PHY481: Electromagnetism

Del identities & integral theorems
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Cartesian vector operators (Einstein notation)
Dot Product Levi-Chivita Tensor Cross Product
A-B=A4B, (AxB)i=¢_A.B,

L1 gijk y J
Permutations of 123 6 non-zero elements

Cyclic = even # of pair-wise €;y; = €57, = €3, = +1

Non-cyclic = odd # of pair-wise £,13 = &5, = &3, = —1

Tensor product Kronecker delta

_ B J1,i=

gijkgklm B 6i15jm 5im5jl 5,7- — {O ¥ ¢§-

Del Gradient Divergence Curl
0 214 oE. OB
V=¢ — VFV(x)=—¢ V-Ex)=—- [VxB®x)|.=¢e,6 —£
' ox, () ox, () ox, | ( )]l ik axj
¢ =1, &,=j, &=k

1

V.VV =VV Laplacian of scalar function V
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Physical interpretation of vector operators
= Characterize "flow" of field [area displayed (+3m, +3m)]

Ex)=(xi+yj) Vim* B(x)=(-yi+xj) T/m’ VxC=0
V.-C#0

V. .E = p(x) — 7 V/m2 V-B=(0 Bis"solenoidal"
E
0

2
V XE =0 E is “irrotational” VXB= ,UOJ(X) =2 T/m

(see http://www.math.gatech.edu/~carlen/2507/notes/vectorCalc/dcvisualize.html)
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Del identity

= Prove Vx(VxF)=V(V-F)-V’F Llet G(x)=VxF(x)

Similar to aG Replace
AX(BxC) — [Vx(VxF)|,=[VxGx)| =¢,
Identity ax . oF,

k kilm

O'F %,
=& ¢
ykkim Ox ox,
J
O°F

(56 -

[ jm 6zm5jl) ax .axl
j
_9[%)_9F
x| ox. dx .0x .
i J Jo

Vx(VxF)=V(V.F)-V’F
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A tougher Del identity
= Prove V(A-B)=AX(VXB)+BX(VXA)+
+(A-V)B+(B-V)A
Don't start with left hand side | Expansion will be too hard.

0B 0B,
[AX(VXB)], = gl.jkAj(eklm a—m] [(A-V)Bl =4 —
xl )CJ.
0B 04
- (5i15jm B 5im5jl)Aj axl [(B- V)A]i = B]. : :
J
aB] A a l
ok, ox. 04 0B
l / [V(A-B)| =—LB. +4, —L
oA Yoox, /Y ox,
0A. i i
[Bx(VxA)| =B, —L-B —!
l ox / ox
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Not so tough (Problem 2.22)
= Given A(x)=(xXA)-(xXB) A &B are constants, X = xiéi
»* Prove VAX)=AX(XXB)+BX(xXA)

h(x)=(xXA)- (xxB)= el.jkxjAkeﬂmxle
2
= (5j15km — 5jm5kl )x x,A B, =x AB, —xBxA
(Va(x)]. = i(szt B —xBxA,)
Py VTR kTR

= 2xl.AkBk — Bl.xkAk — ijin

Vh(x)=2x(A-B)-B(x-A)— A(x-B)

=|[x(A-B)-B(A -x)|+[x(A-B)- A(B-x)]
(lecture 3)
Vhi(x)=AX(xXB)+BX(xX A) ax(bxc)=b(a-c)—c(a-b)
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Potential enabling identities

= Electric scalar potential f=V follows from Vv « (Vf) —0

Vx (V) = ¢, 2 (af}o

7 ox .\ ox,
J
L 99 _ 09  &f _ Portidscante
ijk axj axk ikj axk axj ijk axjaxk taken in any order

= Magnetic vector potential F = A follows from V- (VxF)=0

2
F F
V'(VXF)=i(8 a")—g Ik =0

ijk — “ijk
axi ’ axj ’ axiaxj Some double
82F Dels #0
£, is antisymmetric, and - Bk symmetric V x(V xF) %0
X .0X
i V(V-F)#0
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Gauss's Theorem
= Divergence definition

. 1 E-dA dA dA
Im—P E-dA=V-E “flux" of E e — el
-0 o3 IS | |

€ through dA £
= "Proof"” of Gauss's Theorem
- Place 6 tiny cubes against the original cube. . =

- On adjacent faces there is a common E, but an opposite sign L
for each dA, thus E-dA cancels.

