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Goals
• Develop a novel continuum framework for the network formation in amphiphilic mixtures
• Incorporate the role of solvent quality, functional
groups, counter-ions
• Propose connections between charge transport and
network morphology
• All within the context of a “minimal system” which
respects a governing energy.
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solution (c = 5 mg ml ) at pH 5.2 (isoelectric point).
SEM was carried out on a LEO Gemini 1550 VP. The specimens were
coated with approximately 2.5 nm Au/Pd. Secondary electrons were detected at
an operating voltage of 3 kV.
AFM was accomplished using a Veeco MultiMode AFM (NanoScope IV
controller) operating in tapping mode at ambient conditions, using
commercial silicon TM AFM tips (model MPP 12100).
TEM was carried out with an FEI Tecnai G2 F20 operated at 200 kV in
bright-field mode. The sample was embedded in epoxy resin and thin sections
(thickness 50–100 nm) were cut using a Reichert–Jung Ultracut E microtome
equipped with a diamond knife. Selective staining of the P4VP microdomains
was accomplished by exposure of the thin sections to I2 vapour for 2 h.
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Figure 5 Schematic diagram of the asymmetric film formation process. a, The
process begins with the casting of the dope on a glass plate. During a short
evaporation time, mainly THF evaporates from the film surface leading to a high
polymer surface concentration and self-assembly of the block copolymer in the top
layer (P4VP phase in blue, polystyrene in orange). b, The integrated SEM image
within the schematic diagram is not a real picture after 10 s evaporation time; the
picture illustrates that the formation and alignment of cylinders start within the first
ten seconds. c, Immersing the film in a water bath leads to a non-solvent-induced
phase separation and the formation of the porous sublayer; simultaneously the
P4VP-lined cylinders grow in length. The green arrows represent the evaporation of
THF; the red arrows represent the evaporation of DMF.

1. Whitesides, G. M. & Grzybowski, B. Self-assembly at all scales. Science 295, 2418–2421 (2002).
2. Ruzette, A. & Leibler, L. Block copolymers in tomorrow’s plastics. Nature Mater. 4, 19–31 (2005).
3. Stoykovich, M. P. et al. Directed assembly of block copolymer blends into nonregular device-oriented
structures. Science 308, 1442–1446 (2005).
4. Cheng, J. Y., Mayes, A. M. & Ross, C. A. Nanostructure engineering by templated self-assembly of
block copolymers. Nature Mater. 3, 823–828 (2004).
5. Bates, F. S. & Fredrickson, G. H. Block copolymers—designer soft materials. Phys. Today 52,
32–38 (1999).
6. Hamley, I. The Physics of Block Copolymers (Oxford Univ. Press, Oxford, 1998).
7. Abetz, V. & Simon, P. F. W. Phase behaviour and morphologies of block copolymers. Adv. Polym. Sci
189, 125–212 (2005).
8. Krappe, U., Stadler, R. & Voigt-Martin, I. Chiral assembly in amorphous ABC triblock
copolymers—formation of a helical morphology in
polystyrene-block-polybutadiene-block-poly(methyl methacrylate) block copolymers.
Macromolecules 28, 4558–4561 (1995).
9. Li, M., Coenjarts, C. A. & Ober, C. K. Patternable block copolymers. Adv. Polym. Sci. 190,
183–226 (2005).
10. Hillmyer, M. A. Nanoporous materials from block copolymer precursors. Adv. Polym. Sci. 190,
137–181 (2005).
11. Yang, S. Y. et al. Nanoporous membranes with ultrahigh selectivity and flux for the filtration of
viruses. Adv. Mater. 18, 709–712 (2006).
12. Breiner, U., Krappe, U., Thomas, E. L. & Stadler, R. Structural characterization of the “knitting
pattern” in polystyrene-block-poly(ethylene-co-butylene)-block-poly(methylmethacrylate) triblock
copolymers. Macromolecules 31, 135–141 (1998).
13. Ott, H., Abetz, V. & Altstädt, V. Morphological studies of
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Mix two miscible solvents (DMF and THF) with an amphiphilic diology of the asymmetric
diblock-copolymer
film at different
magnifications.
a–c, The
scale bars
blockPS-b-P4VP
co-polymer
(PEO-poly vinyl
pyridine)
one of whose
components is soluble only in DMF. Evaporating off the THF changes the
”goodness” of the solvent. Then immerse in water.
K.-V. Peinemann, V. Abetz, P. F. Simon, Nature Materials (2007)
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cal loops. (One of the most distinguishable
differences between the wPEO ! 0.34 and
0.39 dispersions is the nearly complete lack
of linear cylinders in the former.) Y-junctions can be found with three spherical caps
(Fig. 3A), two caps (Fig. 3, D, E, and H),
one cap (Fig. 3, B to D, F to H, J to L, and
N), and no caps (Fig. 3, I and M). With just

