PHY481: Electromagnetism

HW5

Lecture 21 Carl Bromberg - Prof. of Physics



5.3

Square pipe cross section

Boundary condition p — Vocos(ﬂ) at y==xa/2
a

aj2| V=V, cosnx/a
General solution (for even boundary conditions) V=0 V=20
/ /

T T —ay2 a2
V(x,y) =C cos{(2n + l)l}cosh[(%z + 1)—y}

a a

X |

V(x,ia/ 2) =V 005(7) —a/21V = V,cos x/a

} Only non-zero term

=C cos[(2n + I)E}cosh[(bfz )2 n=0,C =C,

a a

V(x,a/2)=C, cos[ﬂ}cosh[g} =7, cos[ﬂ}

Apply boundary condition a a

to determine coefficient C = Vo
=—
cosh{n}
2

v
Potential inside pipe V(x,y)=

0

cosh(71/2) cos(mx/a)cosh(my/a)
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5.7

X(x) = Bn COS[(2I’l + 1)]72,')(/(1 boundary conditions: X(i a/z) ~0 (12 ) v — I()

Y(y)z C sinh[(2n+1)7ty/a]+Dn cosh[(2n+1)7ty/a] V=0 V-0
=C sinh[(Zn + 1)7ry/a + q)n] instead use phase: ¢_
Vix,y)= Zgn sinh[(2n + D y/a+ o ]cos[(Zn +1) n'x/a] ~a/2- | 70 ‘
n=0 —a/2 T )

V(x,—a/z) =0= ign Sinh[—(2n + 1)71'/2 +¢ cos[(2n + 1)7rx/a] be: Y(—a/Z) = 0 sets phase
n=0

¢ =Q2n+r/2

V(x,+a/2)= V,= ign sinh[ (27 + Drlcos|(2n+ 1) 7x/al

~0 bc: Y(+ a/2) =V, sets coef. g,

1 ff(x)cos[(Zn +1) nx/a] =g sinh[(2n+ Drl -« [v;’—l-a _4r, (-D)" 1
a —a

| 2 ST Ot DrsinhlQ2n+ Dl

o 2

(]
+
x

- (1,/'

Be careful to break
integral into pieces | Vix.y) 4V, i (—D" sinh[2n+Dr(y/a+1/2)]
X, V)= :
SO I (CTTR) sinh[(2n + 1) 7]
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5.11

See lecture 18 for derivation of potential for on L4
a conducting sphere in an external field L

3 I“"\ll r"* :‘;he_;e b*."\‘ "
E Oa COSQ ,“"J n,\pfwlarlzeiﬂ/_// "‘.,‘
— E rcos@ [ S
’ ’ S s
r r =acosOk +asinfp ! . t
Dipole potential |
Compare 1/r? potentials

V(r,9)=+

V(r.6)= pcos6 : Dipole moment analogous to p = gd
471'807'2 p=4meEa p= ja(@)rdS
3 : ~
Polarizability p=0ak, =2ma j(3eoE0 cos9)cos931n9d0k
o= 47zeoa3
3 T2
PV p. =6ma SOEO_[COS 0sin0d0
c(0)=¢,E (a,0)=—¢c,— 0
" or lp=
e 3 e
E a3 COSO = 671'61 SOEO J —U du
=2¢, — —— +&,E,cosf = 3¢ E cosf |
a
3
Charge density  5(9) = 3¢,E, cosO Dipole moment p, =4ma €,E;
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5.13

Linear quadrupole exact potential Linear quadrupole

1 -2 1
V(r,0)=—2 { + 24 }
472:80 \/r2 + az2 —2arcos® " \/r2 + a2 + 2arcos@

Approximation

Expansions
1 1 3 2
=l-—e+-¢€ +...
Vi+¢ 2 8

1 1{ acosf 3a2 00329—a2 }
1+ + +...

2 2 -
\/r +a +2arcos® T r 2r

Monopole and dipole terms cancel

2 2 2
— P 0

4rme 2,2 4re, 0

0
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5.15 (see lecture 19)

Half cylinders, radius R. V= +V , on upper half, and V= -V, on lower half
Find potential inside and out. (odd function of ¢ -> no cosine terms)

V(r,0)= Alnr + B+ Z(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)
n=1
BC.atr=0andr= BC.atr=R
Vlnt(R’¢) — VExt(R,Q))
Im(r @) = ZA r sinng

n

AR'=BR"=c,— 4 =—";
V. ()= B "sinng | L
A=l Fourier Integral at r = R
Be careful to break Fourier 27 o 27
integral info pieces | [V(r.0)sinmpdp =Y c, | sinngsinmodg
ox  Use Orthogonality 0 n=1 0 4V
cosnpcosmp =m0~ _ n 2 _ =—m=13,5..
! V,cos mq)‘ , TV, cos m(/)‘ﬂ =c o, Con T m
Complete 4V, & .
solution v, (r, gb)—? zddm smm¢ VExt(r,gb)— m%d——smmgb

