PHY481: Electromagnetism

HW3a problems
Potential V(x)
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Problem 3.3

In an electric field E, in the z direction, a proton travels with an
initial velocity v, in the x direction. What is its trajectory?

E .
Acceleration: g = F = qE = 1% k

m m m

. 1 2
Displacement: 8(f) = vt + - at

2
e A ql t
Position: x(¢) = (x, + vt 1+[z +
( ) ( 0 0 ) 0 'm
E
Trajectory:  z(x)= z, + 9 02 (x — x0)2
2mv0
(Parabola)
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Problem 3.5

Vertical line of charge. Find electric field on z-axis above the charge.

1 X—Xx’ 3 x =zKk
E = p(x")d x’ A .
iz, e ek -k
, i x-x =(z-z)k
1 —z))k
= J.(Z 2)3 )«dz, ~ 13, ,
ATe, °, (z - 2) p(x")d x" = Adz x’
E= /lf —k
2re,(z = 1)
A
For large zz  E= Q2 —k — 9 ~k,z>>/( fx
dre,(z — 1) 4re,z

E-field of a point charge o_,) |
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Problem 3.6

Disk of charge. Find electric field on z-axis.

1 X—X 3 =7k
k= .[ P(X)d % =r'r
4re, ‘x —x’
R S ¢’ integration first X=
o) - r A ) ’ o . ’
= Jr’dr'f ZZ rz 7 do’ (r=1icos¢’ + jsing’)
471'80 ) 0 (z7+ 7
- S R o
o oz J r'dr _ oz {_ 1 }
z = 2 232 1/2
260 (2" +17) 26| (24,7) 0
0 o . .
E=—|Z— a ~ —— (infinite sheet); R >>z >0
© 2¢, Z‘ (,2 2)1/2 2¢, P
z +R x—x =zk-r'r
_ - 2 1/2
:27756 1— 1 zZﬂ:G R , >0 ‘X—X,: 22+l",2)
A7e, 2 2\ dme \ o,
I+— p(x’)d3x' =or'drdy’
L z i,
E = 4 - (point charge); z >> R
4me z
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Problem 3.7

. q xi—aﬁ xi+aﬁ
e T O Z
0 (x +a ) (x +a ) +q a
E (x,0,0)=0
q |
E (x,0,0)=— > =
PASLEE /2
27Ea (1+x2/a2)
2 2
z——q2|x| << a; —ﬂ?,bd >> g
477:8061 477:803(:

Dipole field on bisector
0.00

-0.20 o

-0.40 - .
f(x/a) ‘ __M
-0.60 : g 7/ (xfa)

-0.80
-1.00 +*
-1.20

0 05 1 1.5 2 25 3 3.5
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Problem 3.8

Infinite line charge on negative part of z axis. Find electric
field on positive part of the z-axis, and x-axis

1 X —Xx’ 3
= p(x")d x’
47[80 J ‘X — x’f

X=xi

x—Xx =xi—-Zk

i , ( 2 ,2)1/2
Z-axis vk x=x1=\x"+z
E.(0.0.2) A } dz’ A 1f 2 x=xi 1-
5 ,Z = e — — , iy i
i ame, o (z—z) 4me &l 4mgz ¥k
- X =xi--k
X-axis )
A, 0 d ’ l , 0 =Zk
x oY
E,(x,0,0)= J - 32 - 1/2 A —x' = (Z—Z')k
4re, - ( 2 ,2) 4re x ( 2 ,2)
°\X +Zz +z e

A —Zd A 1 ’ 7
EZ()C,O,O)z .[ |:( 2)1/2:|

4me 2 N2 4ne 2
0 (x +Z’) 0l\x" +Z2

—00

A E
tanf=—==1; 6 =45°
4me x

|
0 E A

E_(x,0,0) = E (x,0,0)=
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Problem 3.10

Charge g at the center of a box edge = 2a. Check Gauss's law.

qencl = I A A ~
Gauss's law: JE dA = : E=Ef . xivajezk
g =
Flux through r'lgh‘r face (y = a) E= 5 it
ta 4me r
et =g 5 J s T
E-dA = r- ]— A .
AT, e (K +d 4z )3/2 a4 T<_a /a Foxivartzk
_ ga de -0 +a x// “ *}S:Azjdxdz
Are, ( 2 2)( 2 2)1/2 -t
—a a +Xx a +x +zZ —a (x,a,2)

2 +a +a
_ 1 _ 9 - X _q . -
=S de{( ) 5 5 5 1/2}_27&:0 tan {( 5 2)1/2} _7r80 tan [1/\/5]

a +x )(Za +x) 2a +x

= i(75/6) =L and 6{ i }= q through 6 faces " :
TE, b€, 6, | &, =
Cube with charge <= . lq
q in the corner 7 4 Flux Through box is (ﬁ E.dA:_g_
Corner 0

Lecture 10 Carl Bromberg - Prof. of Physics 6



Gauss's law problem (similar to Prob. 3.12)

Charge g, just inside or just outside a spherical surface.
Show that the flux through the surface is discontinuous by ¢ /¢,

g just
inside

normal points
in opposite directions
g just

outside—* / \
' E

$E-dA=X  JE-dA=qfs, PE-dA=Y

X+q/e, =Y
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3.15

Cylinder with uniform surface charge density. Use Gauss's law to
determine the radial dependence of the field.

