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PHY481: Electromagnetism

HW2 and Discussion
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Problem 2.2

   
A × B = Ay Bx = | A || B | sinθ

   

A × B( ) ⋅C = | A || B | sinθ( )k̂ ⋅C
=| A || B || C | sinθ cosφ
=Volume

Parllelogram Area

Parllelepided Volume

  A × B =| A || B | sinθ k̂

   

A ⋅ B × C( ) = A ⋅ ĵ | B || C | cosφ
=| A || B || C | cosφ cos π

2
−θ( )

=| A || B || C | cosφ sinθ
=Volume

   

Area of rectangle

Area =| A || B | sinθ

  

B × C = ĵ | B || C | sin π
2
−φ( )

= ĵ | B || C | cosφ

   

Volume of rectangular solid

Volume =| A | sinθ | B || C | cosφ

Show A•(BXC) = Volume
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Problem 2.3

 
ε ijkεklm = δ ilδ jm − δ imδ jl

   
A × B( )i = ε ijk Aj Bk ; C × D( )l = ε lmnCmDn

  

A × B( ) ⋅ C × D( ) = ε ijk Aj Bk( ) ε imnCmDn( )
= ε jkiε imn Aj BkCmDn

  

A × B( ) ⋅ C × D( ) = δ jmδkn − δ jnδkm( ) Aj BkCmDn

= Aj BkC j Dk − Aj BkCk Dj

= AjC j( ) Bk Dk( ) − Aj Dj( ) BkCk( )

 A × B( ) ⋅ C × D( ) = A ⋅C( ) B ⋅D( ) − A ⋅D( ) B ⋅C( )

Tensor product:

Dot product:

Cross product
components i & l:

Replace tensor
product:

Replace l,m,n
with j or k:

Identify dot
products:
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Problem 2.6

  
∇ ⋅ gF( ) = ∂

∂xi

gFi( ) = Fi

∂g

∂xi

+ g
∂Fi

∂xi

= F ⋅∇g + g∇ ⋅F

  
∇ × gF( )[ ]i = ε ijk

∂
∂x j

gFk( )

  

= ε ijk

∂g

∂x j

Fk + gε ijk

∂Fk

∂x j

∇ × gF( ) = ∇g( ) × F + g∇ × F

  
∇ ⋅ F × G( ) = ∂

∂xi

ε ijk FjGk( ) = ε ijk

∂Fj

∂xi

⎛

⎝⎜
⎞

⎠⎟
Gk + ε ijk Fj

∂Gk

∂xi   
ε ijk = εkij ,  and ε ijk = −ε jik

  
∇ ⋅ F × G( ) = Gkεkij

∂Fj

∂xi

⎛

⎝⎜
⎞

⎠⎟
− Fjε jik

∂Gk

∂xi

= G ⋅ ∇ × F( ) − F ⋅ ∇ × G( )

  
∇ × ∇ × F( )[ ]i = ∇ × G[ ]i = ε ijk

∂Gk

∂x j

  
Gk = ∇ × F( )k = εklm

∂Fm

∂xl

   

∇ × ∇ × F( )[ ]i = ε ijkεklm

∂2
Fm

∂x j∂xl

= δ ilδ jm − δ imδ jl( ) ∂
2
Fm

∂x j∂xl

∇ × ∇ × F( ) = êi

∂
∂xi

∂Fj

∂x j

⎛

⎝
⎜

⎞

⎠
⎟ −

∂2

∂x j∂x j

Fiêi( )

∇ × ∇ × F( ) = ∇ ∇ ⋅F( ) − ∇2
F

Even vs Odd permutations

Like AxBxC=B(A•C)-C(A•B)

Scalar!
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Problem 2.8

   
∇Φ = ∇

p ⋅x

r
3

⎛
⎝⎜

⎞
⎠⎟
=
∇ p ⋅x( )

r
3

+ p ⋅r̂ r( )∇ 1

r
3

⎛
⎝⎜

⎞
⎠⎟

   

∇ p ⋅x( ) = ê j

∂
∂x j

pixi

= ê j pi

∂xi

∂x j

= piêi = p

   
∇

1

r
3

⎛
⎝⎜

⎞
⎠⎟
= −3

r̂

r
4   

∇Φ =
1

r
3

p − 3 p ⋅r̂( )r̂( )