Lecture 21 Carl Bromberg - Prof. of Physics 5



5.16

General solution in cylindrical coordinates

V(r,0)= Alnr+ B+ i(An,,” + Bnr_”)(cn cosnp+ D Sinn(b) /L”
O'((D):O'U cos¢ E\

n=1 _
e 7\"\‘

E(R )-E(R )= o Bounc?ary condition ,\ / i ¢\“‘
g, crossing the boundary | |
/
V(r,.,0)= Arcos¢ E (r, ,0)=—Acos¢ R / /!
B Bcos@ MaTching
Y r9) = 7COS¢ A= T terms
ext
B O, COS V. (R,0)=V (R,
oo COS¢+ACOS¢= 0€0s¢ Vi (R,0)=V, (R,0)
PPy 2 € B
boundary ext 0 ARcos¢ = Ecosq) ,
conditions £+ e [ i P o,R
R’ £ AR =~ 2¢, 2¢,
R
o o R’
Solution inside V(. ,0)= —0 ycosgy; V(. .0)= 0" coso
and out 2¢g, 2¢g,r
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b.28 (see problem 5.7)

X(x)=B, cos[(2n+1)|7x/a boundary conditions: X (£a/2)=0 ai2___ V=V
Y(y)zCn sinh[2n+D7ry/a]l oddB.C.: Y(ia/2):iV0 V=0 V=0
V(x,y)=Y g sinh[2n+Dx y/a]cos[(2n+ ) nx/a] &, =B,C, ]

n=0 /2 0o a/2

V(x+af2)=V, = i g sinh[(2n+ Dr/2]cos[(2n+1)7x/a] B.C.: Y(+a/2)= V) sets coef. g,

n=0 f(x)
Ivn
Be careful to break Fourier -a +a
| |
[

+a
l J’ f(x)cos[(2n+ l)nx/a] =g sinh[(2n+ l)n/Z] integral into pieces !l —ala Tal2
a —da

-V

v [=sinlns Drrsfal ™ +sinf(2n+ tyefal”,

m =g, sinh[(2n+ 1 7/2]

—sin[(2n+ )7 X/G]Z/z

4V, (-D)" 4V, & (1" sinh|Qn+Dry/al

= __0
™ Qn+ Drsinh[Qn+ Dr/2] Te=T Zg,(znﬂ) sinh[(27+ D7/2] cos|(2n+1)mx/a]
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5.32

Dipole potential ~ General solution in spherical coordinates  Dipole in grounded
o ducting sphere
pcos0 B con
V= g V(r,0)= z‘((ﬁlgrg +F K—KIJPE (cos@)
471'801’ /=0 r !

B // -~ \-\'\,\
V(r,0)= (Ar + —2]131 (cos@) Only one term /£=1 / )
r / o
| p=pk
Apply boundary conditions |
B \ R
r>0 p(r.0)— C(;S@Z pcoséz? B__P \ /
r 4re,r 4TE, \'\ P
_ B
r=R V(R,G)z(AR+—]=O
2
R
—B — —r 1
A== £ 3 Full Solution: V(r,8)=—= ( Tt )cos@
R 4me R e\ R* r
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1

Surface charge density 0(6)=0,cos6 find Potential inside and out

/’ 3 ’ 2 /’
o J,p(x Yd p(x)d’x' =0(0)d x
[x - x' = (0, cos6) R sin6dOde
2 2r T .
cosBOsin6d0O

