PHY481: Electromagnetism

HW?2 and Discussion
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Problem 2.2

Parllelogram Area Area of rectangle
[AxBl=|4]|B,|=|A|B|sin6 Area =| A ||B |sin6
Parllelepided Volume }‘/ /2 0
AxB=|A|B|sinfk (A Siné’r»‘f\ /
n N0 B |/
(AxB)-C=(|A|B|sin0)k-C o P
=|A||B || C|sinf@cos¢
= Volume
|
Show A+(BXC) = Volume ,
B><(C=A'\)B||C|sin(1—(p) | C|cos¢ @E‘C /
J 2 l‘\( III.A\%_QD B x/

- X

=j|B||C|cosg B
A-(BxC)=A-j|B|C|cos¢

:|A||B||C|cos¢cos(§—9)

=|A||B||C|cos@sinf

= Volume

Volume of rectangular solid

Volume =| A |sin@ |B || C | cos@
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Problem 2.3

Tensor product: € Eim =040, — 6,0,

Cross product
components i & I: (AxB)i=¢,4B; (CxD)=¢, C D,

Dot product:  (AxB)-(CxD)=(g, 4,8,)(e,.C.D,)

mn m n

=€ € A.BkC D

Jki " imn”"j m-n

Replace tensor

product: (AxB)-(CxD)=(6,6,-6,6,,)4B.C,D,
Replace I, mn =4,8,C,D, -4,BCD,

with j or k: :(Ajcj)(Bka)_(Aij)(Bka)
Identify dot (AxB)-(CxD)=(A-C)B-D)-(A-D)B-C)

products:
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Problem 2.6

oF
V-(gF):i(gF,):F.a—g+g—’:F-Vg+gV-F Scalar!
o ' ox, ox,
0 g df,
[VX(gF)]l :gijkg(ng) l]k a —F +g8yk a
J
Vx(gF)—(Vg)xF+gV><F

0 oF aGk Even vs Odd permutations
V. (F X G) = ax (Elij G ) yk (a—xj]Gk + gijkI?j aXi gijk — gkz'j’ and gijk = —gﬂk
BF G,
V- (FxG)= G&,; ~Fe, —* G- (VXxF)-F-(VxG)
ax I axl.
2 2
Like AXBXC=B(A:C)-C(A*B)  [Vx(VxF)l=¢ ¢ L, _(5 5 —-6.6 ) O L
aG ijk " kim ax ax il jm im -~ jl axjaxl
[Vx(VxP)] =lVxGli=¢, —£ ,
% ox J BF J
oF 7 Vx(VxF)=g, (Fe.)
Gk = (V X F)k = gklm a—m axl. axj ax ax
X
’ Vx(VxF)=V(V.F)-V’F
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Problem 2.8

) V(p-x) 1 Vip-x)=&,—=px
V(D:V(—?)j: 3 -I-(pf‘]”)V[—sj ax]
A A A 7 ax
T T A ™ — e I = e —
I g (ﬁf . i TSR
Vo=—(p-3(p-r)r S S 1 r
r (p-3(p-¥)7) NN V(_J =57
r A

VXAZVX[mxij%VX(mXX)+V(%jX(mXX)

3
r r

- AT NN,

T | e

) ' ,,,“;_f:i ¥ x
(Vx(mxx) = & momn E \-._j';l.-/’ /

i ik~ kim" "l \
axj _ \__//
= €, €M = (51'1517 — 5zj'5jl)ml

=0.m—m.=3m.—m.=2m.=2m
Jjoi i i i i

2m _rx(mxr) 1

VxA="-3————==[2m-3{m@ #)- f(m i)}]
r r r
1 L
= F[—m + 3r(m - r)]
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Problem 2.9

F(x)=kxx=kx(xi+yj+zk)=-pi+xj (Cartesian)

F(x)=kxr=rkxf=r$ (Cylindrical) \\

dl = adg

2n
$F¥-de= [ ad-padp=2na’ ; o ad
C 0

Stokes's theorem
SBF dl = gﬁ(v x F) dA

F(x)=r¢ Only phi component Fo=r

E)F .
VxF = r[——j+k(li(rF )) =2k
0z v or

dA =K rdrd¢

gﬁFdﬁ qS(VxF)dA SBZkkrdm’(p

O"—;Q

f¢ 2ra’
0
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Problem 2.10

Position vector in 2 systems /_: i
A n n . ,/ ) \v.}\. Fer
F(x)=x=xi+ypj+zk=rr / A
) & / “ \ Back,left, and bottom faces
_ )
L’ﬁ of cube are parallel to field
L

X —— -
A

IA =1k
Flux through o

the top face: 77,
Total flux: ¢ F-dA =3
S —

F-dA=x-k=z=1

(1,1,1)

Gauss's theorem: C_[)SF -dA = SBVV -FdV

Divear'qence of F Volume integral

F

V.F=—i=1+1+1=3 gﬁV-FdV:.%gS dV =3
X v 4 —

1
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Problem 2.12

z f=r
szé.ai=2(xi+yj+2f()=2x=2rf‘ Vf:f'ai=2rf'
' ox, or
1 d( 20 2
82f sz: (r r ): 6
Vz = = 6 2 -
A oxdx, — Sor\ or
1/2
f=(x2+y +22) R R ) f=r
o (xi+yj+zk) r
Vf:eia R 21/2:_:L \% _ 9 )i =
A (x +y +z) f‘g“"i
oL 2 _ 2 v’ :in(/@} ;
ox 0x, ( 2 2 2)1/2 r y> or rso I
X +y +z
Ry _
f:(x2+y2+22)12 ( o A) f:’”l
. of xi+yj+zk r .
Vi=¢ —=- =—— 8( 1)a r
i / Vf=— =——
ox, (x2+y2+22)32 _,,2 f o roJr _r2
2 Bf (x+y+z) 2 18(28—1)
Vi/= ox,0x, == 2 D #2or ar —
(x +y +z)
Lecture 7 Carl Bromberg - Prof. of Physics 7