   
∇ × A = ∇ ×

m × x

r
3

⎛
⎝⎜

⎞
⎠⎟
=

1

r
3
∇ × m × x( ) +∇

1

r
3

⎛
⎝⎜

⎞
⎠⎟
× m × x( )

   

∇ × (m × x)[ ]i = ε ijkεklmml

∂xm

∂x j

= ε ijkεkljml = δ ilδ jj − δ ijδ jl( )ml

= δ jjmi − mi = 3mi − mi = 2mi = 2m

   

∇ × A =
2m

r
3
− 3

r̂ × (m × r̂)

r
3

=
1

r
3

2m − 3 m(r̂ ⋅ r̂) − r̂(m ⋅ r̂){ }[ ]

=
1

r
3
−m + 3r̂(m ⋅ r̂)[ ]
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Problem 2.9

   F(x) = k̂ × x = k̂ × x î + y ĵ+ z k̂( ) = − y î + x ĵ

   d = φ̂adφ
   F(x) = k̂ × r = r k̂ × r̂ = r φ̂

     
F ⋅

C
∫ d = a φ̂ ⋅ φ̂adφ

0

2π

∫ = 2πa
2

    
F ⋅

C
∫ d = ∇ × F( ) ⋅

S
∫ dA

 
Fφ = r

   
∇ × F = r̂ −

∂Fφ

∂z

⎛
⎝⎜

⎞
⎠⎟ + k̂

1

r

∂
∂r

rFφ( )⎛
⎝⎜

⎞
⎠⎟ = 2k̂

   dA = k̂ rdrdφ

     

F ⋅
C
∫ d = ∇ × F( ) ⋅

S
∫ dA = 2k̂ ⋅

S
∫ k̂ rdrdφ

= 2 rdr
0

a

∫ d
0

2π

∫ φ = 2πa
2

Stokes’s theorem

(Cartesian)

   F(x) = r φ̂ Only phi component

(Cylindrical)
a

 adφ

z

x

 y

  a φ̂
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Problem 2.10

   F(x) = x = x î + y ĵ+ z k̂ = r r̂

    

F ⋅ dA
Top∫ = x ⋅ k̂ = z = 1

F ⋅ dA
S∫ = 3

   
F ⋅ dA

S∫ = ∇ ⋅F dV
V∫

   
∇ ⋅F =

∂Fi

∂xi

= 1+1+1= 3
    

∇ ⋅F dV
V∫ = 3 dV

V∫ = 3

Position vector in 2 systems

Back,left, and bottom faces
of cube are parallel to field

Flux through
the top face:

Total flux:

Gauss’s theorem:

Divergence of F Volume integral
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Problem 2.12
  
f = x

2 + y
2 + z

2

  
f = r

2

   

∇f = êi

∂f

∂xi

= 2 x î + y ĵ+ z k̂( ) = 2x = 2r r̂

∇2
f =

∂2
f

∂xi∂xi

= 6
   

∇f = r̂
∂f

∂r
= 2r r̂

∇2
f =

1

r
2

∂
∂r

r
2 ∂
∂r

r
2⎛

⎝⎜
⎞
⎠⎟ = 6

   

∇f = êi

∂f

∂xi

=
x î + y ĵ+ z k̂( )

x
2 + y

2 + z
2( )1 2

=
r

r
= r̂

∇2
f =

∂2
f

∂xi∂xi

=
2

x
2 + y

2 + z
2( )1 2

=
2

r    

∇f =
∂
∂r

r( )r̂ = r̂

∇2
f =

1

r
2

∂
∂r

r
2 ∂r

∂r

⎛
⎝⎜

⎞
⎠⎟ =

2

r

 
f = r

  
f = x

2 + y
2 + z

2( )1 2

  
f = x

2 + y
2 + z

2( )−1 2

   

∇f = êi

∂f

∂xi

= −
x î + y ĵ+ z k̂( )

x
2 + y

2 + z
2( )3 2

= −
r̂

r
2

∇2
f =

∂2
f

∂xi∂xi

= (3− 3)
x

2 + y
2 + z

2( )
x

2 + y
2 + z

2( )5 2
= 0

  
f = r

−1

   

