PHY481: Electromagnetism

Solving Laplace’s equation via "Separation of Variables”
1) Cartesian coordinates (review)
2) Spherical coordinates
3) Cylindrical coordinates
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4 10a

Find potential of an upward facing dipole above a grounded conductor

Potential via M.o.T is two dipoles (SAME DIRECTION)

Single dipole potential z

Zo? ZojTZ
_ pcosb ! !
O b bbby b bl
Double dipole potential s

cosf, cosO, | _, Conductor
K(r,9)+V2(r,9)=4£80{ rlz + rzz :l ot /////////4

Double dipole potential on z-axis for z>>z,

1 1
V. (2,0)=-L + 0 =6 =0
b ity |:(Z ~ 2 )2 (Z R )2 :| L

Vzd(z,O)z P > Z>>2
2mez

E=—AV = p3ﬁ
7Z'€OZ
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4 10a continued

cos@ cosfO
V:I/l(y'l,el)+l/'2(r2,02): p |: - L4 - 2:| r,sin@ =r,sinf, = rsinf
Ame | r r g
0 1 2 rcosf ZOI 1
rf:r2+z§—2rzocost9 r,cos60, =rcosb—z, z,™ ] N
2 2 2 _
vy =r+z +2rzo cos@ v 00502 = rcos(9+z0 r
92
p rcosf—z, rcosf+z, 2 reosb+z
V(I”,Q) — 5 + 3 —Z_‘
4re, [rz +z2 =2z C089:|2 [rz +z2 4+ 2z 0050]2 0
0 0 0 0
19V 3z° . .
E,(r.0)=——L—= E,(r.m/2)= P11 | b(e=n/2)=-
471'80 r 89 ) 2> I:I" +ZO:|
27[80[r +ZO:|
2 . 2
p 3z Where is charge L 3z i
o=¢E = AN 02 —1 density zero? G_O_( 2)_ ) ’”_\/72
27t(r2+zé) (7” +ZO) 7 AR 7

Is total ch rdr 32, N
ofu sflr?‘azeir%g 1= 2ﬂjardr—pf 2)3/2[( T 2)—1]—19[( 2 2)3/2] =0
0

o(r +z r-+z; r+z,
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Coefficients in a Fourier Series

J(x)

"o Find Fourier series expansion of A(x) = V,
—a +a
- —af 2 f(x):a0+2[an cos x4 )y sin”—”x}
n=1 a a
1 miTx 1 . MITX function f(x) is even
@ =" j f(x)cos p b, = P J J(x)sin P O 50 no sine terms
| ——— — R Be car'ef.ul to t?reak
= —| -V, sin + ¥, sin —V,sin integral into pieces !
miy a l—g a l-ag/2 a l+a/2
(4V, .
—0(-1)",m=2n+1 (odd) o= (L) o
gl = o x)=—"2 — cos[(2n+1)—}
" S == Zg)(zm 1) a
. 0 ,m=2n (even)
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Coordinate independence in separable solutions

Cartesian coordinate separable solutions V(X)= X(x)Y(y)Z(z)
Translational independence x -->x" P (x) = X(x)Y()Z(z)

1 de(x’)_i_ 1 sz(y)_l_ 1 a’zZ(z):O
X(x) gy’ Y(y) dy2 Z(z) gz

Values of the last two terms (Y and Z terms) have not changed.
Yet the sum is still ZERO. Each of the 3 terms must be a constant.

VV IV =

I dX()_ > 1 dZY(y):kz 1 dzZ(z):kz
X(x) gy 1 Y(y) dy2 ’ Z(z) 47 :

Solution to Laplace's equation must have 2 2 2 _
P 9 ki +k, +k, =0
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Character of solutions

k>0 X(x)= Ae™ + Be "

.. Allowable values of A, B, and k; determined
by symmetries and boundary conditions

If region unbounded +X 4_¢  x(x)= Be "

If region unbounded -x

If region bounded + & -

X(x)= A’coshk x + B’sinhk x

k<O

.7 7
—lklx

X(x)= Aeikl,x + Be

X(x)= A'cosk/x+ B’sinkx

B=0, X(x)= Ae

Even symmetry Odd symmetry

eklx " e—klx eklx _ e—klx
coshk x = [ > ) ; sinhkx= ( 5 )

Suggests using Fourier series for A, B, k,

Even symmetry Odd symmetry
ik, x —ik,x ik, x —ik,x
e +e ! : e —e !
cosk x = , Sinkx= :
2 2i
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Example: Long narrow channel

Large top and bottom grounded plates, potential V,, on the end plate
Find potential everywhere between the plates.

V(x,y)= X(x)Y(y) problems without z dependence
all start the same way

' 2 2
V=0 1 d'X 1 d’yY , ,
vaf2— gx) + (2y) =0 Laplace's equation
. X(x)  dx Y(y) dy
R x  Each term must be a constant .,
V=0 5 5 ki +k, =0
—a/2— 1 d X(x) i 1 dY(y) 2
— = 2 2 2 2
Eveny symmetry ¥~ 2 L YO) g 2 k=+kT, k =—k

\

First determine Y \ V = 0 on top and bottom plate
V() .. \LONSAcoSlyRIBEiy) e

I Y(y)‘Y( )= Acosky B=0 T
@ - S s k=Ceeng es012
a
Any one of these values for k, satisfies the Solution with coefficients

boundary condition at top and bottom, But = Ty
an infinite series is needed fo satisfy V(Oy) =V, Y= 2.4, COS[(z’” 1)7}
n=0
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Example (cont'd)