Amphiphilic diblocks –

Fig. 2. Cryo-TEM images obtained from 1 wt% aqueous solutions of (A) wPEO ! 0.39 and (B and
C) wPEO ! 0.34 PB-PEO diblock copolymers. The single-phase solution denoted CY in Fig. 1 (wPEO !
0.39) contains a dispersion of micelles constructed from linear and looped cylindrical segments,
Y-junctions, and spherical caps. Macroscopic phase separation at wPEO ! 0.34 is manifested in
large, dense network particles (B) containing a preponderance of loops and Y-junctions. A smaller
network fragment (C) provides a more detailed glimpse of the morphology associated with the
network phase. Bars (A to C), 200 nm.

Fig. 3. (A to N) Representative cryo-TEM images of network phase fragments obtained after agitating the
wPEO ! 0.34 solution. These
Cryo-TEM
micrographs
micelles are
constructed fromof premixed blends of OB9-4/OB9-12 with different
e dominant
morphology
three structural
units: Y-junc- varies with the average composition of the blend.
tions, spherical caps, and cylindrical loops. The high degree of mirror symmetry is
speculated to derive from a
tendency to balance the local
free-energy through transport
of diblock copolymer molecules within the reticulated
tubular structures.
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free-energy through the redistribution of
diblock copolymer molecules within the
particle after micelle formation by fragmentation (or fusion) (20). Because the
local movement of PB-PEO molecules is
unhindered (the glass transition for the unMacromolecules, Vol. 37, No.
entangled PB blocks is about –12°C) (21),
certain rearrangements of the tubular structure are feasible subject to the well-established rules governing microphase separation of monodisperse block copolymers
(22). Optimization of the particle free- energy
will pit the overall surface tension ( proportional to the micelle surface area) against
chain stretching inside (PB) and outside
(PEO) the tubular structure (23). The uniformity in core diameters (34 nm on the basis of
the cryo-TEM images) found within each
micelle and across all micelles is evidence
that these rules are operative. Accounting for
the recorded shapes and topologies should
prove a challenge to self-consistent field theorists working with block copolymers. Even
if we ignore “isomerizations” involving topological transitions (i.e., breaking or collapsing loops) (24 ), Y-junctions can be created
by sprouting a spherical cap on a cylindrical
section with the required polymer drawn
from loop sections. The prevalence of spherically capped Y-junctions in Fig. 2, B and C,

Downloaded from www.sciencemag.org on February 2, 2010

equilibrium solubility in water drops exponentially with the degree of polymerization,
resulting in extremely slow exchange dynamics between individual micelles (19). Hence,
fragmentation of the network phase by stirring or sonication produces a nonergodic disand
Bates
persion of particles. Until buoyancy forces
compact and fuse these particles (smaller par-
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!! Good qualitative match with experimental
molar mixing ratios: 1:1 (A), 2:1 (B), and

Amphiphilic PEOPolybutadiene block
co-polymers (F. Bates
2004)
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Ionomer Membranes: Selective charge transport
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Ionomer Membranes: Incorporation of Solvation Energy
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Ionomer Membranes: Incorporation of Solvation Energy
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Hysteresis in Nafion

In-situ MRI data of Nafion membrane exposed on one side to
liquid water and on the other air at constant RH, (Z. Zhang,
B. Balcom, K. Promislow, et al J. Magnetic Resonance 2008,
J. Power Sources, 2011).
8

Schematics of Nafion Morphology
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Hsu and Gierke postulated
that a balance of elastic deformation and3hydrophilic
3
3
surface interactions lead the water phase to pearl.
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An Unlikely Starting Point: The Phase Field Approach
Let u(x) denote the density of one component of a binary mixture. The Cahn-Hilliard
free energy is
Z 2

|∇u|2 + Wb(u) dx.
ECH(u) =
2

W

b−

b+

Ω

Parameter   1 is ratio of interfacial thickness to domain size. The Γ-limit
of ECH is the area functional (Modica and Mortola/ Sternberg).
Z
lim ECH(φ) =
a1 dS.
→0

Γ

The Canham-Helfrich energy is a general sharp-interface energy for Γ ⊂ R3 in
terms of mean H = (k1 + k2)/2 and Gaussian K = k1k2 curvatures,
Z
EHel(Γ) =

a1 + a2 (H − a3)2 + a4K dS.