Ix — x| =\/(z—Rcos(9)2 + R’sin” 6

2 S 5 5

_O'OR2 1 dx :\/z + R —2RzcosO

280 -1 \/R2 +22 — 2 Rzx

1

xdx

1
=— 2[ \/R —2Rxz+z (Rz+R)cz—|-zz)l1
—1\/R2+22—2sz 3R z

= 12 . | NR-DR s ret 2N R 22 R - ot 221

3R z
forz < R A-R=-NR + Re+ 2+ R4 R = R+ 21} 3R* 2 = 22/3R?
forz > R A-G-RIR+ e+ 2+ R4 R = Rz 422 1}/3R%2* = 2R/
(0] o R3
V(iz)=—2z for z<R V(z)=-2 for z>R
3‘c"o 3802
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Two charges above grounded plane PR
Z / // ' Z\\
(!O 1 d (l.l‘] C]./ // 4i\d \a
/ \
Image / N
— 1 T
// \
: —lq g
Potential above the plane o —d e
1 1
\/ 2 2 +\/ 2 2
V(x.0,2) = —9_) (x-d) +(z=d) Nx+d) +(z-4d)
drme, 1 1 2
Ve dP+Grd? Nard?+Grad?) [,
- — — 1d - —
¢ [ 1 k i+k _ fI
F= 2 2 o2 / A
Are, \44® 4d® 8d°\2 2d) -
q2 \/5 A \/5 A |
=—— | 1-—Ji-|1+— |k g iy
1671'80d 4 4 _® 1d ®
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Cylindrical capacitor d=b—a<<a

a) Means spacing very small

b) Means cylinder areas are nearly the same
c) Field between the cylinders must be ~ the field k

between a parallel plates with the same area.
Initial state

g,A 2me al 2me al U — 1 Q2 3 Q2 (b—a)
d b—a b—a 2 C dre,al
Pull inner cylinder out changing the overlap dL=L"-L (negative)
2
L d (b—a)
av __db w=au =-u L au_ U  p_ 4V U_Q —~
v L L d. L dL L 4me al
Without initial assumptions
v _ I/Oll’l(b/l") E(I”)Z VO E(a): 0 :E: Q
(r)= In(b/a) In(b/a)r In(b/a)a g, 2meal

_ % _ li’(rz?j) - ZZ‘?JZL because In(b/a)=n[(a+d)/a]=ml1+a/d]l=(b-a)la

Lecture 21 Carl Bromberg - Prof. of Physics 11



4

Potential on z axis

/’ 3 /’
V(z)=— [BX _ _C (2,
477:80 x — x| dre

2)—1/2 _ 0

(1+a2/22)"
477:802

Expansion in powers of a/z let§=¢"=da’/2" 0
F@)=+8"; f(8)=—11+8) ™2, 17(8)=+2(146) ™

0

0

47[802

FO)+ f/(0) 5+ f7(0)——+...
z 2z
0 a
2 4

2 4
1 3
—~ +...)=£(—— a3+ a5+...]
4re,z 8 dre,\z 277 8z

Potential in spherical coordinates with boundary condition at large r

V(z)=

—(r+1)

V(ir—>,0)=0 =4,=0 V(r,0)=Y Br  P(cosb)
=0

Matching coefficients for solutions on the z-axis

2 4
1 3

B B
0, 2 _ 3
47r80 7 G R

b,

V(z,0)= ZBEZ_(“D = “+—

(=0 z Z 7

+...
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4(cont'd

Matching coefficients for solutions on the z-axis

oo . B B B | 2 4
V(z,0)=) B,z R .= Q (—— a3+ a5+...]
(=0 zZ z z dneg\z 277 8z
No odd ¢ solutions
0 0 a 0 3a’
B,=0 forodd 7, B, = , B, = —; B, = -
4re, dre, 2 dre, 8

Insert coefficients into general solution

2 4
V(r,0)= ﬁ(l—a—}’z(cose)+3is}2(cos9)+...]

477:80 r 2,,3 3
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5

Boundary conditions y(x,+4/2)=0,x#0 V(0,y)=2V,y/a V(x,y)—0, asx— o
Y Solution Y(y)= Acos(km y/a)+ Bsin(krm y/a)

Apply boundary condition on Y solution i V=0
V,y)=2V, y/a, an odd function = 4 =0. +a/2—
Y(£af2)=Bsin(tkm/2)=0 = k=2n,an even integer. V(o,y)zzclﬁy ,,,,,,,,,,, N
Apply boundary condition on X solution (same k) / V=0
nwx/a —2nwx/a —aj2—
X(x)= Ce™ / +De " / ; V(x,y)—0, as x >0, = C=0 V(0,y)
Most general solution consistent with boundary conditions o o,
V(x,y)= ZKn sin(2n77: y/a)e_zmx/a V0,y)= ZKn sin(2nn‘ y/a) —ai-f’z +(i/2'y
n=1 n=1 I

Determine coefficients T ¥

a a/2 n+l
2V 2V 1
K = l J V(O,y)sin(Znny/a)dy — 4—20 J ysin(2n7ty/a)dy _ -0 {( 1) }
a- a o "

’ ’n‘_
.

20, 5 (D" _ 2 ()
0 Z( 1) sin(2n7ry/a)e 2nrx/a / '\h{l ‘} .2 ;

i
a2/} +ai2 %

Solution V(x,y)=

n=1 )
’ . P
V,yja -V,
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