PHY481: Electromagnetism

Solving Laplace’s equation via "Separation of Variables”
1) Cartesian coordinates v
2) Spherical coordinates

3) Cylindrical coordinates
Examples
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Cartesian coordinates

= Determine nature of solutions on the rectangle (unbounded z)
- Grounded at x = -a/2 or +a/2 then X,(x) = A,cos(kx) +B,sin(kx)
- Grounded at y = -a/2 or +a/2 then Y,(y) = A.cos(ky) +B,sin(ky)
- Other solution is then U,(u) = C,cosh(ku) + D,sinh(ku) (same k)

= Use periodic (sine or cosine) solution and boundary conditions to
determine legal values of k = ntx/a (same for both solutions)

= Generate general solution V(x,y) = £ X, (x)Y.,(y)

= Use additional boundary conditions to determine coeficients
Periodic B.C.: V(Xo.Y) = Z X.(X0)Y(Y) or Vo (X.Yo) = Z X (X)Y,(Yo)
Apply Fourier Integral o both sides: — J‘ V,(x,y,)cosmmx/a (or y version)

Be sure to split Fourier integral (-a,-a/2,a/2 a)

Use orthogonality on right side: J cos(nnx/a)cos(mnx/a) =8 (ory version)
- DeTermine COef Ak'Bk'Ck'Dk -

Substitute into V(x,y) = = X (x),Y(y)
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From Exam 2 last year
Boundary conditions y(x,+a/2)=0,x20 V(0,y)= 2. yla V(x,y)—0,asx— oo
Y Solution Y(y)= Acos(km y/a)+ Bsin(krm y/a)

Apply boundary condition on Y solution i V=0
V0,y)= 2V, y/a, an odd function = A4 =0. +aj2—
Y(£af2)=Bsin(tkm/2)=0 = k=2n,an even integer. V(o,y)zzclﬁy ,,,,,,,,,,, N
Apply boundary condition on X solution (same k) / V=0
nwx/a —2nwx/a —a/2—
X(x)= ce™"" / +De " / ; V(x,y)—0, as x >0, = C=0 V(0,y)
Most general solution consistent with boundary conditions o o,
V(x,y)= ZKn sin(Zmr y/a)e_zmx/a V0,y)= ZKn sin(2nn‘ y/a) —ai-f’z +(i/2'y
n=1 n=1 I

Determine coefficients T ¥

a a/2 n+l
2V 2V 1
K = l J V(O,y)sin(Znny/a)dy — 4—20 J ysin(2n7ty/a)dy _ -0 {( 1) }
a- a o "

’ Vo1
2 V = (_ 1)n+1 . -2 E,‘::} \‘g\ }“«"‘ / ‘."‘..‘ |: 2/—' “]sin ,‘
L sin(2nmy/a)e " R T (e

i
a2/} +ai2 %

Solution V(x,y)=

n=1 )
’ . P
V,yja -V,
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Spherical coordinates: V(r, 8) = R(r)©(6)

Laplace's equation for potential in Spherical coordinates (no phi dep.)

VZV(r,e):ii(/a—VjJr : a(siné?a—V)

S2or\ or/)  LPgngdo 00
Sep. of variables Separate solutions
V(r,0)= R(r)0(0) R(r) = ran fl ©(0) — F(cosO)= P (cos0)
r Legendre Polynomials
o B F, (cos@) =1
V(r,0)= 2(/151/ + K—fleg (cos0) B, (cos8) = cos®
(=0 r P, (cos8) = (3c0s’6— 1)/2
Boundary condition on a sphere P,(cos6) = (500539—3c0s9)/2
V(a,0)= f(0) Orthogonality
1 1 26
_IIV(a,O)PH(COSO)d(COSG) _J;Pm(cosé?)l’n(cose)d(cose) = 2ni“i
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Familiar problem in spherical coordinates

