Problem Set #1

PHY 854, Spring Semester, 2000

Chip Brock, brock@chip.pa.msu.edu

February 22, 2000

These problems are due on March 3, 2000 5:00 p.m. to Lisa Ruess in Rm 207. Note, ℏ = c = 1.

Problem 21 Start with the semi-classical Hamiltonian density for the Dirac field: H = � d^3xψ^†_j (x) (− iα ·∇ + βm)_{j k} ψ_k (x)

and the Fourier expansion fof that field,

ψ_j (x) = � i=1 ,2 � dK � a^{(i)}(k)u^{(i)}_j (k)e^{− ik ·x} + b^{†(i)}(k)v^{(i)}_j (k)e^{ik ·x} �

where dK ≡^{d3 k}_{(2π )3 2ω k} . Quantize the field and show that the Hamiltonian operator becomes H = � dK � i=1 ,2 E � a^{†(i)}(k)a^{(i)}(k) + b^{†(i)}(k)b^{(i)}(k) � .

Problem 22 (a) Show that^1_2 (1 ± γ_5) is a projection operator for right-handed (top sign) or left-handed (bottom sign) Dirac spinors.

(b) Define left-handed and right-handed components and show that the Lagrangian density for free spin 1/2 fields

L(x) = ψ̄(x) (iγ^μ ∂_μ − m) ψ(x)

can be written

L(x) = ψ̄_L (x)iγ^μ ∂_μ ψ_L (x)+ ψ̄_R (x)iγ^μ ∂_μ ψ_R (x)− m �¯ ψ_R (x)ψ_L (x) + ψ̄_L (x)ψ_R (x) � . (c) Show that the Dirac Equation for ψ(x) is retriev ed using the Euler Lagrange equations.

(d) Show that one can retriev e the Dirac equation for ψ̄(x).

Problem 23 The Lagrange density for a particular importan t theory for a real scalar field can be written (λ > 0

L(x) = 1 2 (∂_μ ϕ) (∂^μ ϕ) − λ 4 � ϕ^2 − a

�_2

(a) What is the configuration of ϕ(x) for which the classical energy is a minimum? Work it out for both cases of a > 0 and a < 0.

(b) If λ < 0 does the system have a ground state? (c) Do you know why this particular theory is importan t in elementary particle physics? In a theory of critical phenomena?

Problem 24 The generic charge operator for spin 0 fields is T = � dK � a^†(k)a(k) − b^†(k)b(k) � . As the generator of a conserved U(1) transformation, this operator serves as both a constan t of the motion and as the generator. Show that

ϕ → ϕ^′ = UϕU^{− 1} = e^{− iα} ϕ

where U = e^{iα T} , Remembering that T is an operator. In order to show this, you will have to work out the commutator of T with ϕ.

Problem 25 Calculate the equation of motion for a massive spin 1 field, B_μ . Start with the general relation that we got for the photon before the imposition of the Lorentz condition, namely,

∂^2B^ν ∂x^μ ∂x_μ − ∂ ∂x_ν � ∂B^μ ∂x^μ � = 0.

To switch to the massive case, we can replace the derivative operator

∂^2 ∂x^μ ∂x_μ → ∂^2 ∂x^μ ∂x_μ

+ M^2.

(a) Show that the relation � ∂B^μ ∂x^μ � = 0 then follows. Note, this is not a gauge condition, although it looks like it.

(b) Show that the equation of motion is � ∂^2 ∂x^μ ∂x_μ

+ M^2 � B^ν = 0.

Problem 26 For the discussion of Noether’s theorem, I took a simple approac h, separating the transformation of a field from the transformation of spacetime. You’ll recall that the two approac hes were actually different from one another. They can be done together, in the same fashion.

(a) Consider both a functional variation on a field (also called a local transformation, since it happ ens at the same spacetime point) and a spacetime transformation:

x^μ → x^{′μ} = x^μ + δx^μ ϕ(x) → ϕ^′(x) = ϕ(x) + δϕ(x) . We presume that the Lagrangian density can be both a function of the fields and their derivatives, but also spacetime, as can happ en for external sources. That is, L = L(ϕ, ∂_μ ϕ, x^μ ). The total variation on the field involves both the functional, local variation as well as the variation due to different spacetime evaluations. It’s defined as

Δ ϕ = ϕ^′(x^′) − ϕ(x^′) + ϕ(x^′) − ϕ(x).

Show that this is Δ ϕ = δϕ + (∂_μ ϕ)δx^μ . (b) The variation in the action is

δS = � Ω^′

L(ϕ^′,∂_μ ϕ^′,x^{′μ} )d^4x^′ − � Ω L(ϕ,∂_μ ϕ,x^μ )d^4x

where d^4x^′ = J (x^′/x)d^4x and J (x^′/x) is the Jacobian of the transformation from x to x^′. Presuming that the field satisfies the Euler Lagrange Equations, show that the vanishing of the variation of the action leads to the conservation of a curren t given by

j_μ (x) = ∂L ∂(∂^μ ϕ) δϕ − � ∂L ∂(∂^μ ϕ) ∂ϕ ∂x^ν

− g_{μν} L � δx^ν .