PHY481: Electromagnetism

Vector tools

Sorry, no office hours today
I've got to catch a plane
for a meeting in Italy

Lecture 3

Carl Bromberg - Prof. of Physics



Definitions

= Cartesian coordinates e
- Vector x is defined relative to the origin A TP
. . k X
of primary coordinate system (x,y,z) A |
- In Cartesian coordinates | l _ Y

X = xi+yj+zlA(

= Arbitrary rotation of the coordinate sysTem
- changes vector direction but not the magnitude

X=X Ty R Xl =Ixl =2 + P+ 2
Example: rotation about the z-axis by angle ¢

:icosgb +jsin¢ ’

1 X =x-1 = XCos@+ ysing
j=—isin¢ + jcos¢ Yy =x- j —XSsing + ycoso
k' =k z'=z
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Rotation matrix
= A rotation can be expressed as a 3x3 unitary matrix R

- Rotation of coordinates - Rotation of vector components
x’ X E E,
Vv |=R|y E; =R Ey
z’ z E’ E
- Rotation Matrix is Unitary Euler angle rotations
+ Maintains vector magnitude (cosdp sing 0) ,otation
CT T B=|—-smn¢ cos¢p O bout
ranspose = Inverse L0 0 1, aboutz
T -1
Rij = Rji = Rz’j (1 0 ,O ) rotation
C=(0 cosO smb about X'
- Rotation matrix properties \0 —sinf cos0)
* R = BCD (3 rotations) h cosy  siny 8 rotation
=| —siny cos !
- Rotations do not commute 0 4 Ol// | | about z
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Vector multiplication

= Vector addition and multiplication by a constant is OK
= Scalar (or dot) product

3
A-B=AB +AB +A4B = gAiBl. (1.2,3) = (xy.2)
= Einstein summation convention (repeated indices)

A-B=A4B =A4B +AB,+ 4B, X issuperfluous
= Cross product (hew techniques)

3 i.j,k are cyclic
C=AXxB Cl.—AjBk—AkBj

permutations of 1,2,3
Cx = AyBZ — AZBy C1 = A2B3 — A382 (1,2,3)

— _ — — (1,2,3 ,)— (2,3, 1)
C =AB -AB  C=AB-A4B (.27,

C =4B —AB C,=4B,-4,B 231 ,)—~0(G12
Z X Yy y X \ 7
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Economy of notation we will NEED

" Levi-Chivita anti-symmetric 3x3x3 tensor &

Learn to love it | (AXB); = gijkAjBk i,j,k=(1,2o0r3)

If any 2 indices are the same €., =0 21 of 27 elements are O |

ik
Permutations of 123 6 non-zero elements

Cyclic = even # of pair-wise €;y; = €57, = €3, = +1

Non-cyclic = odd # of pair-wise £,13 = &5, = &3, =—1

(AXB), =¢€,,4,B,+¢,,4,B, Verify the remainder

= A,B,— A,B, for yourself
= Levi-Chivita tensor product Kronecker delta
_ _ _ll,i=j
gijkgklm - 6il5jm 5im5jl 517 - {O e

sumover k, k=1 2,3

Lecture 3 Carl Bromberg - Prof. of Physics 4



Vector identities (Levi-Chivita tensor)

= Prove A X (BxC) = B(A:C) - C(A -B)

Cross product using Levi-Chivita tensor: (A xB); = £,4.B,

Levi-Chivita tensor product: ENIETI 5i15jm — 5im5ﬂ

Start proof here: BXC =D
i'th component [A x (Bx C)]; = (A xD); = e, AD, od indices
D, =BXxC), =¢, BC, land m
[Ax(BxC)]; = €, EmA BC,
=(6,6,,-6,06,)4BC
il jm im-~ j j m

