. THEORY AND EXPERIMENT

Equation (3) predicts the psychometric function for
pulsed-sines discrimination as a function of parameter
0. Equations (29) and (30) predict psychometric func-
tions for modulation detection as functions of ¢ and N'.
These equations can be used as follows:

If one wishes to compare FM detection psychometric
functions for different modulation waveforms, Eq. (29)
provides a model which is entirely parameter free. If
one wishes to predict FM detection psychometric func-
tions on an absolute frequency scale one needs parame-
ter ¢, the measure of the internal noise on the tonotop-
ic coordinate. However, parameter o enters the model
only as a scale factor, which may be different for dif-
ferent subjects, and it is not of particular interest in
the present context. If one wishes to compare FM de-
tection performance with pulsed-sines discrimination
performance one needs parameter N. From the results
of experiment 1, we take N=N equal to 4.

The psychometric functions for FM detection predict-
ed by the correlated—differencing model are shown by
curves @, Z, S, and T in Fig. 4. The upper horizontal
scale is xM/o, the ratio of the modulation peak frequen-
cy excursion to the square root of the noise variance.
The lower horizontal scale is X,,/0, where X, is the
modulation peak-to-peak excursion, i.e., X, =2x,. Fig-
ure 4 also shows the predictions of Eq. (3) for the
pulsed-sines discrimination experiment. The ratio of
the frequency difference AF =f, —f, to the square root

xs/c’
0 0.5 1.0 1.5 2.0
T T T T T T T T )
100} D/TQ .
" PS
z
90~ S
T
R
80~ b
70— s
eo THEORY T
50 + t t t + + +
0 I 2. 3 4 5
AF/c oR Xs/cr

FIG. 4. Percent correct responses in a 2IFC experiment
predicted by the theory of Secs. I and II. Dots, PS, are for
frequency discrimination of pulsed sines. Curves @, Z, S,
and T are for modulation detection for square, trapezoid,
sine, and triangle waveforms. The lower horizontal scale is
the ratio of frequency difference (or FM peak-to-peak excur-
sion) to the square root of the noise variance. The upper
horizontal scale is for FM peak excursion.
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of the noise variance is given on the lower horizontal
scale. Parameter N enters the calculations only as a
scale factor which relates the position of the modulation
detection psychometric functions to the position of the
discrimination psychometric function. Parameter N
does not affect the shapes of the psychometric functions.
As expected, the computed modulation detection psycho-
metric functions rise quadratically from 50% correct,
whereas the discrimination psychometric function rises
linearly.

V. EXPERIMENTS 2 AND 3

A. Genera!l

To test the predictions of the models, illustrated in
Fig. 4, we performed experiments 2 and 3. Experi-
ment 2 found the psychometric function for frequency
discrimination for pulsed sines. Experiment 3 mea-
sured psychometric functions for FM detection for dif-
ferent modulation waveshapes.

Attempts were made to make the pulsed-sines and FM
detection experiments similar. The three subjects from
experiment 1 participated in experiments 2 and 3. The
signals were 800-Hz sine wave tones, presented binau-
rally through Beyer DT 48 headphones at 75 dB SPL.
Experiments 2 and 3 used the method of constant stimu-
li and a two-interval, forced-choice procedure. The ex-
perimental variable was the frequency difference in the
pulsed sines experiment and was the frequency excur-
sion in the modulation detection experiments. Each ex-
perimental run consisted of 100 judgements, ten pairs
of tones in each of 10 cycles. Within each cycle the ex-
perimental variable took on six different values in a
random order. The same method of data collection and
analysis was followed for each experiment. During the
initial runs the performance of the subjects improved
with time. After several experimental sessions per-
formance seemed to stabilize. We continued experi-
mental runs until the final five successive runs exhibit-
ed no large differences. In all cases the psychometric
functions reported here were computed by averaging the
final five runs. Although feedback was given during
some of the training runs no feedback was given on any
of the data runs. The runs of experiments 2 and 3 were
interleaved in a random way during the weeks of experi-
mentation.

