PHY481: Electromagnetism

HW?2 and Discussion
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Problem 2.2

Parllelogram Area Area of rectangle
[AxBl=|4|B|=|A|B|sin Area=| A |IB|sind
F
Parllelepided Volume }"/3_‘9
AxB=|A|B|sinfk |A|si118E2/A
. FAWaN’/ B
(AxB)-C=(]A|B|sin0)k-C ! P
=|A||B || C|sinOcos¢
= Volume ,
Show A+(BXC) = Volume |
BxC=j|B|C|sin(Z-9¢) |Ccosg [ €
. 2 k,/Ny-¢9 B/
=jIB| C]cos¢ Bl

A-(BxC)=A-j|B|C|cos¢
:|A||B||C|cos¢cos(§—9)
=|A||B||C|cos@sinf

= Volume

Volume of rectangular solid

Volume =| A |sin@ |B || C | cos@
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Problem 2.3

Tensor product: €Eiim = 010 1y = 6,0 4

Cross product
components i &l (AxB);=¢,4B; (CxD)=¢,,C,D,

Dot product: (A xB)-(CxD)= (g, 4,8, )(,,C,D,)

mn m n

=¢e € ABC D
Jki“imn~"j m-n
Replace tensor
roduct: _
P (AxB)-(CxD)=(6,6,,-6,6,,)4B,.C,D,
Replace I,m,n =4,8C,D - 4,8CD,
with j or k: =(4,C,)(B,D,)-(4,D,)(B,C,)

Identify dot

products: (AxB)-(CxD)=(A-C)B-D)-(A-D)(B-C)
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Problem 2.6

oF
V-(gF)zi(gF.)zF.a—g+g—l=F.Vg+gv.F Scalar!
! ' ox, ox,
d Jg df,
[VX(gF)]ZZEU-kg(ng) ’fka F+gsl]ka
J
Vx(gF)—(Vg)xF+gV><F

( . p JF, oG, Even vs Odd permutations
VAFXG)= ax (gkuG ) Eijk Bxl. G +8ku g € = € and € =—Ey
oF, oG,
V(FxG)= G&,; ~Fe, —* =G-(VxF)-F-(VxG)
ax 7 ox,
: CR(A-C)-C(A- O’F ’F
Like AXBXC=B(A*C)-C(A*B) [y (VvxF)]=¢ i == (6,8, = 6,0, ) ="
3G ax ox, J J axjax,
[Vx(VxF);i=lVxGli=¢, —% )
ik Ox J BF J
9F Vx(VxF)=¢ (Fe.)
Gk = (V X F)k = gklm a—m axl. axj ax ax
X
’ Vx(VxF)=V(V.F)-V’F
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Problem 2.8

| | V(p-x)
V@:V(p—;‘j: V(p3 X (p iv[L)
r v 7
1 . kp: X
V<I>=F(p—3(p-r)r) @@ V(
VxA=V><[m>3<X)=i3V><(m><x)+V %jX(mXX)
A A r
ox
[VX(mXX)]iISU.kSHmmlg
j
=¢£,€,m=(6,6,-805m
:5J.jml.—ml.:3ml.—ml.:2ml.:2m
VxAzz—T—.%rx(nzxr):%[Zm—_%{m(f'-f')—f'(m-f')}]
r r r
1 A
= ?[—m +3¢(m - 1)]

Lecture 7 Carl Bromberg - Prof. of Physics 4




Problem 2.9

F(x)=kxx=kx(xi+yj+zk)=—yi+xj (Cartesian)

F(x)=kxr=rkxt=r¢ (Cylindrical) \\

dl = adg

2n
$F¥-de= [ ad-padp=2na’ ; o ad
C 0

Stokes's theorem

F(x)=r¢ Only phi component Fy=r

E)F .
VxF = r[——j+k(li(rF )) =2k
0z v or

$F-de=§(VxF)dA

dA =K rdrd¢

gﬁFdﬁ qS(VxF)dA SBZkkrdm’(p

j' fdgb 2ra’
00
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Problem 2.10