∇f =
∂
∂r

r
−1( )r̂ = −

r̂

r
2

∇2
f =

1

r
2

∂
∂r

r
2 ∂
∂r

r
−1⎛

⎝⎜
⎞
⎠⎟ = 0
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Problem 2.13
   
x = x î + y ĵ+ z k̂    

x = r r̂

   

∇ ⋅ (x) =
∂
∂xi

(xi ) = 3

∇ × (x) = ε ijk

∂
∂x j

(xk ) = ε ikk = 0
   

∇ ⋅ r r̂( ) = 1

r
2

∂
∂r

r
3( ) = 3

∇ × r r̂( ) = 0

   

x / r =
x î + y ĵ+ z k̂

x
2 + y

2 + z
2( )1 2

   x / r = r̂

   

∇ ⋅ (x / r) =
∂
∂xi

xi

r

⎡
⎣⎢

⎤
⎦⎥
=

2

r

∇ × (x / r)[ ]i = ε ijk

∂
∂x j

xk

r

⎡
⎣⎢

⎤
⎦⎥
= −ε ijk

xk x j

r
3

= 0

   

∇ ⋅ r̂ =
1

r
2

∂
∂r

r
2( ) = 2

r

∇ × r̂ = 0

   
k̂ × x = k̂ × x î + y ĵ( ) = x ĵ− yî

   

∇ ⋅ x ĵ− yî( ) = 0

∇ × x ĵ− yî( ) = 2k̂

   
k̂ × x = r k̂ × r̂ = r sinθ φ̂

   

∇ × r sinθ φ̂( ) = r̂

r sinθ
∂
∂θ

r sin
2θ( ) − θ̂

r

∂
∂r

r
2

sinθ( )

= 2 r̂cosθ − θ̂sinθ( ) = 2k̂

θ

 θ̂

  k̂

  ̂r − θ̂ sinθ

 − θ̂

  ̂r cosθ

  ∇ ⋅ r sinθ φ̂( ) = 0

k constructionˆ
|unit vectors|=1
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Problem 2.14
 cosθ

 sinθ

θ

 θ̂

  k̂

  ̂r − θ̂ sinθ

 − θ̂

  ̂r cosθ

fig 1    fig 2  fig 3

  k̂ = r̂cosθ − θ̂ sinθ

  ĵ = r̂sinθ sinφ + θ̂cosθ sinφ + φ̂cosφ

  î = r̂sinθ cosφ + θ̂cosθ cosφ − φ̂ sinφ

  
R=   

sinθ cosφ cosθ cosφ − sinφ
sinθ sinφ cosθ sinφ cosφ

cosθ − sinθ 0

⎛

⎝
⎜

⎞

⎠
⎟

   
R

T =
sinθ cosφ sinθ sinφ cosθ
cosθ cosφ cosθ sinφ − sinθ
− sinφ cosφ 0

⎛

⎝
⎜

⎞

⎠
⎟

  

r̂ = î sinθ cosφ + ĵsinθ sinφ + k̂ cosθ
θ̂ = îcosθ cosφ + ĵcosθ sinφ − k̂ sinθ
φ̂ = − î sinφ + ĵcosφ

 φ̂

x

 y

φ

φ

 sinφ

 cosφ
  ĥ

  ĥ = r̂ sinθ + θ̂cosθ

 sinφ

 cosφ

see fig. 1:

see figs 2&3:

θ

 ̂θ

  ̂r  ̂rsinθ

 ̂θcosθ θ

 z

xy-plane

  ĥ = r̂ sinθ + θ̂cosθ

  ĥ

 sinθ

 cosθ
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Problem 2.19

   F(x) = Cx = C x î + y ĵ+ z k̂( )
   
∇ ⋅F =

∂Fi

∂xi

= 3C

    
F ⋅ dA

S∫ = ∇ ⋅F( )dV
V∫ = 3C(V ) = 3C3

    
F ⋅ dA

S∫ = 6 x ⋅ k̂
S∫ dA = 6Cz dx dy

− / 2

 / 2

∫
− / 2

 / 2

∫ = 6C

2
2 = 3C3

Gauss’s theorem:

