PHY481: Electromagnetism

Solving Laplace’s equation via "Separation of Variables"”
1) Cartesian coordinates
2) Spherical coordinates
3) Cylindrical coordinates

Examples
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Cartesian coordinates

= Determine nature of solutions on the rectangle (unbounded z)
- Grounded at x = -a/2 or +a/2 then X, (x) = A, cos(kx) +B,sin(kx)
- Grounded aty = -a/2 or +a/2 then Y (y) = A,cos(ky) +B,sin(ky)
- Other solution is then U,(u) = C,cosh(ku) + D,sinh(ku) (same k)

= Use periodic (sine or cosine) solution and boundary conditions to
determine legal values of k = nnx/a (same for both solutions)

= Generate general solution V(x,y) = £ X, (x)Y,(y)
= Use additional boundary conditions to determine coeficients
- Periodic B.C.: V(X0,y) = Z X,(%o)Y,(Y) or Vi(x.yo) = Z X (X)Y,(Yo)

- Apply Fourier Integral to both sides: 1 ¢ |
Be sure to split Fourier integral (-a,-a/2,a/2,a) ; _[ Vb(xa yo)COS mr x/a (or y version)

- Use orthogonality on right side: ¢ ~a |
- De‘rerminegcoefz;\ B g D JCOS(””X/“)COS(”’WX/“)=5W (or y version)
- AP Ly 2

Substitute into V(x,y) = = X, (x),Y(y)
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From previous Exam 2
Boundary conditions (v +4/2)=0,x20 ¥(0,y)=2V,p/a V(x)—0, asx— e

Y Solution Y(y)= Acos(km y/a)+ Bsin(kr y/a)

Apply boundary condition on Y solution » V=0
V0,y)=2V, y/a, an odd function = 4 =0. +af2—
Y(x a/Z) =Bsin(ik7r/2) =0 = k=2n,an even integer. V(O,y):%y ,,,,,,,,,,, X
Apply boundary condition on X solution (same k) ¢ =0
nwx/a —2nmx/a —af2—
X(x)zCezn/ +Dezﬂ/; V(x,y)—>0, as x 5o, = C=0 V(0,y)
Most general solution consistent with boundary conditions VT 7o
V(x,y)= ZKn sin(2n77: y/a)e_zmx/a V0,y)= ZKn sin(2nn‘ y/a) —aI/Z +c.If/2y
n=1 n=1
Determine coefficients -

a a/2 n+l
2V 2V 1=
K = l J V(O,y)sin(Znny/a)dy — 4—20 J ysin(2n7ty/a)dy _ 0 {( 1) }
a-, 0 g

a n
¢ Vi+
I 2V — (— e 2nrxla ’//’ |:%1slﬂ ?
Solution p(x,y)= 203 g (anmy/a)e ™ /\} Ty
n=1 —d +Jkiﬁ>j
2,y fa 4, ¢
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Spherical coordinates: V/(r, 6) = R(r)0O(6)

Laplace's equation for potential in Spherical coordinates (no phi dep.)

vV (r, 9)—Li(r28—Vj+ L ¢ (sm@a—V)

2or\ or/) ,*gingao 06
Sep. of variables Separate solutions
V(r,0)= R(r)0(0) R(r) = PPN B O(0)— F(cosO)= P (cosb)
o Legendre Polynomials

cosO)

cosG) cosf
(cos@) (3cos 0— 1)/2
(cos@) (SCOS 9—3c0s0)/2

-T2V

- (
V(r,0)= 2(/1 o+ %)@ (cosg) Al

r

l\.)

Boundary condition on a sphere

UJ

7@i8)= ) Orthogonality
[V (a,0)P, (cos6)d (cos) j P (cos6) P (cose)d(cose)ziiﬁ
n
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Familiar problem in spherical coordinates

Orthogonality of Legendre polynomials: j P (cos8) P, (cos8)d(cos6) = 20,

2n+1

Consider a grounded conducting sphere radius, a, in a
constant external field, £, in z direction

Boundary condition V = O on sphere E field
V(a,0)=0= Z(Agag N Bga_(“l))

=0

P, (cos@)

Multiply by P (cos 9) and integrate

jV(a 0O)P (cosG)d(cosG) =0= i(A a +L)J-P cosG) (cos@)d(cos@) <
(=0 a
Boundary condition