Position vector in 2 systems z / /
F=r

F(x)=x=xi+yj+zk=rF
(x)=x=xityjt+zk=rr f A Back,left, and bottom faces

il y .
2 of cube are parallel to field

Flux through A
the top face: CJSTOPF.dA =x-k=z=1

Total flux: CJSSF'dAzi

Gauss's theorem: gﬁSF L dA = SBVV-FdV

Divergence of F Volume integral
oF,
V-F=—t=1+1+1=3 § V-FaV=3§ dv =3
X |4 V —

1
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Problem 2.12

4 af f:}/’ a
Vf=éi—=2(xi+yj+zﬁ):2x=2rf Vf:f-izzrf.
o, or
2 2 1 0 20 2
S Vi ( ):6
V=g L =5\ )L
1/2
f=(x2+y +Zz) . R ) f:]/'
o (xi+yj+zk) r .
Vf:eiax e 2o T E Jd )=
i (X +y2+22) szg r r:L
Ve 39’ f 2 2 2 zii(rzg):g
ox,0x, (x2+y2+22)1/2 oy 2 or r) 1
-1/2 -
f=(x2+y2+zz) ( i X ) f:rl
. of xi+yj+zk f A
Vf=¢-—=- =—— 0 (1), r
ox, (x2+y2+zz)3/2 _,,2 Vf—g(f' )r:Z
Bf (x+y+z) 2 18(28—1)
Vz =(3-3 = V f= — =0
/= ox,0x, = )(x +y2+z )5/2 0 2 3 r a,,r hdl
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Problem 2.13
x:xi+yj+zﬁ 3 X=rf
Vix)==—(x)=3
ox, V-(rf‘)=izai(r3)= 3
d #2or —
VRO E g o)== 0 Vx(ri)=0
_ Xi+Yj+zﬁ X/r=r |unit vectors|=1
X/r=
5, 2, o 19 2| ¢ -
(x ty +Z) v.p=— 2(,2)= 2| kconstruction
J | X |_2 2 or r
V-(x/ry=—|—+|=— r r
o, Lrd r Vxi=0
J [x } XX
Vx(x/ —| £ |=-¢, L =
[Vx(x/n] =¢, o i e
k x x ﬁx(xi+yj):xj—yi lA{XerlA{Xf‘:rsm&lA)
Cliey VUm0
\ (xj—yi):& Vx(rsianS): r 8( in” ) 69

= Z(fcose—ésinG) =2k
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Problem 2.14

: sing
Psing o F , N\ h =rsinf +0cosO
r 0 < ', COS |
) h . yyplane P\ | cosp
. b cosq)I i .
Ocoso e : 5 sin¢
h = £sin6+ O cos O X
0 fig 2 fig 3
see fig. 1: k=fcos@—0sind
j=FsinOsing + O cosOsing + hcos
see figs 2&3: 17T ¢ 6+ gcosg
i=r sm@cos¢+ecosecos¢ ¢s1n¢
sin@cos¢ cosOcos¢p —sing ; [sinfcos¢ sinBsing cos6
R=| sinfsing cosfOsing cos¢ R =| cosfcos¢ cosOsing —sinb
cos6 —sin6 0 —sing@ cCos ¢ 0
f =isinOcos¢ + jsinOsing + k cos
0 =icosOcos¢ + jeosOsing —ksind
(f): —isin@ + jcos¢
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Problem 2.19

F(x)=Cx=C(xi+yj+zKk) V.-F=—L=3C

Gauss's theorem: gtSSF “dA = gSV(V F)dV =3C(V)=3Cr’

012 /2
. - . ¢
Direct calculation: SBSF-dAzécﬁSx-de:wz [ ax | dy=6C5€2:3C£3

-0/2  =1/2
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Problem 2.22

Given: h(x)=(xxA)-(xxB) Prove: Via(x)=AxX(xXB)+Bx(xxA)
Cross producTs: (x X A)i = gijkxjAk (x X B)i = 8i1mszm

Collect terms: j(x)=(xx A),(xxB), =€, x A€, x4
d

Gradient:  [vp(x)] = —:g.. e x.AxB ]

ik ilm™ kTl T m

=_'(5

ox LV

0
= a?[xjxjAkBk — xkAkijj]

)

km 6jm5kl )xjAkxle:|

=2x A B, — Anijj -x, 4B
Group terms:  [Vj(x)| =(x 4B, —x 4B )+ (x,4,B, - 4,x B)

Triple cross product Vh(x) = [x(A-B)-B(A-x)]+[x(B-A)-AB-x)]

ax(bxc)=b(a-c)—c(a-b) Vi(x)=[Ax (x x B)]+[B x (x x A)]
Ax(xxB)=x(A-B)—B(A -x)

Bx(xxA)=x(B-A)-A(B-x)
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Problem 2.24

2n
Line integral: SBCF Ldl = rj do = 2mr
0

Stokes's
theorem: <f>CF -dl = g[}H(V xF)-dA

rsin@\ 00 r
= rc?se_gz 1 ($cos®—0sinb)
rsin@ r rsin@

Integrand:  gA =¢+” sin8d6d¢

(VxF)-dA = —(fcos6—Bsin0)-(F - sin6d6do)
rsind Disk surface integral
, Treos 6d6d¢ when 6 =7/2, k=-6
Hemisphere Surface integral N

/2 . dA =—0r'dr'd¢
C_[)H(VXF)-dAerCOSOdGqu) (VXF)-dA =dr'do
0 0 r 2r

= 2nrsin@ | "= 2nr ¢ (VXF)-dA = [dr [ dp=2nr

0 0
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Problem 2.27

Integral over sphere radius a

3 a 2
Fx)=x/r =r/r dA =7 sin0d0de

F-dA | sinedemcm =21(—cosO) [ =4rx
S 0

Prep for integral over Disk Disk radius a

dA =k pdpdp =(fcos6 — 681n9)pdpd¢ @
[ 2 2 r
r=NH +p; F= = = cosO = > >
rH VH r:\/H +p

Integral over Disk radius a

Integral when H = a

gSF dA = Hj(H +p)3/2dp:[d¢ |
= e gor-on-21- 7
- (H2+a2)1/2
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