B. Experiment 2 stimuli

In experiment 2, frequency discrimination was mea-
sured using pulsed sines. The stimuli were 500-ms
tone bursts with a 500-ms silent interval between ob-
servation intervals. A 1-s gap, following the subject’s
response, separated the experimental trials. Except
for the diotic presentation our stimuli were identical to
those of Wier ef al. (1977). The stimulus tones were
generated by a Wavetek voltage —controlled oscillator
controlled by a microcomputer, which also collected
the response data. The results of experiment 2 are giv-
en by the dots in Figs. 5-1.
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C. Experiment 3 stimuli

Experiment 3 measured a subject’s ability to detect
frequency modulation for four different modulation
waveforms, square (@), trapezoidal (50%) (Z), sine (S),
and triangle (7). The stimuli were 2-s tone bursts with
a 250-ms silent interval between observation intervals.
A 1-s gap following the subject’s response separated
the trials. One of the two intervals contained modula-
tion, the other interval did not. The modulation fre-
quency was 4 Hz and the stimulus tones began and end-
ed with the modulation waveform at a positive-going
zero crossing. Modulation waveforms were generated
by a 12-bit DAC run by the microcomputer. The results
of experiment 3 are given in Figs. 5-1.

Note that the horizontal scale plots frequency differ-
ence for the pulsed-sines experiment and peak-to-peak
modulation excursion for the FM detection experiments.
These are the two quantities which, historically, have
always been compared.

VI. DISCUSSION OF RESULTS

A. Theory versus experiment

Experiments 2 and 3 led to psychometric functions
which are plotted in Figs. 5-7 for three subjects. These
psychometric functions can be compared with the
psychometric functions in Fig. 4 predicted by the cor-
related—differencing model. The correspondence be-
tween theory and experiment seems quite good, especi-
ally when it is recalled that the model contains only one
parameter N which provides the relative scale between
the FM detection prediction and the pulsed-sines dis-
crimination prediction. This one parameter was not ad-
justed; it was taken from the results of experiment 1.

The comparison of theory and experiment can be made
in detail as follows:

Pulsed sines versus FM. The most useful single com-
parison between pulsed-sines discrimination and FM

detection is the ratio XS/AF at 75% correct point. The
T T T i
loor =8
O / |
R e
80 3 A -
. / /
o]
7o[ . /A/A .
. o/
6o~ ° %A .
/
%6 8%8/ L L 1
o / 2. 3. 4.(Hz )
L A AF or Xy
40 m
FIG. 5. Pulsed sine frequency discrimination and FM detec-

tion experiments for subject M. Percent correct responses
are plotted versus AF for pulsed sine (+) and against the
peak-to-peak frequency excursion x, for FM with different
waveforms: square O, trapezoid /\, sine O, and triangle A.
Lines connect the FM points to guide the eye.
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FIG. 6. Same as Fig. 5, for subject G.

theoretical ratio is 1.8. The experimentally determined
ratios for subjects M, G, and W are, respectively, 1.6,
1.9, and 1.4 with possible error of +20%.

Crossing. The model predicts that the pulsed-sines
function should cross the FM detection function for
square wave modulation. A crossing does occur in the
data for two of three subjects and almost occurs for the
third subject.

Slope al 50%. According to theory the slope of the
pulsed-sines psychometric function should be finite at
50% but the slope of the FM detection psychometric
functions should be zero at 50%. The experimental
psychometric functions for subject M appear to be en-
tirely consistent with the theoretical slope prediction.
The experimental data for subject G also agree with the
theoretical slope prediction except for the case of
trapezoidal modulation. The data of subject W, with un-
usually low thresholds, do not appear to agree with the
slope prediction, but the disagreement may be due to
the particular choice of values of AF and X, used in
the experiment.

Ovdeving. The model makes parameter-independent
predictions for the relative detectabilities of the various
FM waveforms. The experimental psychometric func-
tions appear to be ordered as the model predicts. For
instance, at the 75% correct point there is complete

100}
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50—
3.(Hz)

. 2.
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FIG. 7. Same as Fig. 5, for subject W.
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agreement between theory and the ordering of the
psychometric functions for the three observers. There
are occasional crossings among the experimental
psychometric functions for the three observers. These
crossings show no systematic behavior; they seem to be
associated only with irregularities in the experimental
curves due to statistical fluctuations.

Psychomelric function shape. The main difference
between the model predictions and the experiment
occurs for large values of X, where the modulation is
readily detected. In that region the theoretical psycho-
metric function slopes tend to be too small to agree
well with experiment. We believe that the failure of
the model in this region is caused by the assumptions
that each differencing operation is independent and be-
gins with a sample taken at a random modulation phase
angle. We believe that these assumptions are reason-
able near the detection level, but when the frequency
excursion is large, the individual differencing opera-
tions are not independent but are, almost certainly,
phase locked. For large frequency excursions the sub-
ject can probably choose an initial sampling phase angle
in a way which is superior to the random procedure as-
sumed in the correlated-differencing model. Both of
these changes should lead to improved detection per-
formance for large frequency excursions and to steeper
psychometric functions near 100% correct.

