PHY481: Electromagnetism

Potential V(x)
Potential energy U
Potential energy density u(x)
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Electric potential differences

Stokes's theorem: CJ')CE df =

gSS(VxE)-ﬁdA but VxE=0

Integral over closed path: CJS E.-d/=0
C
|
Integral b a p b
around loop _[E'df, + JE -dt;, =0
a b Reverse
b a b direction of IT
[B-at,=—[E-a0, =[E-ar, I
a b a P b
Integral is independent of path
Integral depends only on end points I11
Let V(x) be b Integral is work done (by an

“potential” at x V(x,)=V(x )=

_J‘E . dY external agent) in moving a
unit charge from a to b.
a
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V defined up to an additive constant

V(x) and V(x;) are potentials relative to potential at point x,

V(V)'\V(x) V(X):_J.E'de V(XI)Z_J’E'CM
X, X X0 X0

X
1
XOQX XO%X1

Find V,(x) : potential at point x relative to potential at point x,

Vl(xl)\//v_\j\:l(x) K(x)z—jE-dﬂ X, =X, >X
X, X

X

1 X0 X
Changing reference point = [—JE°df]+[—JE-d€]

results in a constant added to V
C = _V(Xl) VI(X) - = V(Xl) + V(X)
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Potential and field of a point charge

= Relationship between E and V

p(x)d’x’
E(x)=-VV/(x) where V(x)—4ﬂ_8 |

= Potential of point charge ¢ at ’rhe origin

Charge density for a 3 ; .
point charge q at origin V( ) 1 J‘P(X')d <7 g S (X')d G
X)= =
p(x) = g8 (x") 4T, ATE,
q q
V(r)= - x| =1
dre x| dme,r
= Check field is correct
aV(r) .
E(r)=-Vrr)=-—2g
r
= g & [ } r= cl r OK!
47278 orlLr 471'807‘2
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Potential due to spherical shell of charge
= Spherical shell, charge Q, radius R, at distance z (or r)

p(x)d’x’ = o R’ sinOd0 do
3 / = K inoj
(X’)d < X RcosOk+R§1n0J A
x—x’ =(z— Rcos@)k — Rsinbj

V%)= 47;: J :

- [zz +R°—22R costﬂl/2 X— X’
integrals.wolfram.com
1/2
V(z)= qubj.smede[z +R - ZZRCOSQ} y

2no R .
=00+ R - - R 2R 4nRo=0
4me, z
Point charge Constant 0
Potential ¥V (2)= 1 ,Z2> R Po’rgn‘rial Viz)= Age R’ z<R
Outside o2 Inside 0
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integrals.wolfram.com

ENTER ANY FUNCTION oose a random example »

f | Sin[x]/(a~2 + b~2 + 2 a b Cos[x])"~(1/2) dx

Nat +2bhcos(x)a+ B
ab
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Potential for sphere with uniform charge density
= Sphere, uniform density p, radius R, at distance z (or r)

3, X’ =7’ cosOK + r’sinf j =
V(X) _ 1 Jp(x )d X x —x’ = (z—r"cosO)k — r’sin
4T, p(xX)d’x’ = pr’’dr’sin®dO do X =2k -
27rp f l
V(z)= Jr dr’ Jsm@d@[z +777 =2z C089i|
0 v | 'cost |
9) 1/2 ’
_ -~ j ‘dr’ {[(z+r) } [(z—r')z} } \Z
7'[8 z
- Outside ‘rhe sphere z> R 4nR’p/3=0

)3 R
V(2) = 2”Pj'dr{<z+r> (z— )} = 4””[3} - £

77:8 z 77:802 0
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Uniformly charged sphere (cont'd)

- Inside the sphere

V(z)= 2P J. ‘dr’ {[(z+r) } — [(z—r')z]l/z}

471'8 Z

_ 2P j dr'{(z+7") = (£)(z = ")} Need positive root

477:8 Z

Split integral m’ro twoparts O<r'<z & z<r'<R
r'<zuset+ r’'>z use —

471_p (2 5 R
Viz)= S dr’ + | zr'dr’ 35/3=
(2) e - { _! } 4nR’p/3=0

(3 2 3 2 2
_ 477:,O<Z+ZR _Z} 471'p{ _Z_} _ 0 {3_2_2}
dre,z (3 2 2) 8me 3 SmER | R
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Uniformly charged sphere (cont'd)

= /-->E
47‘[807’ 477:80 al" r 47TEOV2
2
Inside p(r)= O {3_1/_} E(r)=-VV(r) = © 1 r
871'80R R2 477:80 R3
- E'"') V r Q r dr’ Q 7 oo
. — . —_ r —
Outside V(r)= ;[E dl = Az, 0‘[1/2 mer "> R $
'S
R ’ r_r73.7
Inside V(I”):— Q J‘dl/' +err /< r<R
471'80 - ]/"2 R R3 : \II

o1~ 1l__ o | =
4re, (R 2R’ 2R 8me, R R’
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Potential energy for point charges

V

Vix,)=

ectric potentia

9,

471'80 |X1 —X

= Potential energy

U(x)=qV(x)

|

(should be a - sign in front of integral)

Work done (by an external agent)
IE d¢ =W moving a unit charge from __ to x

Potential at x, due to

charge ¢, at point

Potential energy U

U, (Xz) =4,V (Xz)

of charge g .

Potential energy U,
of the charge g,
due the potential V,

X X

Put charge ¢,
at point x,.
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Potential energy for charge distributions

= Potential energy for multiple point charges
i # j, do not count

1 1 q.9 charge with itself.
U=Ezquj(Xi,Xj):524 ! 1/2 corrects for
i#j i#j ngO‘Xi_Xj‘ g qjm% g

= Generalize for charge distributions

1 3 px’) 3, pX) 3,
U=— d d Vi(x)= d
2 jp(x) x_[ 47t£0 x — x’I| * (x) j 477:80 x — x| *

1 3 Charge produces potential and the
U= EJP(X)V(X)d X same charge gains potential energy?
= Where is this energy?

The charge distribution produces an electric field. We
interpret the energy as being stored by (in) the field !
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Energy of an electric field
= Express Uas a function of E only |

Identity
E
Uzzoj(V-E)chx V-VE)=VV-E+E- (V)
_&

E
— jv-(VE)fx——OjE-(VV)fx E=-VV
2 2 Gauss's theorem
_% 3. %o [ 253
—?J-V(VE)CZ X+7J.E d x CﬁVo

3
V-(VE)d'x= gSSVE-dA

ield
~ i Fie

E 2 3
£ 2P 2 U=2¢$Ed
= VE-dA+-—2 E dx gy X energy
2 CJ}S 2 CJSVol Srel= 2 all

Energy density u.(x)= 80E2 (x)/Z
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