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NAME....................................................

PROBLEM. A harmonic oscillator is prepared in the initial state Ψ(0) =
A(ψ1 + ψ2 + ψ3), A 6= 0, where ψn are the normalized wave functions of the
stationary n-quantum states. Will the wave function Ψ(t), at some moment
t > 0, take a form

a. Ψ = B
[
ψ1 + 1√

2
(ψ2 + ψ3)

]
;

b. Ψ = C(ψ1 + ψ2 + ψ3 + ψ4);
c. Ψ = D(ψ1 − ψ2 + ψ3);
d. Ψ = F (ψ1 − ψ2 − ψ3);
e. Ψ = G(ψ1 + iψ2 − ψ3)?
The coefficients in those examples are some complex constants.
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SOLUTION. The wave function

Ψ(0) =
∑

n

cnψn (1)

evolves in time according to

Ψ(t) =
∑

n

cne
−(i/h̄)Entψn. (2)

With the energy levels of the harmonic oscillator

En = h̄ω

(
n+

1
2

)
, (3)

we find
Ψ(t) = e−(i/2)ωt

∑
n

cne
−iωntψn. (4)

New amplitudes cn (not present at t = 0) do not appear, and the magnitudes
|cn|2 do not change with time. Therefore we can immediately reject the propos-
als a and b. To discriminate between the remaining three cases, we can write
explicitly

Ψ(t) = e−(i/2)ωtA
(
e−iωtψ1 + e−2iωtψ2 + e−3iωtψ3

)
. (5)

This shows that at any moment t the second phase differs from the first one by
the same factor exp(−iωt) as the third phase differs from the second one (an
exceptional case of the harmonic oscillator). This eliminates the proposal d.
The cases c and e are possible, the corresponding moments are determined by

e−iωtc = −1 → ωtc = π, 3π, ... (6)

and
e−iωte = i → ωte =

3
2
π,

7
2
π, ... (7)
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