B. Alternative models

The correlated-differencing model of Sec. II is in
the general framework of signal detection theory. The
fact that it correctly predicts the ordering of the
psychometric functions for different modulation wave-
forms is encouraging. The first column of Table I
shows the predictions of this model for the relative fre-
quency excursions of different modulation waveforms at
the 75% correct point. However, there are other mod-
els (Hartmann, 1977) which also predict the observed
ordering of detection thresholds. These models are not
complete. They do not include noise, they make no pre-
diction for the difference between modulation detection
and frequency discrimination for pulsed sines, and they
do not, in their present form, predict a psychometric
function for modulation detection. Nonetheless it is
worth considering these models because they are simple
and because they might contain some element of truth.

1. Root-mean-square model (RMS)

The rms model assumes that the ear takes the root-
mean-square value of the modulation waveform, averag-
ing the modulation just as an ac voltmeter measures an
alternating voltage. In this simple model we assume
that there is some threshold for the rms value so that
FM with any waveform is detected when its rms value
is equal to that threshold. The predictions of this model
are given in the second column of Table I.

2. Fundamental extraction model (FEM)

According to the fundamental extraction model the ear
detects modulation by detecting only the fundamental
Fourier component of the modulation waveform. This
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model has its origins in the FM adaptation experiments
reported by Kay and Matthews (1972). Those experi-
ments suggested that the auditory system contains chan-
nels tuned to specific modulation frequencies. The
channels are about 1 octave in width. Thus the adapta-
tion experiments suggest that the ear makes a crude
Fourier analysis of the modulating waveform. The pro-
cess is analogous to the spectral analysis performed in
the cochlea for the (much higher) audible frequencies.
We assume that the various tuned channels have ap-
proximately equal sensitivity. Because the Fourier
components of the modulation waveforms used experi-
mentally decrease monotonically with increasing har-
monic number, only the channel corresponding to the
fundamental frequency of the modulation is excited when
the modulation is just detectable. Because all the modu-
lation waveforms in our experimental study have only
odd harmonics, no harmonic other than the fundamental
contributes to the excitation in the fundamental channel.
Therefore, according to the fem, frequency modulation
is detected by detection of only the fundamental Fourier
component of the modulation (Klein and Hartmann, 1979)
Modulations by different waveforms are equally detect-
able when they have equal fundamental amplitudes. The
predictions of this model are given in the third column
of Table I.

Unfortunately the experimental ratios in the last three
columns of Table I cannot be used to make a reliable
choice between the models. The error in the ratios is a
combination of the errors in two experimental psycho-
metric functions; we estimate that the ratios could be
in error by 20%.

C. Comparison with previous experiments

The psychometric functions of Fig. 4 can be used to
compare the model predictions with the results of pre-
vious experimental studies. According to the model,
the 71% correct points, as would be measured in a
staircase experiment (Levitt, 1971), for pulsed sines
and modulation occur when AF/0=0.78 and when X /o
=1.4. Therefore, at the detection point X;=1.8AF. This
result is our model prediction for the comparison of FM

TABLE I. The table shows the frequency excursions required
for 75% correct responses in a 2IFC experiment for pulsed-
sines discrimination (PS) and for modulation detection for
square (¢), trapezoid (Z), sine (S), and triangle (I') modu-
lations, all relative to the excursion for sine modulation. The
left three columns show the predictions of the correlated—
differencing model, the root-mean-square model and funda-
mental extraction model. The right three columns were cal-
culated from experimental psychometric functions for three
subjects. The experimental columns are not accurate to bet-
ter than 20%.

Prediction Experiment
M cdm rms fem M G \%%
PS 0.57 0.62 0.54 0.69
Q 0.62 0.71 0.79 0.70 0.70 0.77
z 0.87 0.87 0.87 0.77 0.70 0.94
S 1 1 1 1 1 1
T 1.42 1.23 1.23 1.23 1.27 1.39
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TABLE II. Ratio of X in different modulation detection experiments to the pooled AF data

from Wier et al. (1977) compared with the CDM prediction.

