PHY481: Electromagnetism

HW 3b Solutions
Practice Exam Hints
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HW 3 Problem 3.22

Potential inside and outside a spherical shell, uniform charge density

(See lecture 11)
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HW 3 Problem 3.23

a) Potential and field inside and outside a sphere, charge density p= Cr
(See lecture 14 for one technique, or use Gauss's law for E, then E --> V')

Gauss's law CJ}SE -dA=qle, 0= jp(x’)cfx’ = 47err’3dr’ =nCa’; C= %
wa

Inside sphere (r < a) Outside sphere (r > a)
s E = Cr'fae, 4mr’E=Q/e,=nCd'le, E = Ca'[ag,r’

Aty E——‘[Cr dr’ ——C

00 80

E->V v(=-|E dt

Inside sphere °° Outside sphere
4 4, A
Ca ¢ - C C 3 3 Ca 2 Ca
V(I"):—i 7’ zdr’__J.rlzdr/ —T[él-a —-r ] V(I’):_4_ dr’ = 7
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b) Add a surface charge density o, to the sphere
Inside sphere Outside sphere

o,k C 3 cr’ ca Cd' o, Ca’
V(V): 0 + [4a —}’] Er=— V(V)— + Er: 2_|_ >
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HW 3 Problem 3.25

Laplace's equation in a charge free region

p(x)  In charge free regions

2
Laplace's equation ¥ V()=0

Poisson's equation —V°¥(x)=
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HW 3 Problem 3.26

Self energy of a sphere with charge Q and radius R.

Two ways to get the energy:

Do the work
1) Build up charge U= [du=[vag - . 'or% ecessary

to assemble the charge

U= [Vdg= : ? dg= -2
A 4me R, 14 = 81e, R
. ] ,  Self energy
2) Surface integral U= EJp(x)V(x)d X caleulation

1 2
2 4reyR 8me, R

Both give the same answer, that diverges as R -> 0
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HW 3 Problem 3.30

Multipole expansion for the potential on z-axis for a ring of charge.

(RN

Taylor series expansion of f(x)about x=0
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) \ No dipole term as there is a
_ 9 -2 3a +] complete symmetry in z for the
4re,z 2,2 8" charge distribution

hexadecapole

monopole
quadrupole
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HW 3 Problem 3.32

a) Point dipole force on a displaced charge

at9=§, cosH:O,é:—ﬁ

Field of dipole p (in +z direction,vs. r& 6) F
A = < X.
D 3 (2cos9f'+sin99) P pk* q
4re r ¥
Field at point x, Force on g at point x, No work on g
— ﬁ — l} X .
E=—~ 3 F=qE= qp3 W=IF-idx:O
4re, X, 4rme r o
Newton's 3™ law Check by direct calculation
d qgp 0 z
F on dipole = -F on charge F.=(p-V)E,=p,—E, = 7
0z 4re, oz [ 2 2 2]
+qpk (x—x,) +y +z
= o . qp
4re X, r _4qp (i_ 3z ] _ 3
im0 Ame \ P Nane ATEX,

Forces are "balanced”, but what about torque?
Will a bar between the point charge and the dipole rotate if released?

Violates angular momentum conservation: No external torques -> L is constant
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HW 3 Problem 3.32 (cont'd)

they balance

T T,
X qx] Torque from the charge T=rxF=j qp/47r80x12
P =prk F
Use pivot at the dipole Torque from the dipole t=pxE=—j qp/477:€0x12

b) Force on g at point x, , and work needed to move charge there.

Work needed = Potential energy change

AU:qV(xz)—qV(xl); V(X ):O

1

pr ; bz,

3
3
4re r 4rer,

U(Xz): q

F = ¢ E af the point x,

A 12 .
F=¢qE = e 3’(2cost92f'+sint920)= i 4(22 f'+(x§+y§) 9)
dre,r, 4re v

A 9 Z A ~ s A . 2\
F = qp3(3cost92r—k) —_ P (3 2r—k] using k=cos6,r—sin6,0

47t80r2 4me r
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HW 3 Problem 3.33

Dipole field and potential in spherical coordinates
P=Pli+pzj+p3lz r:xi+yj+zﬁ

X =rsin@cos¢

Y 1 o
y=_P S = 2(p1£+p21+p3£) y =rsinfsmng
dre,r-  4mer 4 4 4

z=rcos6
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> (p1 sinfcos@ + p, sinfsing + p, cosO)
4me r

E:—VVz—{a—Vf‘+laVé+ Ay
or rdl  rsinf d¢
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47t80r
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{2(p1 sinfcos¢ + p,sinfsing + p, cos@)f'

+(—p1 cosfcosp — p,cosfsing + p, sin6)6+
+(p1 sing — p, COS(Z))(f)}
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Practice problems

1) Stokes's theorem: CJ}S(VxF).ﬁdA: gscp.de L R0 =2+ k

de, =jdy
F(x) = (2xy+3y)j+(4yz))k 1 % F,(x)=3j+4z°k
F,(x)=0 | dl, =kdz

e, =Rdz // ’

Cﬁ(VxF)-dAzcﬁ F-d¢=4/3 : /1 y
§ ¢ = dt, = jdy
x o R®=3y]

2) Gauss's law

a) Cross product of 2 vectors in the plane A=y j—x, i

AXB
|A x B

n=

b) Dot product of normal with vector in the plane

n-(x—x)=0 x=(xi+yj+zﬁ)
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Practice problems

3a) Gauss's law: q}SE dA=q, /¢, E e = 2&
80

4) Electric field for ring of charge )

1 _ ’
E= I 7 5 p(x)d’x’ +a @R
4re, |x x| .
. ) 40X = Rr+z'’k
(z-2')

) )3/2 \?_/

Z

Z

471-8 —a (R2 +(z=2)

b) Approximation for z>> a,R Write as function of -

5) Prove Vx(AxB)=A(V.-B)-B(V-A)+(B-V)A-(A-V)B

C=AX%XB

C = gklmAl Bm
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Practice Problems

p,cost

6) Point dipole potential p=rpk V(r,0)= :
4rme r

S14 A18V+43 1 B_Vj
or r d0  rsinf 9¢

7) Dirac delta function jcfx’ &N x-x) = f(x)

6
a) () G -2x-1)8(x-3)=(3-9-2-3-1)
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Practice Problems

7) Dirac delta function jd3x’ &N x-x) = f(x)

6
a) () G -2x-1)8(x-3)=(3-9-2-3-1)

Lecture 13 Carl Bromberg - Prof. of Physics

12



