PHY481: Electromagnetism

Vector tools
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Definitions

= Cartesian coordinates

- Vector x is defined relative to the orig
of primary coordinate system (x,y,z)

- In Cartesian coordinates

X=xi+yj+zlA(

X
= Arbitrary rotation of the coordinate system
- changes vector direction but not the magnitude

X=XV f R Xl =Ixl =2 + P+ 2
Example: rotation about the z-axis by angle ¢

:icosgb +jsin¢ ’

1 X =x-1 = XCos@+ ysing
j=—isin¢ + jcos¢ Yy =x- j —XSsing + ycoso
k' =k z'=z
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Rotation matrix
= A rotation can be expressed as a 3x3 unitary matrix R

- Rotation of coordinates - Rotation of vector components
x’ X E b,
Vv |=R|y E; =R Ey
z’ z E’ E
- Rotation Matrix is Unitary Euler angle rotations
* Maintains vector magnitude ( cosg  sing 0) rotation
* Transpose = Inverse B=|-sing cos¢® O| aboutz
. 1 . O 0 1)
Rij - Rji - Rij (1 0 .0 ) rotation
C=|0 cosf® smb | gbout x
- Rotation matrix properties \0 —sinf@ cosH)
+ R = BCD (3 rotations) cosy siny 0 rotation
- Rotations do not commute D= —Sglllf 0081// (1) about 7
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Vector multiplication

= VecTor addition and mulfiplication by a constant ¥
= Scalar (or dot) product

3
AB=AB +AB +A4B =) AB. (123)=(xyz2)
S Yoy zz = i1
= Einstein summation convention (repeated indices)

A-B=A4B =AB +A4B,+A4B, * is superfluous
= Cross product (new techniques)

i,k are cyclic
C=AXB C, =48 —AB, permutations of 1,2,3

szAyBZ—AZBy (?1:/1283—/1382 (1,2,3)
Cy - Asz - Asz Cz = A3B1 - AIB3 {B )™ (2,3, 1)

C.=4B -A48B C,=A4B,-A,B, {iil/‘}—-{iljj
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Economy of notation we will NEED

" Levi-Chivita anti-symmetric 3x3x3 tensor ¢
Learn to love it | (A xB); = €A B, 1J k=(1,20r3)

If any 2 indices are the same € = 0 21of 27 elements are O

Permutations of 123 6 non-zero elements
Cyclic = even # of pair-wise €,,=€&,,, =&,;, =+I
Non-cyclic = odd # of pair-wise &,,, =€, =&, =-1

(AXB), =¢€,,4,B,+€.,4,B, Verify the remainder

_ for yourself
— AzB3 - AsBz
= Levi-Chivita tensor pr'oducT Kronecker delta
_ _ _Jl,i=j
gijkgklm B 6il5jm 5im5jl 517 - {() NE- j

sumover k, k=12,3
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Vector identities (Levi-Chivita tensor)

= Prove Ax (BxC) = B(A:C)-C(A -B)

Cross product using Levi-Chivita tensor: (A« B).=e_ A4 B
! iik* ik

Levi-Chivita tensor product:
o P e e =668 68§
] m i~ jm im- j

Start proof here: Bx C =D
it component [ A x (Bx C)l; =(AxD)i =g, 4.D, need indices
Dk = (B X C)k = 8klmBlCm /and m
[Ax(BxC)li=¢,¢,,4BC,
=(6,6,,-6,06,)4BC
il jm im- j m

—ABC.—ABC. AB =A-B
J U ] J J 1 J J
Ax(BxC)=B(A-C)-C(A-B)
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Vector operators - Gradient (Cartesian)
= Gradient operates on a scalar function V (potential)

v . -
Gives a vector in the VV(x)= a?ei d X lA
direction of the 4 V= é,- —— e,=]
maximum change in V oV~ JdV ~ oV ~ axi ? n
=—i+—j+—Kk ¢, =k

ox  dy oz .

V(x)=V(x)=Ex

_ , .
Example: parallel plate capacitor F6) =0 Bk B2 SE0H Ed

I
Maximum change in V AV . ! | —
is in the +x direction VI(x)=—i=Fi : E
ax I | I
| | |
Electric field E points in | —
the direction opposite 2 , | |
to maximum change in V, E(x)=-VV(x)=-Fi ! ! !
-x direction - : S
T | |
/

x=0 d4 d?2 3d4 d
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Vector operators - Divergence (Cartesian)
= Divergence of a vector functionis ascalar .| sperator

aE. aE dE.  QE Spreading of E at x. . 0
X Y Z . . V — e -
V- -E(x) = ax — I + ay + 3z # 0 if charge is at x I axi

= Coordinate independent definition ., box centered on x

3
q‘)SE(X)'dAZE E(X+ e)g _E(X__e 2] dA : c dA
i=1 -
3 E(x+€é) E(x-£8) &1~ —¢i
= 2 e
i=1-
_ i_aE _ [V°E(X)]83 Divergence definition
i=1L axi 1
V.E(x) = lim — (E(x)-dA
V—o |/
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Differential form of Gauss's Law

= (Gauss's Law in terms of divergence of E
Box centered on x

Gauss's Law Cﬁ E(x)-dA = Denct ' .
S E 23 2%
0 —a 1= —T=al
1 1 a
—§ E(x)-dA=—Tad a
Ve v 80 qencl 3
p = ;, V=a
.1 o | V
lim — E(x) dA = lim ==
V=0 | y—o0 &,
lim — 1 E(x) dA =V -E(x) seeprevious slide
V=0 |/
Gauss's Law P(x)

equivalent V-E(x)=
80
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Vector operators - Curl (Cartesian)

= Cur

of a vector function is another vector

[VxBX)], =¢,

“Circulation” of B ar'ound a loop

= Coordinate independent definition

1)

3B,
7 x

0B, 0B
(V XB(X))1 ==

ox, ;
Verify the remainder

CJSP B(X)-dfz[B.(x—ié.)e—B.(x —I—%é )8] | }-—E‘—-{

[B (x+ € )E— B(x——e)e] I* .
9B, T

axl.

-[vxBw) e L. "

4)

Curl d

n-[VxB(x)|= lim — B(x)- d/¢

A—0 A4 YC
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