Shower Groen Kay Jesteadt

S (kHz) CDM  Biddulph  Zwicker Versteegh Matthews Sims Moore  Fastl

0.125 1.8 5.1

0.25 1.8 3.4 2.9 1.1 2.9

0.35 1.8 4.2

0.5 1.8 2.4 2.1 3.2

1 1.8 2 2 1.4 2.2 2.7 3.3
Sm(Hz) <6 2 4 4 4 8 4 4
SL(dB) >20 40 40 30—-50 40 60 50 70
Method 2IFC A Y/N A Y/N 2IFC 2IFC A
Date 1931 1852 1957 1972 1975 1976 1977

detection and pulsed-sines discrimination experiments.
Of particular interest is the model prediction that this
ratio should be independent of frequency range. Al-
though the internal noise o0 may depend upon frequency
range, it cancels in the above experimental ratio. Gen-
erally, the model predicts that if log(XM) and logAF are
both plotted against f (or against logf) then the two
curves should be parallel.

The theoretical prediction can be compared with the
observed difference between the modulation detection
data obtained in numerous FM studies and the pooled
pulsed-sines data collected by Wier e/ al. (1977). Wier
et al. have fitted a straight line to the pulsed-sines fre-
quency discrimination data of six different studies. The
frequency discrimination studies were monaural at
30-50 dB SL.

There are several factors which complicate the com-
parison of the modulation data with the pulsed-sines
data. First, at high center frequencies, FM induces
amplitude modulation because of the rapidly varying
frequency dependence of the transfer function of the
earphone—ear system. The AM artifact would be ex-
pected to produce artificially low FM thresholds. This
objection has been noted by Harris (1952) and by Henn-
ing (1966). We therefore compare only modulation de-
tection and pulsed-sines experiments performed below
2000 Hz.

Other problems in the comparison are that different
workers use different modulation frequencies f_, differ-
ent sound levels, and different psychophysical methods.

Table II gives the ratio X /AF, where X is the
threshold peak-to-peak excursion for seven different
monaural FM detection studies and AF is the frequency
difference limen from the pooled data of Wier e/ al. In
this table, f gives the frequency range and f_ gives the
FM modulation frequencies. Other FM experimental
parameters include the sound level (SL), and the meth-
od: A=method of adjustment, Y/N=yes/no, 2IFC=two-
interval forced-choice. The Jesteadt and Sims FM data
are divided by a factor of two, to compensate for the
large value of f, (cf. Kay and Matthews, 1972).

The values in Table II can be compared with the pre-
diction of the theory XS/AF: 1.8, independent of the fre-
quency range f. The worst agreement is with the Show-
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er and Biddulph data at 125 Hz. As noted by Nordmark
(1968) the Shower and Biddulph data seem anomalously
high at low frequencies.

Apart from the Shower and Biddulph data there still
seems to be a tendency for the experimental ratio in
Table II to rise with decreasing range, contrary to our
model. We note however, that if the data of Wier e/ al.
rather than the pooled data, are used for AF the tenden-
cy for the ratio to rise with decreasing f tends to dis-
appear. We do not believe that there is good evidence
against the contention that the ratio is constant.

Three of the studies listed in Table II made compari-
sons of FM detection with frequency discrimination for
pulsed sines. In these cases it makes much more sense
to compare the two experiments within a study than to
make the comparison in Table II. The intrastudy ratios
are given in Table III. The Jesteadt—Sims data have
been corrected as in Table II. In his study Moore used
20 unpracticed observers. Some of these observers ex-
hibited very high values of AF. To find the ratio in
Table III we averaged only the ten best observers from
Moore’s study.

The data in Table III can be compared with the theo-
retical value, 1.8. As expected there is less scatter
among the data in Table III, within studies, than there
is in Table II, different FM and pulsed-sines studies.
Nevertheless the experimental errors can be large.
For instance, the largest deviation from the theoretical
value of 1.8 occurs in Fastl’s data. However, within
the experimental error bars Fastl’s data are consistent
with a ratio of 1.8.

Finally, as noted in Sec. II, a clear prediction of the
theory is that psychometric functions for FM detection
should rise quadratically from 50% with increasing fre-
quency excursion, whereas psychometric functions for

TABLE III. Ratio of X to AF within studies.