V(r —e0,0)=—E;z=—Ejrcos6 2n+1

—(n+1))

0=(4d"+Ba"")2/2n+1) B =-4a

cosf=F(cost) = (=1 4 =-E, uniform field dipole  dipole moment

3
E,a cos6 Eg=_"F

0
P 47r£0

V(r,9)=Z(A/ +£—f1jP€(COS¢9) —> =-Eyrcosf +

r v
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Another spherical coordinate problem

Disk, charge density o, radius R. Determine potential on z-axis, then at all angles.

o 2 1/2
V(r,0)=V(z,0) = —— j d¢>j = [( Izl z
e | u
Use an expansion of it to o 4 o 01 \(p*+27)
find potential everywhere.” (7:0) = 2 ! +— F,(cos6) RS W . R
R N
2,2 _ 2/ 2\V2 2/ 2 4/ 4 N o Hﬁ“‘l 7
( +R) (1+R/Z) :Z(1+R/22 —R/SZ +) — s
2 1/2 CTR2 1 R2 f(8)=1+f'(0)8+f”(0)82/2
Viz, O)_—[(z _|Z|}= 2 |2z 8 A r=0+e)”  f0)=1
0 z’ e, e
Ma’rch coefficients / rodea R O
f7=—(+e) " /4;f7(0)=-1/4
2
R /2 2
All4,=0 V(r,0)= ° {[ j cos@ (—?j cos0 } (+e)” =1+e/2-¢/8
2¢, A+ =1+x22-x*f8+...
R

2
B=tp=-X V(r,e)—(mR (1) (3(’059 1j+...
2 8 4re, 47> 2
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From previous Exam 2: Ring of charge

Potential on z axis
3
1 Nd>x’ ~1/2 -1/2
V(z)= Jp(x) ,x = 2 (22+a2) = O (1+a2/22)
dre, ) Ix—x'|  4nre, 4re, z
Expansion in powers of a/z 1ot § = &= 4°/ 2>

f@)=0+8)""; f(6)=-201+8)""; f"(6) =+2(1+6)

2

1/2 3/2 -5/2

Viy=—2—| r(0)+ F10) %+ f”(());—4+...]

4me z
2 4 2 4
1
— Q l_a +3a 4+ ... :—Q ——a +3a +...
4re,z 2,2 gt e, \z 2. 87
Potential in spherical coordinates with boundary condition at large r

—(r+1)

V(ir—>,0)=0 =4,=0 V(r,0)=> Br  P(cosb)
=0

Matching coefficients for solutions on the z-axis

= B B B 1 4 34
V(z,0)=) B,z e _By B B, _ C41 @ da
! . : z 223 825

=0 Z  z z 4TE,
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Ring of charge, continued

Matching coefficients for solutions on the z-axis

oo . B B B | 2 4
V(z,0)=) B,z R .= Q (—— =+ +]
=0 zZ gz z 4re, \ z 220 87
No odd ¢ solutions
0 0 a 0 3d'
B,=0 forodd 7, B, = , B, = —; B, = -
dre, dre, 2 dre, 8

Insert coefficients into general solution

4

2
V(r,0)= i(l—a!—Pz((:ost9)+3L51-2‘(cost9)+...j

477:80 r 2,,3 3
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From previous Exam 2

Surface charge density ¢(8)=o0,cosf . Find Potential inside and out

N3, zZ
V(2)= P|(X )d|x p(d'x =0 (0)dx
X—x’ 2 . )
=(0.cos@)R sinBdOd :
22” cosOsin6do ( 0 ) ¢ ) X—x’

47t8 J.d'[\/R

+ 25 —2RzcosO |x—x’|=\/(z—RcosO)2+stin29

J‘ =\/ZZ+R2—2RZCOS9
€ —1\/R +Z —2Rzx

Rsing

1

~ 1
xdx _ I __\/Rz_szz+zz<R2+sz+zz)ll

—1\/R2+22—2sz 3R z

__ ! _—\/ R R+ 2V R+ 2 LR Rz+z]

3R22
for —R<z<R A—R=-NR + Re+ 2+ R4 R = R+ 21Y3R* 2 = 22/3R?
forz > R A-G-RIR + Re+ 2+ R4 R = R+ 22 1}/3R%:* = 2R /32
forz <—R AG-RIR + R+ 22 = (R+ DR = Rz + 22 1}/3R%2* = 2R /327
z<R: V(2)=|0,/3¢)]z; z>R: V(Z)=|:O'OR3/3SO]Z_2; z<—-R: V(Z)Z—I:O'OR3/380:|Z_2
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Cylindrical coordinates
Laplace's equation in cylindrical coordinates