- Summing over a block broken into tiny cubes, the surface
fluxes cancel except on the block’s surface.

S[joal-Srmr O

i=1 :

= (Gauss's Theorem for a closed surface S

Only the external _ 3 Divergence integrated
surface flux left C_ﬁSE "dA = CJ‘)VV ‘E(x)d x over the volume inside S
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Stokes's theorem

= Curl definition “line element £
1 B-df of B along dlI" T
lim—® B-d¢=[VxBIl-a o £
-0 o2 JC N “normal to surface
£ .4
bounded by curve C
* "Proof” of Stokes's Theorem :
- Break large loop C intfo many tiny loops. \
- Onadjacent sides there is a common B but an opposite sign 1 V
for each dl thus line elements cancel. "
- The tiny loop line elements cancel except those on the large CT ,
loop. 1
N N 5 T—*
2[45 B-dq:Z[VxB(x.)]-ﬁe |
C. !

= Stokes's Theorem for a closed curve C

Only line elements (JSCB dl = (ﬁS[V x B(x)]- dA

on C remain

Curl integrated over any
surface S bounded by C
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Summary of integral theorems

» Gauss's Theorem

Flux integrated over _  Divergence integrated
closed surface S over the volume inside S

<_|5SE-dA= <_[>VV.E(x)d3x

Neither side looks particularly simple, however, for static electric fields
the right hand side will be shown to be equal to the enclosed charge/¢,

= Stokes's Theorem

Line elements integrated Curl integrated over any
over closed curve ~ surface S bounded by C

_ . RHR on C gives
CﬁcB 2= <JSS[V xB(x)]- dA normal to surface S
Neither side looks particularly simple, however, for constant magnetic fields
the right hand side will be shown to be equal to the u,-current enclosed.

Lecture 4 Carl Bromberg - Prof. of Physics 9



Problem 2.10

Consider the vector field F(x)=x= xi + yj +zk
1) Sketch the field

field intensity grows as |x| =r
F(r=1) F(r=2) F(r=4)

¢ —» — 5 » any direction =
origin -

— dA =1k
2) Flux through cube, edge length = 1, corner at the origin -

(1,1,1)

- Field in x-z, y-z, or x-y plane is parallel to a cube face,
therefore, through those 3 faces the flux = 0

- The same flux goes through each of the other 3 faces \
- Consider the top face: z = 1,area=1.

3) Using Gauss's theorem

F-dA=xk=z=1 F
Top V.F=—L=1+1+1=3
ngSF-dAzzs Ox.

gSSF.dA:gSVVZ-FdexﬁV dV =3
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Problem 2.11

Use Gauss's then Stokes's Theorem to prove:

9552 (VXF)-dA = —gSS] (VxF)-da |

Gauss's Theorem et S = Sl + 52 ,and G=V xF

¢ G-dA=¢ (V-G)av | |
S V See Slide 6 this lecture
gSS (VxF)-dA+<j>S (VxF)-dAzgSVV-(VxF)deo

Stokes's Theorem

S, outward normal via
CJ)S (VXF) -ndA = Cj)c F-d/f B right hand rule on C;.
: : 4)_ B Cﬁ S, outward normal

Cl

¢z opposite direction for C,

gSS (VxF)-ﬁdAzcﬁcF-de

Gauss's & Stokes's Theorems CﬁS (VXF)-dA = _CJSS (VxF)-dA
2 1

give the same answer
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Problem 2.9

Consider the vector field F(x) = Kk X x
. A A . R N _ Phi direction with
F(x):k><(x1+yj+zk):—y1+szrq) no z dependence

b) Line integral over circle radius a a) Sketch the field

T A 2 Fl=r
Fdfz da . ad :2 a R
ij £(¢)( 00)=2r // \\

c) Line integral via Stokes's Theorem K ./ SN
I \ \ T A )
oA X
[VxFl=e, —ft=—2_—x=2 \\QHH//
37 S35k axj o oy LS

“ad¢

VxF=2k

Stokes's Theorem

a

gSCF.dz:gﬁS(VxF)-dA = 212.122fd¢jrdr= 2ra’
0 0
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