Jesteadt
S (kHz) Sims Moore Fastl
0.25 2.6
0.35 3.3
0.5 2
1. 2.0 2.1 3
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pulsed-sines discrimination should rise linearly with
increasing frequency difference. We are aware of only
one other study in which psychometric functions for FM
detection and pulsed-sines discrimination were com-
pared. This is the study of Jesteadt and Sims (1975).
Jesteadt and Sims fitted straight lines to their experi-
mental psychometric functions. They noted that the
major difference between the psychometric functions
for the two experiments was that the intercepts at 50%
correct responses in FM detection occurred for values
of X markedly greater than zero. By contrast the in-
tercepts for 50% pulsed-sines discrimination occurred
at AF=0. They noted that no matter what scales were
used in plotting the FM data at least two of their three
subjects would show chance performance for the small-
est FM range. This experimental observation is in
agreement with the shapes of the psychometric functions
predicted by the correlated—differencing model.

VIlI. CONCLUSION-SUMMARY

We began our study by noting that frequency difference
limens found in FM detection experiments are larger
than those found in pulsed-sines frequency discrimina-
tion experiments. An understanding of this common ob-
servation requires a theory in which both FM detection
and pulsed-sines discrimination are treated on the same
basis. We fulfilled this requirement by proposing a
model for FM detection within the general framework of
signal detection theory.

For low modulation frequencies, FM is perceived as
a time-varying pitch. Therefore, our model of FM de-
tection involves a sampling of the pitch at different
times. The absolute value of the difference between the
sampled pitch values forms a decision variable used in
modulation detection. Pitch is represented quantitative -
ly on an internal tonotopic coordinate which includes an
admixture of internal noise. The sampling—differencing
model for FM detection relates FM detection to pulsed
sines discrimination if the noise is statistically the
same in both kinds of experiments. A specific applica-
tion of the sampling —differencing model, called the cor-
related—differencing model, presumes that the subject
is aware of the modulation period and uses this informa-
tion in performing the detection task. In a single diff-
erencing operation optimum use is made of the period-
icity information by acquiring pitch samples at half-
period intervals. The model assumes that the subject
cannot use modulation phase information.

In the present application multiple sampling is includ-
ed in the simplest possible way, by assuming that suc-
cessive differencing operations are statistically identi-
cal and independent.

The correlated-differencing model of FM detection
makes a parameter-free prediction of the relative de-
tectabilities of modulations with different waveforms.
The predictions were successfully tested against ex-
periments with four different waveforms. The model
requires one parameter to make a prediction for the
discrepancy between frequency DL experiments em-
ploying FM detection and frequency DL experiments
employing pulsed-sines discrimination. This parame-
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ter, the number of useful differencing operations, was
found by a separate experiment. The resulting predic-
tion for the DL discrepancy was in general agreement
with the discrepancy observed in DL experiments done
in recent decades, and with our own comparative ex-
periments. It was particularly encouraging to find that
the theory predicts different shapes for the psychome-
tric functions for FM detection and pulsed-sines dis-
crimination which are, in fact, the experimentally ob-
served shapes. We believe that the correlated—differ-
encing model provides an attractive approach to the
understanding of FM detection near the detection level.

The most serious shortcoming of the correlated—-dif-
ferencing model for FM detection appears to be the as-
sumption that successive differencing operations are
statistically independent. We are quite sure that this
assumption is incorrect when the modulation excursion
is so wide that detection performance is significantly
above the detection level. Intuitively one feels that near
1009 detection the successive sampling operations are
phase locked, and our experimental psychometric func-
tions, steeper near 100% correct than the model pre-
dicts, corroborate one’s intuition. The assumption of
uncorrelated—differencing operations may even be in-
correct at the detection level, as suggested by the most
straightforward interpretation of our experiment 1,
which monitors detection performance as a function of
the number of stimulus modulation cycles. However,
the assumption of uncorrelated—differencing operations
has the virtue of mathematical simplicity. Because the
theory of this paper seems to be the first realistic at-
tempt to understand FM detection at low modulation fre-
quencies the mathematical simplification seems war-
ranted. Improvement of the model to include correla-
ted—differencing is an interesting challenge.

There are two other research directions suggested by
the general sampling-differencing formalism. It would
be interesting to try to extend the model beyond the re-
gime of low modulation frequencies. For modulation
frequencies greater than about 6 Hz the auditory samp-
ling time is probably not short compared with the modu-
lation period. In that event the effective frequency prob-
ability density is different from the ideal given in Egs.
(7)=(10). In any reasonable sampling model the prob-
ability density must shrink in width for increasing mod-
ulation frequency resulting in decreased detection per-
formance.

Finally the general formalism of the sampling-differ-
encing model is not limited to FM detection but could be
applied to AM detection or to the detection of any per-
iodic stimulus variation in the low-frequency regime.
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