—ABC.—ABC. AB =A-B
J U ] J J 1 J J
Ax(BxC)=B(A-C)-C(A-B)
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Vector operators - Gradient (Cartesian)
= Gradient operates on a scalar function V (potential)

oV . s
—_ A € =1
Gives a vector in the VV(x)= . € 9 Al .
direction of the : V= 5 87 €, =1
maximum change in V _ Vi IV, IV - i, ~
=—i+—J+—Kk e,=Kk

ox  dy oz

V(x)=V(x)=Ex
= Example: parallel plate capacitor .- riu ran 3eas Ed

|
Maximum change in V AV » ~ | :T
is in the +x direction VI (x)= a_xl = E1 ! ! !

| | |
Electric field E points in | |t
the direction opposite E(x)=-VV(x)= _ri ! ! !
to maximum change in V, ! | !
-x direction —X o

!

|
X=0 dH4 d?2 3d/4 d
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Vector operators - Divergence (Cartesian)
= Divergence of a vector function is a scalar .| operator

oE, JE aEy dE_ Spreading of E at x. Vo i

V-E(x)= axl = I T Jy T )z # 0 if charge is at x ’axl.
= Coordinate independent definition iy box centered on x
3
gSSE(x)-dAzz E(x+£8)e —E(x-£&)e’ | dA, | A,
i=1 24
; E(x+8é) E(x-¢ é)} i gt
— 2 ~—€
i=1-
~ i_BE B [V | E(X)]83 Divergence definition
i=1L axi 1
V-E(x)=1lim — E(x) -dA
V=0 |/
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Differential form of Gauss's Law

= (Gauss's Law in terms of divergence of E
Box centered on x

qenc ,
Gauss's Law - G B(X)- dA = =2 5 :
0 —a 1= ——a i
a
1 1 a4
—§ E(x)-dA=—Tad . 3
Vs Vg, p= ;;d; V =a
1 1
lim —¢ E(x)-dA = lim Leel L
V=0 ) S =0 g, see previous slide
Gauss's Law _ p(x) 1
equivalent Vel = . V-E(x) = Il/irI}) o SE(X) -dA
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Vector operators - Curl (Cartesian)
= Curl of a vector function is another vector
OB

B aBk _9dB, ~
[VxBX)], =¢, "o (VxB(x)), = o

Verify the remainder

2

“Circulation” of E around a loop

= Coordinate independent definiTion .

gSPkB(X)-dZ [ (x—l—e )E — B(X )8] .

+[Bj(x % €. )E— B(X—(?e )8]

Path centered on x

(0B, 9B , : ,
| —L il =[VxB £ | L
ax. a.x : [ (X)]k o x —£ X +£ A
- ! J Cur| definition - b
1
n - B =lim—¢ B(x)-
f-[VxB(x)] AIE})A ; (x)-d¢

9

Carl Bromberg - Prof. of Physics

Lecture 3



Cartesian vector operators (Einstein notation)
Dot Product Levi-Chivita Tensor Cross Product

summary of 5 g 4p £ (AxB)i=¢ 4B,
earlier slide 4 Y g J
Permum’nons of 123 6 non-zero elements

Cyclic = even # of pair-wise €3 = €51, = €3, = +1

Non-cyclic = odd # of pair-wise &,; = &3, = 8321 -1

Tensor product Kronecker delta
_ _ _)1,i=7
8l'jk8klm 5115]m 51m5]l 51] — {O : i ;/__§-
Vector differential operators in Einstein notation
Del Gradient Divergence Curl
0 14 oL 0B
V=e— VI(xx)=—e. V- E(x)=— VXxB =g, —*k
' ox, (x) ox, () ox, [ (X)]’ ik E)xj

k

e =i ¢ =j, €

V.-VV =VV Laplacian of scalar function V
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Physical interpretation of vector operators
= Characterize "flow" of field [area displayed (+3m, +3m)]

Ex)=(xi+yj) Vim* B(x)=(-yi+xj) T/m’ VxC=0
V.-C#0

V. .E = p(x) — 7 V/m2 V-B=(0 Bis"solenoidal"
E
0

2
V XE =0 E is “irrotational” VXB= ,UOJ(X) =2 T/m

(see http://www.math.gatech.edu/~carlen/2507/notes/vectorCalc/)
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