Direct calculation:
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Problem 2.22
   h(x) = (x × A) ⋅ (x × B)    ∇h(x) = A × (x × B) + B × (x × A)

   
(x × A)i = ε ijk x j Ak    

(x × B)i = ε ilmxl Am

   
h(x) = (x × A)i (x × B)i = ε ijk x j Akε ilmxl Am

   

∇h(x)[ ]n =
∂
∂xn

ε ijkε ilmx j Ak xl Bm⎡⎣ ⎤⎦

=
∂
∂xn

δ jlδkm − δ jmδkl( )x j Ak xl Bm⎡⎣ ⎤⎦

=
∂
∂xn

x jx j Ak Bk − xk Ak x j Bj⎡⎣ ⎤⎦

= 2xn Ak Bk − Anx j Bj − xk Ak Bn

   

∇h(x)[ ]n = xn Ak Bk − xk Ak Bn( ) + xn Ak Bk − Anx j Bj( )
∇h(x) = x A ⋅B( ) − B A ⋅x( )[ ] + x B ⋅A( ) − A B ⋅x( )[ ]

  a × b × c( ) = b(a ⋅c) − c(a ⋅b)

 A × x × B( ) = x A ⋅B( ) − B A ⋅x( )

 B × x × A( ) = x B ⋅A( ) − A B ⋅x( )

Given: Prove:
Cross products:

Collect terms:

Gradient:

Group terms:

   
∇h(x) = A × x × B( )[ ] + B × x × A( )[ ]

Triple cross product
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Problem 2.24

  
F = φ̂

     
F ⋅ d

C∫ = r dφ
0

2π

∫ = 2πr

   

∇ × F = ∇ × φ̂ =
r̂

r sinθ
∂
∂θ

sinθ⎛
⎝⎜

⎞
⎠⎟ +

θ̂
r

−
∂
∂r

r
⎛
⎝⎜

⎞
⎠⎟

=
r̂cosθ
r sinθ

−
θ̂
r
=

1

r sinθ
r̂cosθ − θ̂sinθ( )

   

dA = r̂ r
2

sinθdθdφ

∇ × F( ) ⋅ dA =
1

r sinθ
r̂cosθ − θ̂sinθ( ) ⋅ r̂ r

2
sinθdθdφ( )

= r cosθdθdφ

    

∇ × F( ) ⋅ dA
H∫ = r cosθdθ dφ

0

2π

∫
0

π / 2

∫
= 2πr sinθ |0

π / 2= 2πr

Line integral:

Curl of F:

Integrand:

    
F ⋅ d

C∫ = ∇ × F( ) ⋅ dA
H∫

Stokes’s
theorem:

Hemisphere Surface integral
   dA =− θ̂ ′r d ′r dφ

   ∇ × F( ) ⋅ dA = d ′r dφ  

    
∇ × F( ) ⋅ dA

D∫ = d ′r
0

r

∫ dφ
0

2π

∫ = 2πr

Disk surface integral
  when θ = π 2, k̂ = −θ̂
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Problem 2.27

   
F(x) = x / r

3 = r̂ / r
2

   dA = r̂ r
2

sinθdθdφ

    
F ⋅ dA =

S∫ sinθdθ
0

π

∫ dφ
0

2π

∫ = 2π −cosθ( ) |0
π = 4π

   

dA = k̂ ρdρdφ = r̂cosθ − θ̂sinθ( )ρdρdφ

r = H
2 + ρ2

; F =
r̂

r
2
=

r̂

H
2 + ρ2

; cosθ =
H

H
2 + ρ2

    
F ⋅ dA

S∫ = 2π 1−
1

2

⎛
⎝⎜

⎞
⎠⎟

Integral over sphere radius a

Disk radius a

Integral over Disk radius a
Integral when H = a

    

F ⋅ dA
S∫ = H

ρ

H
2 + ρ2( )3 2

dρ
0

a

∫ dφ
0

2π

∫

= 2π 1−
H

H
2 + a

2( )1 2

⎛

⎝⎜
⎞

⎠⎟

Prep for integral over Disk

 a

H

ρ

  r = H
2 + ρ2