Γ
10

Critical Points of the Cahn-Hilliard Energy
Minimizers of the Cahn-Hilliard Energy subject to a mass constraint satisfy the
critical point equation
THE ISOPERIMETRIC
15
2∆uPROBLEM
= Wb0(u) + λ.
Minimizers are constructed
of oneSEPARATION
“inner” structure (heteroclinic/single-layer)
which
PERIODIC PHASE
373
arrange into various “outer” morphologies. (Morgan: Geometric Measure Theory).
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F IG . 1. Periodic phase separation. Cartoon from Edwin Thomas’ talk at MSRI 1999—taken from reference [49].

Embedding Cahn-Hilliard in a Larger Structure
Under the Cahn-Hilliard gradient flow
2

ut = ∆( ∆u −

Wb0(u))

d

=⇒

dt

ECH(u) ≤ 0,

most of the zoo of critical points is unstable.
De Giorgi proposed the following energy
Z
2
1 2
0
F0(u) =
 ∆u − Wb (u) dx,
2
Ω

for which all critical points of Cahn-Hilliard are global minimizers.
Functionalized Cahn-Hilliard: “Orwellian” unfolding of the De Giorgi energy:
Z
FCH(u) =

Eb
2

2

 ∆u −

2
0
Wb (u; τ ) −



2

 ηsolv
2

|∇u|2 + ηentWs(u; τ ) dx.

Ω

Small parameters: , ηsolv , ηent  1. Order of 1: Eb, τ .
Reformulation of Cahn-Hilliard changes which critical points are minimizers .
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Gradient Flow
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Consider a gradient flow in a complex energy landscape F (x).
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Remapping
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To find all critical points, flow on F0 := (F 0)2.

14

Functionalization
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The Gradient flow on
F := (F 0)2 − G(x)
allows an exploration of critical points of F which are ”good” for G.
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Sample of Parameter Space τ = −0.4,  = 0.03
ut = ∆

ηent = −2
Micelles - Pores
Co-dim 2 & 3
Figure 4: Network for ⌘2 =

5

2"

δFCH
δu

=⇒

d
dt

ηent = 
Pore Network
Co-dim 2
Figure 7: Network for ⌘2 = 1"

8

FCH(u) ≤ 0

ηent = 5
Bilayers
Co-dim 1
Figure 11: Network for ⌘2 = 5"

12

Identical, randomly ±1 initial data. Co-dimension = choice of inner structure.
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The Well Tilt Parameter τ
Wb

1
Bulk−like Water

0.8

φ0.6

Bilayer
0

α =3
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1

0.2

φ

Waters of
Solvation

α =2
α =1

0
0

Pore
Micelle
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R

Well tilt, τ differentiates the self-energy of the solvent and polymer phases.
α
2
∂Rφα + ∂Rφα = W 0(φα; τ ).
R
The liquid-phase self energy is reflected by its pressure
J
P = Pl + Posm,
Posm = RT ρ+ ≈ 80 − 100 3 .
cm
The balance between the liquid pressure and bulk modulus of polymer phase tunes
the pore radius. This is encoded in a constitutive relation for the well-tilt:
τ = τ (P ).
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Solvation Energy
Z
FCH(u) =

1
2

2∆u − Wb0(u)

2


−

ηsolv
2

2|∇u|2 + ηentWs(u)


dx.

Ω

ηsolv > 0 drives the creation of interface.
The values of Gibbs free energy of solvation shells depends upon the nature of the
solvent and the density of ionic groups, n, within the polymer
ηsolv = ηsolv (n).
For ionic group densities typical of Nafion literature values range
kJ
ηsolv ≈ 3 − 4 3 ,
cm
roughly 30 times higher than energy associated to backbone stiffness:
ηsolv
≈ 30.
2Eb
In our simulations we choose:
Eb = 1,  = 0.03, ηsolv = O() > 0.
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2
Wτ ( u)
∫ (ε Δu − Wτ%(u)) − ε *) 2 ∇u + Wτ (u)-, + ε ηcproton
bending
mixing
interfacial area
Impact of Counter-ion
Mixture Entropy
2

€

 Distribution of protons: trade-off
 Localize


Z near negative charge (electrostatic)

