PHY481: Electromagnetism

Quadrupole doublet
Vector Potential
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The quadrupole doublet

The quadrupole doublet. Focuses (weakly) in both dimensions
protons et = —
—_— | & ;‘
Rotated by 90°

left or right, focused left or right, defocused
top or bottom, defocused  +op or bottom, focused

left or right, closer inward
top or bottom, further out
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Field equations for B(x) & Vector potential A(x)

Always true Constant currents only.
V.-B=0 VXxB=ud
Constant currents:
V- (VxB)=0=pV-J
V.J=0

Amper'e’s LGW: VXxB= ,UOJ fB dl = ‘uOIencl

Biot-Savart Law: U, (I x(x=xVd’x’ (x-x) v :

B(x) = J 3 3 lx — x|
4m Ix — x| Ix — x|
TR 10 (V 1 ) o (Mf))
B(X):VX{MOIJ x —x'l } x—x1)" (x)=Vx x — x|
B(x) =V x A(x) Fields from potentials
S E=-VV
Vector potential: A(x)= Ho j (x)d x B=VxA
A Y Ix—x/l
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Identity for previous slide

Prove (V 1 )XJ(X’) = Vx( ) )
Ix — x| Ix — x|
0
Let £(x)= |X_1X,| [V/(x)]; = Ja:(;)
(Vi |xIx) =g, [V/(0)]; ], (x)
— a,; ®) ;)= £, = S [ ()7, (x)]
=Vx [f(X) J(x)]

and
I X[V (x)]= -V x[ f(x) I(x)]
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Vector potential calculations

If currents are bounded (do not extend to infinity) get A by

3
J(x")d x’

Volume currents 4 yy_ J (x*) ,
47 Ix—xl

2
w, ¢ K(x"\d x’
Surface currents 5y o [ |(x —)x'|

Line currents A(X) =
(x)= 47rj|

If currents extend to infinity get A via Stokes's theorem and B:
¢ A-dt=[(VxA)-da=|B da
C

Direction of A can be tricky
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Infinite current sheet

Magnetic field B is easy: Ampere's law around the loop shown
iB : dag = ‘UOIencl 2BL = ,UOKL B ,uOK {_j 2 O B..—:L // ;:\\[;}lmmn
B=uK/2 2 |+j z<0 7 y;
.l HK S A / VA
Vector potential A: For bounded currents '{‘ ,
For currents of infinite extent PR v
M X X —=B
g’}CA-dﬁsz-da A(X)_47r-[ x — x|
5 ~ Real" currents form loops
Assume A(x,z) = f(2)i+g(x)k Choose A-dl loop with

normal in B direction

z

g]}CA .l = f(H)jdx + g(L)} dz= Lf(H)~ Hg(L) [B-da=-BHL B
0 H

Lg s
Find functions f and g such that: Lf(H)- Hg(L)=-BHL //W/ / v
/S

z>0 z<0 ,
f(z)=-Bz/2;g(x)= Bx/2 f(z)=+Bz/2;g(x)=—-Bx/2

—=B

B A n B A >
A(X,Z)ZE(—ZI‘FXk) A(xaz)=5(+2i_Xk) B=VxA VYesl
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Assumption from previous slide

B=VxA  Assume A(x,z)= f(2)i+g(x)k

o _, o

Magnetic field B is only iny direction By=ep5  ~ 8y
3 1

Involves z dependence of A, and, x dependence of A, .
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Visualizing the vector potential

Infinite sheet of current
Magnetic field

'uoK{—j z>0

z
B =
B= LA/
2 ' 0
Ch " ; d //HV / /y
anges sigh above an ’ //

/

X

below the sheet

=B

Vector potential

A=uK(-zi+xk)/4 z>0 A z
A=uK(+zi-xk)/4 z<0

A, is discontinuous across the
current sheet. -

Why does A point opposite to K M‘\}ﬂ

and curve this way?
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Solenoid field and vector potential
Magnetic field ; Infinite solenoid /

Ampere's law gives ,f"f A N
B=—Bj=—unlj ! \p
n = turns/unit length ( ]
Vector potential H\\ |
A= B(-zi+xk)/2 Cut-away drawing showing the axial magnetic fiemld B

(uniform), and growing circular vector potential A.

Full solenoid Two half solenoids Current sheet

A B —.. A

Out Anti<lockwize  Out . Anti<clockwize
! !
B A B A

Clockwise

End views. Note: B and A directions and compare with a current sheet.
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