PHY481: Electromagnetism

Solving Laplace’s equation via "Separation of Variables”
1) Cartesian coordinates
2) Spherical coordinates
3) Cylindrical coordinates
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Coefficients in a Fourier Series

S(x)

" Find Fourier series expansion of f(x) = V,

—a

| ’ | - nx . nTx
P ra2 Sx)=a,+ Z[Cl cos——+ b sin— }
a a
1 J‘ f(x)cos mmx 1 J f(x)sm mex _ o function f(x) is even
SO ho sine terms

1 v sin X o p i X ralz p o X *ta Be careful to break
Sl oS L, TS T TYeSMT =] | integral into pieces !
4V0
(-1)",m=2n+1 (odd) o= (L) o
a,=1"" x)=—2 — cos[(2n+1)—}
! S == Zg)(znﬂ) a
. 0 ,m=2n (even)
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Coordinate independence in separable solutions

Cartesian coordinate separable solutions V(X) = X (x)Y(y)Z(z)
Translational independence x -->x"  V(x")= X(x)Y(»)Z(z)

1 de(x’)_i_ 1 sz(y)_l_ 1 a’zZ(z):O
X(x") gy’ Y(y) dy2 Z(z) gz

Values of the last two terms (Y and Z terms) have not changed.
Yet the sum is still ZERO. Each of the 3 ferms must be a constant.

VV IV =

I dX(@)_ > 1 dZY(y):kz 1 dzZ(z):kz
X(x) gy 1 Y(y) dy2 ’ Z(z) g7 :

Solution to Laplace's equation must have k12 Lk =0
2 T
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Range of solutions

1 d°X(x) . 1 &Yy . 1 dZz
—=k; S = ky; =k,
X(x)  dx Y(y) dy 2(z) (7
If k, = O (simple field) function X satisfies

1 d'X(x) _o solution: X(x)=ax+h Constants ad b determined

2 2 2
k1 +k2 +k3 =(

X(x) & by the boundary conditions

If k?>0, function X(x) satisfies

2
d ;(gx) = kfX(x) solution: X(x)= Aeklx + Be_klx etc., forY & Z
X

If k?<0, then k--> ik’ k'real >0, and X satisfies

d’Xx) . 70 s
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Character of solutions

f 2 tx  -xx Allowable values of A, B, and k; determined
°>0  X(x)=de" +Be . "
by symmetries and boundary conditions

If region unbounded +x 4=0, X(x)=Be
If region unbounded -X p_¢  x(x)= 4

If region bounded + & - Even symmetry Odd symmetry

kyx —kyx kx ~kx
. 4 . _
X(x)= A’coshk,x+ B’sinhkx  coshkx= [e c ) ; sinhkx = (e c )
2 2

k2<0 Suggests using Fourier series for A, B, k,
X(x)= Aeikl,x + Be

7,
—lklx

Even symmetry Odd symmetry

ik, x —ik,x ik, x —ik,x
Y ’ ’ - ’ . e +e ) . . e — e
X(x)= A"coskx + B'sink/x cosk x = , Sinkx=
2 21
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Example: Long narrow channel

Large top and bottom grounded plates, potential V, on the end plate

Find potential everywhere between the plates.
V(x,y)= X(x)Y(») problems without z dependence

all start the same way

v 1 d'X(x) ! d’Y(y) Laplace’ i
aj2— ¢ = aplace’s equation
’ — X @ YD) & P g
B *  Each term must be a constant P
S =0 ) : kX +k, =0
—a/2— 1 dX(x) i 1 dY(y) 2
Eveny symme‘rry\ Xx) 2 Y iy T K =4k, K=k

First determine ¥ \ V = 0 on top and bottom plate
V() ... \HONSAcoslyRIBEiG| e B

2 =k Y(y)‘Y( )= Acosky B=0 T
@ - S s k=G es012
a
Any one of these values for k, satisfies the Solution with coefficients

boundary condition at top and bottom, But

Y(y)=) A4 [ 2n+1 —}
an infinite series is needed to satisfy V(0,y) = V, o nz::‘) 008 (2n+ 1) a
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Example (cont'd)

Determine the X function 5

d X General .
gx) = +k2X(x) : X(x)= A"+ Be ™
| dx solution
v v=0 .. _
vafr— | Finite at large +x  X(x > )=0, 4=0  X(x)=Be
e x  FromY T _@n+D)mx/a
Sy : =2n+1)—; n=0,1,2, ... =
| " =0 solution k=Q@n+l) . 0,12, i) = e
—aj/2—
V = XY and determine the coefficients C =AB