GGUSS'S IClW ¢ E-dA = qencl E=Er dA=2narlLr
S £
0 E 1s radial
A0
E A= i
€
27 RL
E 2mrL =120
€
R Gaussian
o}
E =——,r>R; E =0,r<R surface
7 Disks of Gaussian surface do not

contribute to integral
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Problem 3.16

Concentric spherical shells charged Q and -Q with radii a and b.
What is the field between the shells? What if -Q --> 0?

Gaussian sphere
radius r

Gauss's law QSSE' A = Lenct

80 T Y-,

E 471'1”2 = 2
€
E = 2 - and E(x) = 2 Sr a<r<b
4re r 4re r

Point charge field

-Q --> 0 means -Q placed at infinity! Electric field between radii does
not change, however, field now extends to infinite radius.

Q Q
> and E(x) = :

47r80r 47reor

Er= r a<r
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Problem 3.19

Dirac 6 function: ]: o(x) f(x)dx = £(0) — 1/2a

a) d_(x) given by function in the figure. Let f(x) =1 X

—d i

a—0

of d (x)f(x)dx = T d (x)dx = 2iza =1, and lim[d (x)]=0 =d (x)=68(x)
e S a

b) da(x)zl/V for r<a, and O for r > a.

1 a
Jda(x)d3x—7j =——1 and 11II(1)[d (x)]—oo =d_(x)=0(x)
0 a a—
c¢) Potential function V for uniformly charged sphere
<J.>E -dA =<J.> p(x')d3x’: E_ = 0 > Er<a47W2 = Q’”_3 E_ = iL
d 4re r € a Ame, 4’

2
d d 3
V> = I r Q ; < J r Q Irdl"_ Q — 4 <+
r=a 47r8 477:8 r Vr<a 47re ) Are, a dre, | 24° 2a

boundary
term
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Problem 3.19 (cont)

d) V satisfies Laplaces equation for » > a, and Poisson's equation for »<a

STy
4re, r o e
2
— _QB[Vz(—r ]: 28 (—rzr
4re. a 2 r or

e) Show V' (x) approaches Q / 4mer asa— 0

V(r,a)= %f(r,a)

0

|22

3
Sta g

V(r,a) fora=2.0,1.0,0.5,0.1

12.00
10.00 &=3
8.00
6.00
4.00

2.00

0.00

0.00 0.50 1.00 1.50 2.00 2.50
r

*a=2
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Problem 3.24

Is this field irrotational? What is potential function, and Divergence?

E(X):i(2x2 —2xy—2y2)+j(—x2 —4xy+y2)

oE,
(VXE)—S noj =3 or k =3 terms
axj
oE, OE
(VXE);=—2-—L=(2x—-4y)-(-2x-4y)=0 irrotational
ox, ox

(x) = [ (25" = 2395, = 2, Jax - T i gy VOV ()=~ [E-at

Xo

X0 Yo

2% 2 y
=——= | +2xy ——+C
3 i xy 3 V- Ex)=4x—-2y—-4x+2y=0
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Problem 3.40

Concentric spherical shells, radius R, 2R, 3R, charges +Q, -Q, +Q resp.
Determine the electric field at all radii.

Gauss's law 9SSE' A = Lenct

€

(r<R):E=0
(R<r<2R):Edmr’ =+Q/¢e,; E=0/4mer’
(2R<r<3R):E=0
(3R<r): Edmr’ =+Q/e,; E=0/4nme,r

(rb I.SR) : Eb = Q/477:8Orb2
(r,=3.5R): E, = 0/ dne,r,”

2 2
E_[n z(zj _9
E, r 7 49

d
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Problem 3.42

Solid sphere with uniform charge density has a smaller sphere hollowed
out. Find field in the cavity.

- 1
a ;
1 | i —

e

~_I:'1:b'!'f:]f — ‘ 'r'-,,f:_-\,“,?:

It i

Find field inside a large (L) sphere radius R with a unitorm charge density,
Use Gauss's law in spherical coordinates -> Convert to Cartesian coordinates.

P’C_Q’C_Qﬁ E O r. O (xi+yj+zk)

Large

qencl 2
E-dA=—< [ an’ = —
983 g e, V.& € R dme, R°  Ame, R’
Find field inside a small sphere, radius b, with a uniform charge density,

offset in the x direction by a distance a < R-b. Use Cartesian coordinates

B ~ 0 (xityj+zk) ¢ {(x—a)i+yj+zl;} o _QVb:Qb3
Large Small ~— 4 77:80 R3 4 7[30 b3 b VR R3
_ 0 (xi+yj+zﬁ)_ Qb3 [(x—a)i+yj+zf{} _ Qa izpai
4, R’ 4re, R’ b 47T80R3 3¢,
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Electric potential differences

Stokes's theorem: gSCE .l = <jSS(V ¥E)-fidd but VxE=0

Integral over closed path: CJS E.-d/=0
C
|
Integral b a p b
around loop _[E'df, t+ JE -dt;, =0
a b Reverse
b a b direction of IT
[B-at,=—[E-a0, =[E-ar, [
a b a P b
Integral is independent of path
Integral depends only on end points I11

Let V(x) be b
“potential” at x V(x,)=V(x )= —J.E -dl
a

Integral is work done (by an
external agent) in moving a
unit charge from a to b.
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