PHY481: Electromagnetism

Capacitance
Point charge near a conductor
solved by
Method of Images
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Conductors in static equilibrium

Why these statements are true ?

Electric field E inside a conductor is zero.

Potential V inside a conductor is a constant.

Inside a conductor the charge density p is zero.
Charge Q on a conductor resides only on the surface.
A net charge Q
On a conductor either V or Q

.o+ Nere is always paired with charge -Q,.; elsewhere.

.+ but not both, can be specified.

At a conductor’s surface, field component E, = 0, component E,= o/g, ,
but in force calculations, E,= o/2¢, due to only "distant” charges.

In an empty cavity in a conductor, E = 0 and surface 6,4, = 0.

The potential V of a conductor can be set by a battery V.

The earth is an "infinite" source of charge at a constant V.

Vor Q,.; of conductors (and Q.,+....) determine V everywhere.
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Boundary value problems: 1-parallel plates

Big parallel plates (find potential, field & surface charge) o

The ground is a constant potential, so let V;=0.
Battery draws electrons from plate 2 and puts
them on plate 1. Process "continues” until V, = V;.

Potential between the plates
Between the plates the potential depends only on x.

Laplace's equation: VZV(X) ~0

Boundary conditions: V(0)=0;, V(d)=V,

General solution (ODE)

Apply boundary conditions ‘,

vy d (dV) 0: av
dx \ dx dx

V(x)=cx+c,
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Vid)=cd=V,,c = jB V(x) = VB%
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Parallel plates (cont'd)

Electric field -
170" lr 247 12r
X V .
E=-VV = —V(VB —) E=--8j
d d —
E =E-n Normal component K
Surface 1r charge density “
o V, gV 5
Eln: - == Glr:_ 0 d _—
g, d d
Surface 2/ charge density V=0 | || V=",
£ :GM:VB - _+gOVB S
2n 80 d 20 round

Surface charge Force due 1o Q1

Q2£ — _Ql = 0A _ SOVBA
A

F, = Qz(Ezn/z)

Force on plates

2

| el
F=——>24
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Parallel plates (cont'd)

Capacitance 1 5
vl 247 2r
Two ways to know the electric field
o v, -
€, d
«—
Capacitance is a geometrical factor relating the
charge on a conductor and its potential. 0 d | o«
0-ca=5y _cp  cBd T
=0 = — = = — _ |
d ? 8 d 1w
Energy storage o
2
€ 2 3 eV 1 £ A4 9 1 2
—h / _ 0B _ 0 —
U=2[E'dx =28 49=-2"p2  U=—CV,
2 2 4 2 d 2

Lecture 15 Carl Bromberg - Prof. of Physics 4



Energy change in separating the plates
Disconnect battery

Leave battery connected
Plates charged

and separate plates  and separate plates
7g g _g +g "9 +_Q1
F B

0 d, S 0 d, X -

"Z%hg':”‘ Vﬂ vy, =}|}J )
v, il
Char'ge constant at Q VolTage constant at V;
Q=CV,=¢,AV, /do Voltage changes to V,

Charge changes to Q1

0=Cr, ZSOAV1/d1 QO =0V, ZEOAVB/dl

Stored energy i =Vadh/dy 0= 0dy/,
1 1 € A4 1 d | d
g=Ltepr-Lady 81=—C1V12:—18T g Llepi-tog |9
2 2 d, 2 d, 2 d y°
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Cylindrical capacitor

Capacitance of nested long cylinders A =0 (2ra)
Find charge Q for the given V=V, +0=2L

Gauss's law between the cylinders

AL
¢ E-dA =2mrLE(r) ="
S 80

Field between the cylinders

E(r) &
7) =
2me r
Potential between the cylinders eround
f A tdr A 2me, L
V(r)==| Edr=——"|—=——In(b/r) — A L=—F72"y =CV
{ 2”80'1[ ro 2w, 0=, In(b/a) & B
Charge and potential relationship Capacitance per unit length
A 2me 21,
V,=——In(b/a); A ,=—"<V C/L=
B 2me, n(b/a); 2, In(b/a) ® / In(b/a)
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Dipole potential & field on the mldplane

= Finite dipole potential (x ++z k) - //];.
_ 9 1 _ 1 tq - //
V(x)= 477:80 {[ 5 5 5 7V2 5 5 ) 1/2} z, )_.f- , F far
X +y +(z—z,) l\[x +y +(z+z,) }
note signs 7 / :
= Dipole potential on the midplane . / !
z=0, then V' (x,y,0)=0,and VV =0, and VYV =0 —:(ﬂiq 53p(X) .
Midplane is an equipotential (O) ’ 3(X_Z°lf)
—0 k
= TIsLaplace's equation, VzV(X) — (0 satisfied everywhere? (X 2k)
Get dipole field E , then —-V.E=V -(VV)=VV(x)
Not obvious that  E(x,y,z)=—1 xi+yj+(z_z°)l;/ XHyH(HZO)ﬁ/
270 3/2 3/2
V-E=0 ity [x2+y2+(z—zo)2] [x2+y + Z+ZO)2

If it is, then Laplace’s Eq. is satisfied everywhere (x#+z k)
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For a dipole field V7(x)=-V-E=0

= C(x,)y,z) is the position dependence of E-field of the + charge

xi+yj+(z-z )k o _ X

[xz"‘yz"'(z_zo)zf/z x [x2+y2+(z_20)2]

C(x,y,z)= etc.

327

aCx B 1 3x°
B /2 /
o [x2+y2+(z—zo)2]32 [x2+y2+(z—zo)2]52

dC, 3 3[x2+y2+(z—z )2]
V- Cxy.2)= ox. - 2 2 P2 2 5/2
[x +y +(z—zo)] [x +y +(z—z0)]

Now you can see that this really is equal to ZERO

This duplicates the discussion about the Dirac delta function

= Atthecharges xFz k=0 agnd VV(®)=-p(x)/g =0
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Compare dipole & charge above conducting plane
= Dipole field

N

E(x,y,7) = q XI+y]+(Z—Z)k )Cl+yJ+(Z+Z

o)l%
4”80 [x +y + z—2z, ]3/2 |:x +y + Z+ZO)2:| _.

= Dipole field on the midplane is normal to plane k

o

—qz, k

E(x,,0) = ; 3/2 F=x 4 y2 e j\j/ /\"

) [ 2 2] A
e, | *Z, A —

We should have known, E normal to equipotentials X _Zof
1) Dipole potential satisfies Laplace's equation. (x = + z k)

2) Dipole potential is zero on the mid-plane.
Compare with a point charge above a grounded conducting plane.

rd

lzo* l -(# V satisfies Laplace's equation
¥ l l ¥ ¥ l l l l v V=0, onthe surface

P § Conductor SUQQQSTS a “me-rhod Of imagesu
. / % for solving Laplace's Eq.
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Uniqueness of solutions to Laplace's Eq.

Solving this problem is equivalent to  solving this problem

s el
et
—
~

Nl-“lh Nl-“lh

Conductor This pr‘oblem IS /
/ /// / already solved! —z;9

E field on conductor's surface = E field of dipole on the midplane

—gz. k
E(x,y,0)= Kl

2 2 2
2 2 3/2 r =X +y
2me | r +z,

Conductor's surface charge density Conductor's ToTal char'ge
G(x,y):é‘OEn(x,y) = ;qzoz 3/2 CJSSG(X,)/)dzx’— 2 = —q
277:':7" + ZO] (]/' + z )
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