PHY481: Electromagnetism

Exam 1 Solutions
Charge on a conductor
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Exam 1

1) Stokes's theorem: <J} (VxF).ﬁdAzgﬁ F-dl F,= k-]
S () z R
F(x) = i X (d + 3§+ 2K) dt,=jdy
=yﬁ—zj o I Fzzﬁ—zj
:,: = = < = F :Ok_Zj A
Ddl=jdy,z=0, 2)dl=kdz,y=1 4 dl . =Rdz
3)dt=]dy.z=1, 4)de=Kkdz,y=0 dt,=kdz ’
1 1 4 y
a) [F-at=-0fdy=0; [F-ar=1]daz=1; S
0 - 0 - Flzyk—O]
0 X dflzjdy

_ . oF \ . (OF OoF | . . .
b)JF'CM—E VXF:i(aFZ— 4 +j(an—aFZ)+k( y—ax]:i(2)+j(0)+k(0)
%) dz  Ox ox dy

¢) h=i did=dxdy ; [(VxF)-hda=2 . [(VxF)-hdd=[F-de=2
S S C
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Exam 1 (cont'd)

2)
a) integral to obtain scalar potential from charge distribution
1 p(x')d3x’
V(x)=
() 472:80J x — x'|

b) differential equation relating charge density and the electric field

V. E(x)= p(x)
80
c) differential equation relating electric field and potential

E(x)=-VV(x)
d) integral to obtain electric field from the charge distribution

1 X—X 3
E(x)= p(x")d’x’
e, J x —x
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Exam 1 (cont'd)

3a) Gauss's law: (J}SE-dA =q /g,

b) E,(0)=Ek; E,(x)=-EK L. |E=EK
i =k; f,=-k /)g/ /Tﬁ:f(
[B-aA=[Ek kda+ [(-Ek)-(—kdA) R o o
S T B N N
2EA=q, /g, =0Alg, Vi-—k
E,=0/2¢, LE= ~Ek
c)

fi=f dd=R sin0d6dy; ¢, =o0nR

IE - dA = I(Eoﬁ) ‘TdA+ j(—EOﬁ) T dA = 27tEOR2 Fd@cos@sin@— jd@cos@sin@}
S T B r

0 b
2

1

= 2nE,R’

1 0 2
= 271'EOR2 Dxa’x — J.xdx} = 27Z?E0R2 {2)6

0 1 2 1o

2 2
2nER =q, [e,=0onR /g, - E,=0/2¢,
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Exam 1 (cont'd)

n/2

4a)  g=[p()dx'=[rdt= | Rdp=nRA A
—77:/2 x =zKk )
X—X
b) E()():41 J|X_X|3p(X’)d3x, !
TE, Y |x — x’ y
A R
3 A A AL 3 2 2 32 A
c) x — x| =‘Zk—R(icos¢+js1n¢)‘ =(z + R ) X x’ = R(icos¢ + jsing)
E(x)= 1 Jzk—R(icos<p—|;/g'sm¢));LRd¢
47, (22+R2)
2 71'/2
= : [ AR % nzk + AR 7 J (icos¢+jsin(p)d¢]
W (22+R2) (22+R2) /2
= : AR o (7zk — 2Ri)
47, (22+R2) R/z—0 (ie., z>>R)
1 ARz q
d) EZ(X) = 1 3/2 — i q z 3/2 EZ(X) = A 5
71'80 (22 + R2) 7[80 23(1+(R/Z)2) ez
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Exam 1 (cont'd)

5) Identity for V-(AxB) using vxA and VxB

C=AXxBwhereC.=€¢.,A.B
i ijk” 7] Tk

oC, 9 04. 0B,
V.(C)= Bxl. = a—xi(gy'kAjBk) - Bkgijk a_x] i Afgij" ox

Make replacements ¢, =¢, and -¢, =¢

BA. BB
VOB ey 5044 ()5

=B, (VxA) -4 (VxB),

=B-(VxA)-A-(VxB)
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Exam 1 (cont'd)