Determine the X 1

unction

2
A2 X(x ) General e 0
X
H/z_""l 0 Finite at large +x  X(x > e)=0, 4=0  x(x)= Be ™
.

IR »~ FromY _@n+)mx/a

Zo solution k=@n+D% n=0,1,2,...  X(x)=Be

—a/2—
V = XY and determine the coefficients C =AB

Vix,y)=X(x)Y(y)=

On left boundary, Potential is V,

2n+Dmy e—(2n+1)7rx/a
a

i C cos

n=0

_C,_1 by Fourier Integral

i —af2 < y< al2
—V0 elsewhere

Be careful to break _
integral into pieces ! ) _{

= 2n+ l)ﬂy} 1|7 Qn+ Dy 4V, (=1)"
VO,y)=V, = Ccos[ C =— CoS dv |= —0—7
0,9)=7, Z : - == _Jaf(y) iy
Finally a solution V(x.y) = 47, i (-1 cos 2n+ 1)y e—(2n+l)7rx/a
r = Qn+1) a
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Separation of Variables - spherical coordinates
Laplace's equation for potential in Spherical coordinates (no phi dep.)

VZV(r,0)=in(r2 a—Vj+ . I 9 (sin@a—V)
Foor\ or /) ,fging 90 00

Solutions are often of the "separable” type,

or linear combinations | iVﬁ(X);
- =0
V(r,0)= R(r)0(0) of such solutions:  ¥,(x)=R,(r)®,(6)

Inserting this form into Laplace's equation and multiplying by r2/V
this depends only on r this depends only on 6

2
%VzV(r,9)=li(r2 dR(r))+ L 1 d (sin@de))zo

12 g dr ) ©sinb do 4o
Terms must be constants +0(r+1) (7 +1) that sum to zero
R 1
i(rzd—)—z(zﬂ)ze:o , 2 (sine?@)w(zﬂ)@:o
dr dr sin@ do do
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Solving for functions R(r) and ©(6)
V(r,0)= R(r)©(0) Separation of variables, solving Laplace’s equation

Equation for R, General solution , .
hon believers check this
d dR B
d—(rzd—)—€(€+l)R:O R(r)= Ar' + — di(r“;_Rj:mH)R
r r 7 r r
and equation for © Let u = cosf, and ©(6) = P(u)
1 d d® =
. (sm@—)+€(€+1)(~)20 do _ du dP:—smO£=—(1 )2 42
sin@ do do d8 do du du du
Legendre's equation for P (cos6) 1. d ( ned@j d ((l_uz)d_p)
siné do do du du
i|:(1 U ) dPi| + g(g + 1) P=0 First 4 Legendre Polynomials
du du 9) =
Solutions are Legendre P,(cos6) £y(c0s6) =1
Polynomials: P, (cos6) = cost
Fmally V(?‘ 9) 2(14 7 _I_ijp (COS@) (cos@) (300329—1)/2
+1 | 3
(=0 r (cos@) (SCOS 9—3c0s0)/2
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Familiar problem in spherical coordinates

Orthogonality of Legendre JP (cosB) P (cosB)d(cos6) = 2O

polynomials: 20t
Consider a grounded conducting sphere r'adlus, a ina
constant external field, £, in z direction

Boundary condition V = O on sphere

V(a,8)=0=3 (44" +Ba"")

=0

P (cos@)

14

Multiply by P, (cos 9) and integrate

jV(aﬁ)P,,(COSG)d(COSQ)=0=2(Aa +i] | B(cos6) P, (cos6)d(cosb)

a

<

2n+1

0=(4a"+Ba"")2/2n+1) B =-4da

Boundary condition Same as solution found in Lecture 16
V(r —e0,0)=—E;z=—Ejrcos6 ;

E a
cos@=PF(cosb) =/(=1 A =-F V(V,9)=(—EOI”+ 02 }COSO

0 r
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Cylindrical coordinates
Laplace's equation in cylindrical coordinates

Separation of variables
1 a( an 19V

VV(r,0)=——| r— ——=i V(r,¢)=R(r)®(¢)
ror\ or/ % 9e°

r dependence ¢ dependence

Separate solutions

2
A vE V(r, ¢)_Li(r8_R)+i8_(I)_o ® (¢)=C cosng+ D sinng
V or\ or/) @ 8452

Constants sum to zero 2 _2 R (r)=A4r +Br
R (r)=Alnr+ B

Solution with series to insure boundary conditions can be satisfied

—n

V(r,0)= Alnr+ B+ i(Anr" + Bnr_”)(Cn cosnd+ D sinng)

n=1
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Cylinder problem

Half cylinders, radius R. V= +V 4 on right half, and V= -V, on left half
Find potential inside and out.

—F
V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)

n=1

Boundary conditions at r=0and r =
Vlnt(R’¢) — VExt(R,Q))

v, (r,¢)= Z Anrn COS no
n=1

AR =BR " =c, Orthogonality
VExt(r’q)) = ZBnr_n cos I’l¢ A = Cn 5 B =c Rn "
n=l nopn J cosnpcosmp =15,
Use Orthogonality 0 |
Be careful to break Fourier CompleTe solution

integral into pieces !l : :
V(7 ¢)—i " cos ¢ ‘g4 4 _ i o A~
[ —nZICn o n f(¢)={ v, 1"&4" quadrants L (r,0) = -

n y 2j+1
-V, 2 ‘& 3" quadrants j=0 2] +1 R /

cos(2j+1)¢

= R 4V (1Y - v, & () R
Ve, (r,0)= zcn—ncosmp ;= (=D sin(2]+1)7r v, (r.9)=—" Z - 7 cos(2j+1)¢
— I om(2j+1) 2 moi2j L,
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