1
η
 “Delocalize” at2bulk water (entropy)
solv 2
2
FCH(u) =
 |∇u|2 +
ηentWs(u) dx.
 ∆u − Wb0(u) −
Backbone
 Proton mixing2energy
2
Side-chains
Ω between forces
 Balance
Low mixing energy

High mixing energy

1

Water
H+

Bulk−like Water
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φ0.6

α =3

0.4
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Waters of
Solvation

α =2
α =1

0
0

5

10

15

R

For simplicity take Ws = Wb.
The parameter ηent expresses the entropic preference for counter-ions (protons) for
bulk-like water verses waters of solvation.
Key Prediction: A preference for bulk-like water selects pores
over bilayers and selects micelles over pores.
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Time Evolution from Spherical Initial Data

time = 0
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time = 640
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Merging of Dumb-bell Structures into Pore Network

(a)

(b)

(c)

(a) Random initial data coarsens into micelles,
(b) over-sized micelles are unstable and grow
into dumb-bells,
(c-d) dumb-bells elongate, merge and form a
pore network.
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Hysteretic Behavior
Gradient flow from random initial data with slow evaporation.
This yields sparse network not attainable from random initial data
τ = −0.4,  = 0.03, ηsolv = 5, ηent = −4.

30.2% Solvent
t=1

19.7%
t = 200
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8.24%
t = 1000

Pearling Bifurcation in 3D

Equilibria after evolution from a cylindrically symmetric, perturbed
pore for ηsolv = 5 and ηent = −4, −6, −8, −10 respectively.
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Key result
Applications:
Nafion and
SAXS Data
Crystalline network
Add pores

(A)

Compute SAXS

(B) full curve up to a(C)
 Recover
length scale of 25 nm!(D)
 Suggest possible morphology model for Nafion

(A) Crystalline network calculated has smaller (negative) ηi .
(B) The solvent network (blue) has larger (positive) values of ηi and nonzero tilt τ .
(C) Cross-section of solvent-crystalline matrix, enlarged for detail.
(D) SAXS data: Log of scattering intensity verses Log of scattering parameter q, in nm−1
, for the composite network (red line) and experimental data of hydrated Nafion, Rubidat-2002 (circles).
Gavish, Jones, Xu, Christlieb, Promislow Polymers (2012).
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Part II: Connections to “Reality”
View Online

A continuum resolution of the
pressure and elastic forces. The
local pressure in the liquid phase
is an intrinsic component of the
self-energy of the liquid and should
couple to the value of the well tilt
parameter τ = τ (P ).

Pl|II ¼ Pg|I " Pc.

(8)

At the liquid–polymer interface between regions III and IV, the
balance of elastic pressure of the polymer and fluid pressure is
given by:
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Pel|IV ¼ Pfl|III.

Fig. 3 Single pore model. Four regions are introduced to describe the
processes of water sorption, all of which are characterized by pressures
and (uniform) temperature. Region I: external environment (vapour or
liquid water), region II: pore water void of protons, region III: pore water
including protons, and region IV: elastic polymer.

II denotes a portion of the nanopore with uncharged walls, in
which the proton concentration is assumed to be zero. The liquid
pressure Pl determines the state of water in this region. Region III
corresponds to the portion of the pore with charged walls, in
which the distribution of dissociated protons in the pore balances
the negative charge at pore walls, representing the anionic
surface groups. In this basic version of the model, we assume
uniformly charged pore walls, neglecting effects of the discreteness of anionic charges. In region III, Pl and Posm add up to the
total fluid pressure, Pfl ¼ Pl + Posm, which depends on the separation distance from the pore walls, due to the variation of Posm
with proton concentration, as discussed below. Finally, region IV
denotes the polymeric phase formed by aggregated ionomer
backbones, which experiences a strain as the pore swells,
resulting in an elastic pressure, Pel.
The provisional introduction of region II allows us to define
separate equilibrium conditions at interfaces between regions I
and II and between regions II and III, which makes the model
more tractable. We must impose two constraints in order to
warrant the introduction of region II: (i) a factitious semipermeable mesh, which is permeable to water molecules and
impermeable to protons, must be placed at the interface between
regions II and III to keep region II proton-free; and (ii) the elastic
constant of polymer walls confining region II must be adjusted so
as to keep the width of the pore uniform. Due to these
constraints, the osmotic pressure vanishes and only the liquid

Eikerling, 2010

(9)