Separation of variables
1 a( an 19V

VV(r,0)=——| r— ——=i V(r,¢)=R(r)®(¢)
ror\ or/ % 9e°

r dependence ¢ dependence

Separate solutions

2
A vE V(r, ¢)_Li(r8_R)+i8_(I)_o ® (¢)=C cosng+ D sinng
V or\ or/) @ 8452

Constants sum to zero 2 _ R (r)=A4r +Br
R (r)=Alnr+ B

Solution with series to insure boundary conditions can be satisfied

—n

V(r,0)= Alnr+ B+ i(Anr" + Bnr_”)(Cn cosnd+ D sinng)

n=1
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Cylinder problem

Half cylinders, radius R. V= +V 4 on right half, and V= -V, on left half
Find potential inside and out.

—F
V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)

n=1

Boundary conditions at r=0and r =
Vlnt(R’¢) — VExt(R,Q))

v, (r,¢)= Z Anrn COS no
n=1

n —n
4R =BR =c, Orthogonality
VExt(r,q)):ZBnr_ oS ne 4 =S - p-or K&
n=1 "R no J cosnpcosmp =mo
SR Use Orthogonality OC ote solut
= — Be careful to break Fourier ompleTte solution
Vlm(r’(b) nzzicn n OO g integral into pieces !!

o 2j+1
4V = (=1) 7
10)= v, 1% & 4 quadrants Vlnt(r’¢) — 0 2 ( 1) ]/‘2 _
-V, ond o 3t quadrants T 20 2] +1 R J

cos(2j+1)¢

) Rn
Vi (r,0)= ch ——Ccosng
n=1 r i 2j+1
| 4V & (=1 R
AV (=D Vo (r)=—2Y — —cos(2 +1)o
: . ERTY, C.=—_ X T 2]+1 2j+1
sin((2/ + 1) 7/2) = (-1) I (2 +1) j=0 r
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From previous Exam 2 (Method of Images)

Two charges above grounded plane.

P
Determine potential and force on charge gq. AN
Z // / RN
q,” 1 N ¢
—+d e «%‘C{ L)
/
Image -d // \\ +d
— L N .
| \
/ \\
—./CI p vq
Potential above the plane I °
" 1 1
\/ 2 2 +\/ 2 2
V0.2 =—L Vo =d) +(=d) NG+d) +(z-a) y
dre, 1 1 Z
q q
Va-dP+Ged? Va+dP+Gra?) oo fa /I_,
Fe q2 i 3 k 3 i+k d 3*’/3_*’*’ _T‘,
471'80 4d2 4d2 861’2\/5 2d; 1 ¥ Ly
s |
2 N . |
2 o \/5 @ — d i
=1 -~ i 1+22 |k S 2 T
2 4 4 L] L]
l67e d
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Capacitor problem from previous Exam 2

Cylindrical capacitor d =b-a<<a For V=V, determine C, Q, and U.
i) Means spacing very small
ii) Means cylinder areas are nearly the same

iii) Field between the cylinders must be ~ the
field between parallel plates with the same area.

Initial state o
g4  2mejal 0= 2me al v U — 10 _ 0 (b—a)
" d  b-a b—a 2 C  4nmegal
Force to pull inner cylinder out changing the overlap. dL=1L"—L (negative)

2
d_Uz_d_L W=dU=—Ud—L d_Uz_g Fz_d_Uzng(b—a)
4 £ L aL. L dL L 4me al’
Without initial assumptions 0

Vir)= VyIn(h/r) E(r)= L E(a)= o _0__ O
- ln(b/a) ln(b/a)r ln(b/a)a g, 2meal

_Q_ el 2medl because 1n(p/a)=In[(a+d)/a]=nl1+a/d]~(b—a)la

VvV In(bla) b-a
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