PHY481: Electromagnetism

Exam 1 Solutions
Charge on a conductor

Lecture 14 Carl Bromberg - Prof. of Physics



Exam 1

1) V(x) , E(x), p(x)

a)  y(x)=E®x)

-VV =E

<) E(x)— p(x)

e) p(x)—E(x)

1 J p(x")(x —x") &x = B(x)
Are 3

’

|X—X

b) V(x)— p(x)
V¥ = P
80
d) Ex) -V (x)
—jE A=V
f)  px)->V(x)
(X ) 3
iz, JlX |d x'=V(x)
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Exam 1 (cont'd)

2) Prove: VxVxF=V(V.F)-V°F

oF

let (VxF)k =G, =¢, ax’:
oG 0 oF
VXVXxF) =¢ —f=¢g ¢ ——m
( ) vk ij gk~ ktm axj ox,

9 IF,
=(6,6,,-6,8,)]—==

( il jm im ]f)axj axg
_ 09, 9 oF 9(9)| &
ox, dx, Ox,dx, ox|dx | ox

(£)

~V(V-F)-V°F
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Exam 1 (cont'd)

3 Decompose unit vector in z-direction, Kk, z

info components along the unit vectors
in the r and @ directions.

\9
k=rcos@—0sinf

/
S B

0=r/2:k=-0,withrin the x-y plane, 6 is downward, —0 is upward like K .

O=m:k=—F,withr pointing downward, —f points upward like k.
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Exam 1 (cont'd)

x')

4q) E(x)-—Jp( \x=x) oy z
|x x| )
c ¢, ,”/2 (zk—ir’cos¢—jr’sin¢) ¢ =
= 4 r dl" J. d¢ 32
TE, % /2 (22 +72)
A g e« a /2
_ GZdeI" oi j dr’ o _
de ( 5 3/2 e 3/2
00 22 +r” 00 (22 +77 x' =7 (icose + jsing)
242 a’ +z* X
oz dx oz 1

E(z)=— =—
-(2) 4e, x? 4e x?

_2{1_ 1 }_gl_ 1
A€, | 2 (Z2+Cl2)1/2 €, (1+a2/22)1/z

2

o /2 2/2
b) E (z)= —(a—z o ) od ora —= O - for zZ>>a’
de \ 2z 4e,z° 4nez 4me z

= Electric field of a point charge Q at the origin.
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Exam 1 (cont'd)

5) Two shells, outer shell grounded [ V(b)=0)]
a) Electric field By Gauss's Law

0

47r80r2

Anr’E =Qfe,;;  E =

b) Electric potential
teear (e O fd’ Q1] 01 1
V(r)= !E de = _][Erdr— j,2_4 [,l_ [ }

dre, -y r me, Lr dme, Lr b
c) Stored energy from charge and potential Note: V(b) =0
_1 _ _O0 |1 1]_ 0 (-9
v=slbolarcorol= 2 1 |- 2

d) Stored energy py=% j EX(x)d’x = j [ ) r'zdr'Tsinedefmp
from field 47t8r 0 0

_Q i _ O [_g}b: 0 (b-a)

8me, ¥’ 8me, L r'l, 8me, ab

0
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Exam 1 (cont'd) :

f?f/j:;:;//fjﬁ;?j/

et

> fz??z;’/fz__‘? Zt0 A

}e' )
- i i

A fﬁ'/fz?’}:/fzpf?

X’ =r"=KkRcosO + iRsinfcos¢ + jRsinOsin¢ . NE

6a) Dipole moment p= jx’p(x’)d3x’ d*x’ = R*sin8d0d¢

0=2nR*(+0), 0<0<n/2; Q=2nR*(-0), n/2<6<r Ei%q&g&“\
/2
p= Jx p(xd’x’ = R’ J do J 0 c0s0sinOdO + J —0cos0sinfdo |k +0i+0j
/2

2 ! 2 v
—27R°G [%} — [%} k = 27 R0k = ORKk

0 1

b) Point dipole at origin with same dipole moment z
+
R R Z=R/2 ':'Q, _Ef(
p=24x, =(Q)(5k)+(—Q)(—5k]= ORK 3
x’_:—ﬁlz
Z=—R/2 —5— 2
0
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Conductors in static equilibrium

Why these statements are true ?

Electric field E inside a conductor is zero.

Potential V inside a conductor is a constant.

Inside a conductor the charge density p is zero.

Charge @ on a conductor resides only on the surface.

A net charge Q, ., here is always paired with charge -Q, ., elsewhere.

On a conductor either V or Q,.,, but not both, can be specified.

At a conductor’s surface, field component £, = 0, component £, =o/¢, ,
but in force calculations, E,= 0/2¢, due to only "distant” charges.

In an empty cavity in a conductor, E = 0 and surface o, = 0.

The potential IV of a conductor can be set by a battery V.

The earth is an "infinite" source of charge at a constant V.

Vor Q,.; of conductors (and Q., ... determine V everywhere.
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Boundary value problems: 1-parallel plates
Parallel plates (find potential, field & surface charge) cquipotentials

The ground is a constant potential, so let ;= 0. 1 : : : : 2
Battery draws electrons from plate 2 and puts RN

them on plate 1. Process "continues” until 1, = V. ERN
LT

Potential between the plates NNy

Between the plates the potential depends only on x. : : : :

Laplace's equation: VZV(X) — 0 I

o (0 d . X
Boundary conditions: V(0)=0;, V(d)=V, y=o] ‘ || v
General solution (ODE) Apply boundary conditions - .
LV
2 d dV dV V(O) =c. =0 ground
dx \ dx dx ! —

%

_ _ cph —_B X
Vix)=cx+c, Md)=ae =g = d V(X)ZVBE

Lecture 14 Carl Bromberg - Prof. of Physics 8



Parallel plates (cont'd)

Electric field Electric field 1 5
V LA (e 24 | 2r
X A
E=-VV = —V(VB —) ——Bj
d d
E, -> Surface charges  surface 1r charge density k
-
E — Glr _Q O =— SOVB
In — c - d Ir d
0 (0 d - X
Surface 2/ charge density . -
- Tor=00 1 V="V
E = Opr _ Vy EV g T
2n c d 0,, = d — 8
0 ground
Surface charge Force on each plate
2
_ ) — A EN,AV 10
Oy =-0, =04= F,=0(E /2)="t2""¢ - ~%u ,
d 2d 2 g,
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Parallel plates (cont'd)

Capacitance 1 5
.- e 247 |21
Two ways to know the electric field
o V -
F=—=: F=== E
€, d
«—
Capacitance is a geometrical factor relating the
charge on a conductor and its potential. 0 d
p X
0-ca=52y oy cBd T
=0 = — — - Y |
d ? 8 d 1w
Energy storage o
2
€ EV g, A4
U:—OJE2d3X' :_O_BAd:lO_Vz U:lcyz
2 2 4 2 d ° 2 7
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