Introducing the semipermeable and fixed mesh at the interface
View Online
between regions III and IV lifts the condition of mechanical
equilibrium at this interface. The liquid pressure is uniform
across the interface while the total fluid pressure undergoes
a discontinuous transition Pl|II / Pfl|III.
The equilibrium conditions derived so far can be employed to
establish the equation of state of water in PEM pores for arbitrary
pore geometries. Even though a realistic description of a membrane
should encompass a range of pore geometries, which all co-exist, we
will demonstrate the derivation explicitly for a straight cylindrical
pore. Radial and axial coordinates r and z are shown in Fig. 3. We
assume that the radius R of the pore corresponds to the region
occupied by bulk-like water, excluding the surface water layer.
Using eqn (5) for the capillary pressure and employing the
Kelvin–Laplace equation,
!
"
2gV! w cos q
Pv ¼ Ps exp "
(10)
Rg TRc

A mechanism to track the local
density of tethered ionic groups as
the pores swell and shrink.

we can re-write eqn (8) as:

! v"
Rg T
P
;
Pl ¼ Pg þ ! ln
Ps
Vw

(11)

A description of the counter-ion
distribution, their coupling to the
interface energy, and to the transport of solvent within the pore network.

relating the liquid pressure inside the pore to T, Pg, and Pv. From
here on, we will make the following assumptions:
$ Ideal wetting occurs and, hence, cos q ¼ 1.
$ The permittivity 3r is constant and identical for all pores.
$ The Stern layer is not taken into account.
$ The continuum description is a good approximation for all
pore radii.
$ The pores have cylindrical shape.
$ The surface charge density is uniform in each pore.
$ The shear modulus G is uniform in the polymer phase.
Following the derivation for the total fluid pressure in the
Appendix, we can write the equilibrium condition at the liquid–
polymer interface, given in eqn (9), as:
el
P
¼ Pfl(R) ¼ Pl + Posm(R)
25

(12)

where Posm(R) is the osmotic pressure at the pore wall. Effects of
membrane elasticity on swelling due to water uptake were
incorporated in several models of water sorption.50,51,56 We
employ the model of Freger, which treats swelling as a non-affine

Incorporate Electrostatics into Gradient Flow
Statistical mechanics: obtain a continuum description from the mean-field approximation of the partition function. Consider an action
electrostatic
entropy & finite volume
z
}|
{
Z z
}|

{
1
kB T p ln p + h(p, n(u)) + q0(p − n)φ − ε(I, p, n) dx,
A=
2
Ω
where h denotes the form of the short-range or finite-volume interactions, q0 is the
elemental charge, I = |∇φ| is electrostatic field intensity, and ε is related to the
polarization or displacement field induced by the electric field.

Derive a Poisson equation by requiring φ to be a critical point of action


δA
∂ε
:= ∇ ·
∇φ + q0(p − n) = 0,
δφ
∂I
in particular the classic orientational permittivity (dielectric) takes the form
∂ε
δA
ε :=
= −2
.
∂I
δI
Equivalent the standard derivation of statistical mechanics.
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Solution structure at high concentrations

Field due to neighboring ions negligible

1 nm between ions
Fitting 1-2 water molecules
Field due to neighboring ions not negligible
Water screening important

Ionic field dominant
Water screening negligible
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Theory validation
ε (c ) = ε water

& 3α )
− β L( c +,
' β *

€

! Agreement at 13M!
! Solid black curve – field theory (Levy et at, 2012)
€ to form ion pairs
! KCl has higher tendency
! Very good accuracy for 6 different salts
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Comparison with the FCH energy
It is tempting to make the associations,
Solvation energy:
ηsolv

2
2

2

|∇u| ≈


q0 φ +

1 ∂ε



2 ∂n

∂n
∂u

,

Mixing Entropy
ηentWs(u) ≈ −kB T

∂h ∂n
∂n ∂u

.

A careful study of the two models to better understand the functional dependence
of the hydration and mixing energies within the FCH is a particularly rich vein for
future investigation.
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Summary
• Network Morphology can be described, at
a phenomenological level, by a continuum
system with few (4-5) key parameters
• Numerical simulations corresponding to
minutes and hours of real-time evolution are
possible
• More sophisticated gradient flows can be
developed which couple electrostatics, momentum balance, and interfacial morphology into a gradient flow
• Numerical limitations are still very significant – validation of the models, beyond very
rough ’eye-ball’ test, will be a significant
undertaking.
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