PHY481: Electromagnetism

Vector operators in curvilinear coordinates
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Vector field Problem 2.11

Use Gauss's then Stokes's Theorem to prove:

3552 (VXF)-dA = ‘955] (VxF)-da |

Gauss's Theorem et S = Sl + 52 ,and G=V xF

CJSSG A = CJSV(V . G) dv See Slide 6 previous lecture
¢ (VxF)-dA+¢ (VxF)-dA= V-(VxF)dV =0
S, S, 4

Stokes's Theorem

S, outward normal via
CJ) (VXF) -ndA = Cj) F-d/f 43 Cﬁ right hand rule on C;.

S, outward normal

i (VXF) fidd= CJ‘} F-d¢ © opposite direction for C,

Gauss's & Stokes's Theorems CﬁS (VXF)-dA = _CJSS (VxF)-dA
2 1

give the same answer
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Vector field Problem 2.9

Y

= Consider the vector field F(x)= Kk X x » direction
n . ) A i A A x - .
F(x):kX(xi+yj—|—zk) =—yi+xj=r0 no z-dependence

b) Line integral over circle radius a a) Sketch the field
Cooa A 2

Jor e [(ab) (edgp)=ond’ | For

c) Line integral via Stokes's Theorem , P‘
oOF OF  oF X AN
I[VxFl=¢, —f=—2_"—x-9 H!f(f)/’
Y axj ox  dy \/ X
VxF =2k ady
Stokes's Theorem
A A27r a X
g]SCF.dzzgﬁS(VxF)-dA =2k -k | do [ rdr =2ma
0
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Curvilinear coordinates
= Cartesian coordinate vector operators

Del Gradient Divergence Curl Laplacian

. 0 14 OF. OB R4
V=e — VV(x)=—¢, : — i —e kK 9
ox, (x) > é&. V-E(x) > [VxBx)|, =¢, ) VvV =

= Compare coordinate systems - SCALE FACTORS

Coordinates Unit vectors Position Displacement Scale Factors
u19u29u3 é19é2aé3 X = ds = hl’hZ’h3
Cartesian A R R R A A A

X,¥,2 i,jk xityj+zk dri+dyj+dzk 1,1,1
Cylindrical
r,9,z .0k rr+zk dri +rdo ¢ + dzK 1,71
Spherical

r,0,0 £,0,0 rr dri+rd00+rsin@dy¢ 1,7,rsind
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Scale factors

= Scale factors relate displacements to coordinate changes

- k . . ds.
ds=hdu € + h,du, e, + hdu,e, h =—

du,

= Example: cylindrical coordinate scale factor v

(“1’”2’”3) =(r,9,z)

) -
ds A
ds 5= rdo; h=—2—, ’_Ld ¢
ds~=rd@
= Example: spherical coordinate scale factor |7 rsin®
(), 145, ’“‘3) =(r,6,9) A S
/ ~// dsy=rsinfdo
ds fooeyr
. . Wy [ e Ly
ds, =rsmfd¢; h,=—"==rsinb R
x T
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Vector operators in curvilinear coordinates

= Operators in ferms of coordinates and scale factors

VIV (X)= la—Vé.
h du, '
1 d d d
V- -E(x)= hhE)+—(hhE)+—hhFE
(x) h1h2h3[aul( 24 ) auz( 13 2) au3( 1" 3)}
2 | 0 h-hk AV (ijk) = cyclic
vV V(x)= —h1h2h3 £ L [ Jh . } permutations of (123)

1 o
VBl =6, | gt (8
Jk T
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Expanding curl in curvilinear coordinates

Cylindrical

Spherical

P [VxB(x)] =

¢ [VxB(x)], =

k [VxB®x)]. =-

-

12(8)-2(s,)

d

2(8)-2(5)]

(08 55(5)]

[V xB(x)],
[VXxB(x)], =

[V xB(x)],

1 d , . d
rsin@{@@ (Sln9B¢’) - ﬁ(Be)}

19 d
s acp(B")_ﬁ(qu))}

2 (r8,)-2(8)
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Example 2.7

In spherical coordinates, calculate divergence and curl & interpret

F(x)=1r (constant F in radial direction) F("):f/ c ! “
e ! ‘\\:x..\;
Vi=— : [ L (r2 siné?Fr)}:z (field lines spreadinr) /|,
r-sin@Ldr 4 ,/ t Ly
VxE=0 (asF,=F,=0) (fieldhasno "vorticity") L/ / '
,\ "" 'x___ﬁ____//
F(x)=10  (constant F in polar direction) F(x)=0 /,_i
A 1 t i i VA TN
V6= [ 0 (rsinQFe)}: cot® (field lines spread SN
> singLdo r poles to equator) fo, | \
[ Y A T
~ 1| d ~ 1a T ;o
Vx6= ;[g(’ﬂ)}b = ;4’ (field curls around ¢ direc’rion).__,_lr(? s
F(x)=1¢  (constant F in azimuth direction) Fx)=6 |
: el B
A 1 0 . . AN
Vo= [ rF }: 0 (field lines are parallel) SO
7’ sin6 d¢( ¢) ,»( 16 }1
.1 [0 1 9 1 . e Rt
SSPURT FN W ETO N TP ey
¢ rsin@ BO(Sm ¢) rL or (r ¢) rsin@ _\./L\\‘m___ -
k = cosOf —sin00 (see problem 2.14) (field curls around z direction)
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Helmholtz Theorem

* Important identities Vx(Vy)=0 V- (VxXA)=0
= Arbitrary function: H(x)=F(x)+ G(x)

“irrotational” part "solenoidal” part

F(x)=-Vy(x G(x)=V x A(x
Helmholtz Theorem (x) V(x) (%) (X)

Let VXH(x)=c¢(x), V- -H(x)=d(x)
and ¢(x) & d(x) — 0 faster than ¥ and H(x) > 0

F—>o00 r—>o0

Hx)=-Vy +V XA

3
d(x")d x’ c(x’)d3x’
X)= —
Vo= | A = [£5055
d(x) will be charge density/s, ¢(X) will be g * current density
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