Positive

6a) Dipole moment  p= [rp(x)d’x

o(x)= 0, cost

i =Kkcos6+ sin@(icos¢+ jsinq))

dA = R’ sin0d6d¢

p= 2%R3Jf(60 cosH)sinGdG

Negative

Vg T 2n
= 277:R3GO {J.lzcosz 98iﬂ9d9:| + R30'0J.cost9sin2 6do J d(b(icosgb -+ jsin¢)
0 0 0

-1 377
=27R ok [—x"dx=27R o k {—%}
1 1
3
_4nR6, -~ b) Top is positive, bottom is negative, the same as a dipole
3

c) From far away, potential is that of a point dipole : ¥ (r,6) = p-f

3
47t80r
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Exam 1 (cont'd)

7a) Prove T O(ax+b) f(x)dx = f(T b|/a) (d3x should be dx, answer OK)
- a

x'=ax+b;, dx=dx/lal; 2ndintegral isfatx'=0

f(=b/a)

lal

]o 8(ax +b) f(x)dx = 1 ]o 8(x") f(x’/a—bla)dx’ =
—oo a —o0

b) Prove ]063(Ax+b) f(x)d’x= f(~A"b)/|detAl  Tacobian IdetAl

x=A X —-Ab
dx = d3x'/|Det Al

]o S(AX +b) f(x)d x = T 5(x) f(A”'x’ = A”'b)d’x’/IDet Al

- 7(~A"'b)/IDet Al
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Conductors in static equilibrium

Why these statements are true ?

Electric field E inside a conductor is zero.

Potential V inside a conductor is a constant.

Inside a conductor the charge density p is zero.
Charge Q on a conductor resides only on the surface.
A net charge Q
On a conductor either V or Q

.o+ Nere is always paired with charge -Q,.; elsewhere.

.+ but not both, can be specified.

At a conductor’s surface, field component E, = 0, component E,= o/g, ,
but in force calculations, E,= o/2¢, due to only "distant” charges.

In an empty cavity in a conductor, E = 0 and surface 6,4, = 0.

The potential V of a conductor can be set by a battery V.

The earth is an "infinite" source of charge at a constant V.

Vor Q,.; of conductors (and Q.,+....) determine V everywhere.
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Boundary value problems: 1-parallel plates
Parallel plates (find potential, field & surface charge) equipotentials

T
The ground is a constant potential, so let V;=0. o |

Battery draws electrons from plate 2 and puts : : : :
them on plate 1. Process "continues” until V, = V. Dl

Potential between the plates : : : :

Between the plates the potential depends only on x. R
(.

Laplace's equation: VZV(X) —0 I

0 d v
Boundary conditions: V)=0; V(d)=V, =0 ,_,. :-
_ ] =V,
General solution (ODE) Apply boundary conditions ‘1 +
2 d dV dV V(O) =C. = 0 gmj]d
VIV = dx( Ix ) 0; E ¢ 2 Potential

%

_ _ - ph —_B X
V(x)=cx+c, Md)=ae =g = d V(X)ZVBE
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Parallel plates (cont'd)

Electric field Electric field 1 >
170 |lr 247 |24
X Vg s
E=-VV=-V|V,= | -22]
d d I
E
E, -> Surface charges  surface 1r charge density
4 D
_Glr__ﬁ o :_SOB
ln — 17
80 d d 0 d o X
Surface 2¢ charge density |, _ =y
I 3
|
7 =T Vg _+80VB .
2n E d 625 o d — B
0 round
Surface charge Force on each plate
2
——0) = - &V, A
Qze_ er_GA_ 0 B F2:Q2(E2) — l&A
n’non-q,
d 2 g,
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Parallel plates (cont'd)

Capacitance 1 5
vl 247 2r
Two ways to know the electric field
o v, -
€, d
«—
Capacitance is a geometrical factor relating the
charge on a conductor and its potential. 0 d | o«
0-ca=5y _cp  cBd T
=0 = — = = — _ |
d ? 8 d 1w
Energy storage o
2
€ 2 3 eV 1 £ A4 9 1 2
—h / _ 0B _ 0 —
U=2[E'dx =28 49=-2"p2  U=—CV,
2 2 4 2 d 2

Lecture 14 Carl Bromberg - Prof. of Physics 11



