PHY481: Electromagnetism

Vector operators in curvilinear coordinates
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Curvilinear coordinates
= Cartesian coordinate vector operators

Del Gradient Divergence Curl Laplacian
. 0 14 OF, oB 4
o (x) 2 V-EM) =~ ,- [VxBx)|, =¢, ) vy e

= Compare coordinate systems - SCALE FACTORS

Coordinates Unit vectors Position Displacement Scale Factors
u19u29u3 é19é2aé3 X = ds = hl’hZ’h3
Cartesian A i i A i i

X,¥,2 i,jk xityj+zk dri+dyj+dzk 1,1,1
Cylindrical
r,9,z  Pok  ri+zk dri+rdo ¢+ dzk 1,71
Spherical

r,0,0 £,0,0 rr dri+rd00+rsin@dy¢ 1,r,rsind
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Scale factors

= Scale factors relate displacements to coordinate changes

ds = hdu € + h,du, e, + hdu,e, h

Example: cylindrical coordinate scale factor

: dul.

ds.

1

‘}_.‘-

(”19”2’”3):(’3@2) /\
d *
ds, = rd¢; h¢=i=r M g9
d¢ \ﬂ':;frde;f)
= Example: spherical coordinate scale factor - sing
u,u,,u,|=I\r,0o,
(1, 15,1,) = (7, 6,9) ds\ = rsin 0o
. s, . ot
ds¢=rs1n9d¢; h¢:—=rsm0 s ]

X
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Vector operators in curvilinear coordinates

= Operators in ferms of coordinates and scale factors

VV(X):ia—Vé.
h du,
1 0 0 0
V-E(x)= hihE)+—hhE)+—("hhE
®) h1h2h3[8ul( BT 5, UilsEa) 5 -y 3)}
1 o | hh ov (ijk) = cyclic
VV(x)= —— / :
(x) h1h2h3 = aui[ h,- aul} permutations of (123)

1 o
VBl =6, | s (8,
Jok T
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Expanding curl in curvilinear coordinates

Cylindrical

Spherical

P [VxB(x)] =

0 [VxB(x)], =

k [VxB(®x)]. =-

-

12 ()2,

d

2(8)-2(5)]

(08 55(5)]

[V xB(x)],
[VXxB(x)], =

[V xB(x)],

1 d , . d
rsin@{@@ (Sln9B¢’) - ﬁ(Be)}

19 d
s acp(B")_ﬁ(qu))}

2 (r8,)-2(8)
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Example 2.7

= Tn spherical coordinates, calculate divergence and curl & =" *Z
F(x)=1¢ (constant F in radial direction) Fo=r "/ .
!
V.f= 1 [ J (rz sin@ F )}:z (field lines spread in r) ‘A
2 dr d r
r sinf y
VxF=0 (asF,=F,=0) (field has no "“vorticity")
X
F(x)=10 (constant F in polar direction) Fx)=0 |°
) 1 b cotd (field spreads most near A
V-0= [ rsinQF, }:— iy
2 dg( )) .~ poles, parallel at equator) o |
J__:l
Vx0= l[i(rF@)}f) = l(f) (field curls around ¢ direction) \
rlLor r X
F(x)=1¢  (constant F in azimuth direction) Fo=é |7
Voo [ (1 )}zo (field lines are parallel) -5
2 . (0] -~ L A
¥ sin@LdP Sy
A 1 0 1| o . 1 . v
SSPUR Y T T ST o
¢ rsin@ ae(sm ¢) ' r ar( ¢) rsin@ b
k =cosOf —sin0 (see problem 2.14) (field curls around z direction)
Carl Bromberg - Prof. of Physics 5

Lecture 5



Helmholtz Theorem

= Important identities vy (VW) —0 V.(VxA)=0
= Arbitrary function: H(x)=F(x)+ G(x)

“irrotational” part  ’solenoidal” part

Fx)=-Vy(x) G(x)=VXA(x)

Helmholtz Theorem
Let VXH(x)=c¢(x), V- -H(x)=d(x)
and ¢(x) & d(x) — 0 faster than ¥ and H(x) > 0

F—>o00 r—yoo

Hx)=-Vy +V XA

3
d(x")d x’ c(x")d %
X)= —
V) J47r|x—x’| A(X)—J4n|x_x,|
d(X) will be charge density/s, C(X) will be 114+ current density
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