Problem 2.13
x:xi+yj+zﬁ 3 X=rr
V-(x)=-—(x)=3 L
xi V-(I/'f‘):—za—(l/'3): 3
0 roor -
VX(X)‘gv‘kaTJ(xk)‘efkk‘g Vx(ri)=0
X/ 7= xit+yj+zk X/r=r |unit vectors|=1
(2 5 )1/2 1 9/ » 270 A
X Tty +z ST 2 V.f-:_z—(r )= 2| k construction
V. (x/r)——[—}:— o or r
o, Lrl r Vxi=0
J [x} XX
Vx(x/ —| £ |=—-¢. L =
[Vx(x/n)] =¢, o i e .
k x x ﬁx(xi+yj):xj—yi lA{XerlA{Xf‘:rsm&lA)
V-(xj= i) =0 V-(rsqu) =0 A
\ (xj—yi):& Vx(rsianS): r 8( in ) 69

= Z(fcose—ésinG) =2k
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Problem 2.14

: sing”
Psing - F ; | ¢ h =rsinf +0cosbO
r 2] < ' COS |
' h . xy-plane (P | __ cosp_ _
A 6 .- COS¢' h .
Ocoso e : 5 sin¢
h = £sin6+Hcos O X
0
fig 2 fig 3
see fig. I: k =fcosf—0sind
j=Trsinfsing + 0 cosOsing + hcos
see figs 24&3: ? +cosg
i= sm@cos¢+ecosecos¢ ¢s1n¢
sin@cos¢ cosOcos¢p —sing , [sinfcos¢ sinBsing cos6
R=| sinfsing cosfOsing cos¢ R cos@cos¢p cosfOsing —sin6
cos6 —sin6 0 —sing@ Cos ¢ 0
f =isinOcos¢ + jsinOsing + k cos
0 =1icosOcos¢+ jcosOsing —ksinf

®

—isin¢+jcos<p
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Problem 2.19

F(x)=Cx=C(xi+yj+zKk) V.-F=—L=3C

Gauss's theorem: gtSSF .dA = gSV(V F)dV =3C(V)=3Cr

012 £/2
. . . /
Direct calculation: SBSF-dAzécﬁSx-de:wz [ ax | dy=6C5€2:3C£3

-0/2 =1/2
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Problem 2.22

Given: h(x)=(xxXA)-(xxB) Prove: VA(x)=AX(xXB)+BX(xXA)
Cross products: (xxA), =¢,x 4, (xxB). =¢, x4

Collect terms:  h(x)=(xx A).(xXB), = €X A€, X A4,
0

Gradient:  [Vi(x)], =——[¢,.&,.%, 458, ]

ik ilm™ kT m

=_'(5

ox LV

0
= aT[xjxjAkBk — xkAkijj]

)

km 6jm5kl )xjAkxle:|

=2x A B, — Anijj -x, 4B
Group terms:  [Vh(x)], =(x,4,B, —x, 4B, )+ (ankBk - Anijj)

Triple cross product Vi(x)=[x(A-B)-B(A-x)]+[x(B-A)- A(B-x)]

ax(bxc)=b(a-c)—c(a-b) Vi(x)=[Ax (x x B)]+[B x(x x A)]
AxxxB)=x(A-B)—=B(A -x)

Bx(xxA)=x(B-A)-A(B-x)
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Problem 2.24

Line integral: SB F-df= rj do=2rxr F=¢ RN

4 Il |I ,
Stokes's Ia/ |I || \“ul
theorem: CﬁCF b= %(V <F)-dA — .
- P (0 of 0 ) el

Curl of F: VXF=Vx¢=— sin@ [+—| ——r
rsinf\ 06 r\ or
fcos® 6 1

= —=— (fcos®—Bsind)
rsin@ r rsin@

Integrand: dA =¢r sin8d0d¢

(VxF)-dA = —(fcos6—Bsin0)-(F 2 sin6d6do)
rsind Disk surface m’reqral
, .=rcos 0dbd9 when 6 =7/2, k =-9

Hemisphere Su;];ace m‘rzefr'al JA =—Brdrds

CﬁH(VxF)-dAerCOSOdGqu) (VXF)-dA =dr'do
0 0
. /2 [ ’ 4
= 27rsinG[) =27 ¢ (VXF)-dA = [dr [ dp=2nr
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Problem 2.27

Integral over sphere radius a
F(x)=x/r =¢/r" i s
(x)=x/r =r/r dA =17 sinfdOd¢

F-dA :ﬂsinedemd =21(—cosO) [(=4rn
P, | [ a =4

Prep for integral over Disk Disk radius a

dA =k pdpdp =(fcos6 — 681n9)pdpd¢ @
[ 2 2 r
r=NH +p; F= = = cosO = > >
rH VH r:\/H +p

Integral over Disk radius a

Cﬁ F-dA = Hj( )3/2 dpJ' do Integral when H=a
H +p 0 ) _L
(. H @SF-dA_zntl \/Ej

- (H2+a2)1/2
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