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PHY481: Electromagnetism

Vector operators in curvilinear coordinates
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Curvilinear coordinates

 Compare coordinate systems - SCALE FACTORS
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Spherical
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Scale factors
 Scale factors relate displacements to coordinate changes
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 Example: cylindrical coordinate scale factor

  
ds

!
= rd!;

  
u

1
, u

2
, u

3
( ) = r,!, z( )

 Example: spherical coordinate scale factor
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Vector operators in curvilinear coordinates
 Operators in terms of coordinates and scale factors
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Expanding curl in curvilinear coordinates
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Example 2.7
 In spherical coordinates, calculate divergence and curl & interpret
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(constant F in polar direction)
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(constant F in azimuth direction)

  
k̂ = cos! r̂ " sin! !̂ (see problem 2.14) (field curls around z direction)

(field lines are parallel)

(field spreads most near 
poles, parallel at equator)

(field curls around φ direction)

(field lines spread in r)
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Helmholtz Theorem
 Important identities
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 Arbitrary function:
“solenoidal” part
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“irrotational” part
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Helmholtz Theorem

  H(x) = !"# +" $ A

   
! (x) =

d( "x )d
3
"x

4# x $ "x
%

   
A(x) =

c( !x )d
3
!x

4" x # !x
$

  c(x)
   d(x) will be charge density/ε0

will be µ0 • current density

   

Let   ! " H(x) = c(x) ,   ! #H(x) = d(x)

and c(x) & d(x) $
r$%

0  faster than r
&2

 and H(x) $
r$%

0