20
Orthogonality of Legendre polynomials: j P, (c0s6) P, (cos6)d(cosp) = a2

Consider a grounded conducting sphere radius, a, in a L #

constant external field, &, in z direction . L f

Boundary condition V = O on sphere E field "\ ”_

, ) ( poarizes ) |

V(a.0)=0=Y (4,4 +Ba """ )P (cos0) [N 4
\

= ot
|

|

JV(a 0O)P (cosG) (cos@) = i(A a +L)J-P cosG) (cos@)d(cos@) <

=0 a

Multiply by P (cos 9) and integrate

Boundary condition
V(r —e0,0)=—E;z=—-Ejrcos6

2n+1

—(n+1))

0=(4d"+Ba"")2/2n+1) B =-4a

cost=F(cosd) |= £ =1| 4 =-E uniform field dipole  dipole moment

3
E,a cos6 Eg=_"F

0
P 47t80

V(r,9)=Z(A/ +£—f1JPE(COSQ) —> =-Eyrcosf +

r v
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Cylindrical coordinates

Laplace's equation in cylindrical coordinates
Separation of variables
1 a( an 19V

VV(r,0)=——| r— ——=i V(r,9)=R(r)®(9)
ror\ or/ % 9e°

r dependence ¢ dependence

Separate solutions

2
A vE V(r, ¢)_Li(r8_R)+i8_(I)_o ® (¢)=C cosng+ D_sinng
V or\ or/) @ 8452

Constants sum to zero n2 —n2

—n

R (r)= Anrn +Br
R (r)=Alnr+ B

Solution with series to insure boundary conditions can be satisfied

V(r,0)= Alnr+ B+ i(Anr" + Bnr_”)(Cn cosnd+ D sinng)

n=1

Lecture 20 Carl Bromberg - Prof. of Physics S



Cylinder problem

Half cylinders, radius R. V= +V ,on right half, and V= -V, on left half
Find potential inside and out. v,

V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)

n=1

Boundary conditionsat r=0and r =
Vlnt(R’¢) — VExt(R,Q))

AR"=BR"=c

VExt(r’¢):ZBnr_n COSH¢ A = Cn 5 B =c¢ Rn %
n=l nopn J cosnpcosmp =15,

v, (r,¢)= Z Anrn COS no
"= Orthogonality

Use Orthogonality i

Be careful to break Fourier CompleTe solution
integral into pieces !l - o 2j+1
! ? P 4V (1) 7

- 7
— st rd = 0
v, (r.¢)= Elcn e cos né f(¢)={ v, r'&4” quadans V, (r,0) . >

o ; 2j+1
-V, 2 ‘& 3" quadrants j=0 2] +1 R /

cos(2j+1)¢

= R 4V (1Y - v, & () R
Ve, (r,0)= zcn—ncosn(p ;= (=D sin(2]+1)7r v, (r.9)=—" Z - - cos(2j+1)¢
— I om(2j+1) 2 moi2j L,
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Spherical problem

Disk, charge density o, radius R. Determine potential on z-axis.

.\".
V(r,0)=V(z,0)= —— j do j = z I3 = | B
b (Z + p ) 0 v ' Y,--"_" I'\‘ 1
_ . O ( 2 2y
W pT 4z
U;e an equnsnon of it to V(r.0) = Z(A ; +_j  (cos6)
find potential everywhere. T N T
C+ R =201+ /) =z(1+ R /22 - R /82" + ) —9% P
2 2 2
R|1 R f(&) =1+ [0+ [7(0)€ 2
V(z,00= 2|2+ R -1z1]=2 e S
2¢ e | 2z 82 f=(+e) f(0)=1

0 -1/2
.. ff=+e)"" /2 ;f(0)=1/2
MGTCh CO@fflClenTS / f” — _(1 + 8)_1/2 rm _

/4 f7(0)=-1/4
2
R B /2 2
All4,=0 V(r,0)= ° {[ j cos@ (—?j cose} (+e)” =1+e/2-¢'/8
2, A+ =142 2= x*f8+...
2
1 R R 1 R 3 1
B=":B,=—— V(rf)="r (—j ( cos6~ j+
2 8 472?80 r 4 2
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