2n+Drmy e—(2n+1)7rx/a

Vix,y)=Xx)Y(y)= i C cos

0 a ¢, by Fourier Integral

Be careful to break r(yy— { V, —af2<y<af2
integral into pieces !! Uy clkomiisi

V0, y)=V, = iCnCOS[(an)ﬂy} C, =l{ff(y)cos(2n+l)ny dy BRACS
n=0 a e a

On left boundary, Potential is V,

a CQn+r

. . i N -1 —(Zn x/a
Finally a solution ¥ (x,y)= Yo Y (1) c0s CNHDAY ey
r = Qn+1) a
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Separation of Variables - spherical coordinates
Laplace's equation for potential in Spherical coordinates (no phi dep.)
1 1
VzV(r,9)=—2i(r2 a—Vj+ > 0 (sin@a—V)
Foor\ or /) ,fging 90 00

Solutions are often of the "separable” type,

V(r,0)= R(r)©(0) °F linear combinations
of such solutions: ¥,(*)=R,(»)©,(0)

Inserting this form into Laplace's equation and multiplying by r2/V
this depends only on r this depends only on 6

2
%VzV(r,9)=li(r2 dR(r))+ L 1 d (sin@de))zo

V(x)= Y V,(x);
/=0

R dr dr ) ©sind db o
Terms must be constants 4 g(¢+1) _¢(¢+1) that sum to zero
R 1
i(rzd—)—z(zﬂ)ze:o , d (sine?@)w(zﬂ)@:o
dr dr sin@ do do
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Solving for functions R(r) and ©(6)
V(r,0)= R(r)®(0) Separation of variables, solving Laplace’'s equation

Equation for R, General solution  believers chock this
(0] elievers cnec |
d( > dR) ( T
P i+ DR=0 R@)=Ar' + _(261’_13):
and equation for © Let u=cosf, and O(0)= P(u)
1 d d® 1
. (sm@—)+€(€+1)(~)20 d9 _dudP __no®C__(1_2r%
sin@ 46 do d0 do du du du
Legendre's equation for P (cosb) %%(Sin(”f,—?jni((l—f)i—]))
Sin u u
di|:(1 U ) Z’Pi| +¢(r+1)P=0 First 4 Legendre Polynomials
u u P (cos9)=1
0

Solutions are Legendre Polynomials: Pf (cos@) P (c0s) = cos®

> B,
Finally, V(r,0)= Z(A ro+ ?ng (cos 9) B, (cos6)=
(=0 (cos@) (500530—3c0s6)/2

r
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Familiar problem in spherical coordinates

20

mn

2n+1

Orthogonality of Legendre polynomials: JP (cos@) P, (cos8)d(cosB) =

Consider a grounded conducting sphere radius, a, in a L #

constant external field, &, in z direction R #
Boundary condition V = O on sphere f
| /* sphere ' /
> _ | (Jxﬂanzes_) k
V(a,0)=0= Z(Azag +B,a o )Pe (COSG) =
RN

| [

|

Multiply by P, (cos 9) and integrate ( |

jV(aﬁ)P,,(COSG)d(COSQ)=0=2(Aa +i] [ B(cos6) P, (cos6)d(cosb)

a <

2n+1

0=(4d"+Ba"")

2/2n+1) B =-Aa
Boundary condition
V(r —e0,0)=—E;z=—-Ejrcos6 ;
E a
cos@=P(cosb) =/(=1 A =-F V(V,9)=(—EOI”+ 02 )COSO

0 r

Same as solution found in Lecture 16
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Cylindrical coordinates

Laplace's equation in cylindrical coordinates
Separation of variables
1 a( an 19V

VV(r,0)=——| r— ——=i V(r,9)=R(r)®(9)
ror\ or/ % 9e°

r dependence ¢ dependence

Separate solutions

2
A vE V(r, ¢)_Li(r8_R)+i8_(I)_o ® (¢)=C cosng+ D_sinng
V or\ or/) @ 8452

Constants sum to zero n2 —n2

—n

R (r)= Anrn +Br
R (r)=Alnr+ B

Solution with series to insure boundary conditions can be satisfied

V(r,0)= Alnr+ B+ i(Anr" + Bnr_”)(Cn cosnd+ D sinng)

n=1
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Cylinder problem

Half cylinders, radius R. V= +V ,on right half, and V= -V, on left half
Find potential inside and out. v,

V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)

n=1

Boundary conditionsat r=0and r =
Vlnt(R’¢) — VExt(R,Q))

AR"=BR"=c

VExt(r’¢):ZBnr_n COSH¢ A = Cn 5 B =c¢ Rn %
n=l nopn J cosnpcosmp =15,

v, (r,¢)= Z Anrn COS no
"= Orthogonality

Use Orthogonality i

Be careful to break Fourier CompleTe solution
integral into pieces !l - o 2j+1
! ? P 4V (1) 7

- 7
— st rd = 0
v, (r.¢)= Elcn e cos né f(¢)={ v, r'&4” quadans V, (r,0) . >

o ; 2j+1
-V, 2 ‘& 3" quadrants j=0 2] +1 R /

cos(2j+1)¢

= R 4V (1Y - v, & () R
Ve, (r,0)= zcn—ncosn(p ;= (=D sin(2]+1)7r v, (r.9)=—" Z - - cos(2j+1)¢
— I om(2j+1) 2 moi2j L,
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