PHY481: Electromagnetism

HW5
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5.3

Boundary condition T Square pipe cross section
Y V= Vocos(j) at y =+a/2 al2| V=V, cosmx/a
General solution (for even boundary conditions) V =0 =0
£ —a/? a2
Vixy)=YcC cos[(Zn + I)E}cosh[(Zn + 1)9}
n=1 a a
X
V(x,ia/2): V()COS(;) —a/21V = V, cosTx/a
T T Only non-zero term
= Cn COS|:(21”I + 1)7:|COSh|i(27l + 1)5:| n= O, CO to be determined

V(x,a/2)=C, cos[ﬂ}cosh{g} =7, cos[ﬂ}

Apply boundary condition a a
to determine coefficient - V,
0 [
cosh{n}
2
Potential inside pipe ¥ (x,y)= cos(mx/a)cosh(my/a)

cosh(r/2)
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Phase factors

Prove: 4 sinh(x + ¢) = Bsinh(x)+ Ccosh(x)

A|:ex+¢ _e—(x+¢)_ _ B|:ex _e—x j|+C|:ex +ex:|
2 2 2

o x —¢ _—x | x —x
A{ee _£° =(C+B)[e—}+(C—B)[e—}
2 2 2 2
C+B=Ae
C—B=Ae™”’
o 0 o 0
C:Ae e; B:Ae;e

sinh (x + ¢) = cosh(¢)sinh(x) + sinh(¢) cosh(x)
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5.7

X(x)=B, cos|(2n+1)]7x/a boundary conditions: X (£a/2)=0 a/2_ V=V
Y(y)zCnsinh[(2n+1)7ry/a]+Dncosh[(2n+l)ny/a] 70 -
=C sinh[(Zn +Dry/a+ q)n] instead use phase: ¢_
V(x,3)= Y., sinh[n+ Dry/a+g, Jeos[@n+ Drxfa] 42—
" a2 B a2

V(x,—a/2) =0= igﬂ sinh[—(2n + 1>7r/2 +¢ cos[(2n + 1)7rx/a] bc: Y(—a/Z) = 0 sets phase
n=0
¢ =Q2n+Dr/2

V(x,+a/2)= V,= ign sinh[ (27 + Drlcos|(2n+ 1) 7x/al

~0 bc: Y(+ a/2) =V, sets coef. g,

1 ff(x)cos[(Zn +1)7x/a]= g, sinh[ (27 + D 7] —a +a _ 7, (-1 1
al, ~af %S0T Qp D sinh[Qn+ Dl

| B VN
Be careful to break 0

integral into pieces ! ~ 4VO > (—1)" sinh[(Zn + l)n(y/a + 1/2)]
Y= Zg,(znﬂ) sinh[(2n+ D]
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5.11

See lectures 18-20 for derivations of potential f
a conducting sphere in an external field

3
an cosO

2
r

Dipole potential

V(r,9)=+

— Eor cos@

Compare 1/r? potentials

0
V(r,0)= —_— > 3
471'807" p = 47T80E06l

Polarizability p=ak,

o= 47zeoa3

514
0(9) = EOEr (61,9) = _SO g .
an3 cosf
= 280 3 + 80E0 cosf = 380E0 cos@

a

or .

+ +
*+ sphere *
polarizes

Dipole moment f *l
analogous to p = gd o

r = acosOk + asinfp

> p=[o(O)rds
= 2na3j(380E0 coSs 9)cos93in9d0ﬁ

T
3 ¢ 2
p.= 6mwa SOEO‘ cos O0sinf6do
0
3 T
= 67Ta goEo, —u du
1

Charge density o(0) = 380E0 o

Dipole moment p_ = 47ra380E0
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5.13

Linear quadrupole exact potential Linear quadrupole

1 -2 1
V(r,0) = —2 { 124 }
471-80 \/r2 + a2 —2arcos® " \/r2 + a2 + 2arcosO

Approximation

Expansions

1 1 3
=l-—e+—-¢€ +...
Vi+¢ 2 8

1 1 acosf 3a2 0082 60— a2
=—31=% + +...
\/r2 + a2 +2arcos® " r 2r

Monopole and dipole terms cancel

2 2 2
— P 0
V(r,6)=-L1 {3“’5 0 1+..}—2q“ oA0R0)

3 y 3
dre, o dre,  »
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5.15 (see lecture 19)

Half cylinders, radius R. V= +V 4 on upper half, and V= -V, on lower half
Find potential inside and out. (odd function of & -> no cosine terms)

V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosn+ D, Sinn(b)
n=1

BC.atr=0andr =« BC.atr=R

Vi (R:0) =V (R, 0)
Int(r Q) = ZA r sinng

AR'=BR"=c — A4 ==,
R
Fourier Integralat r = R

V. (r.¢)= ZBnr‘” sin 7
n=1

Be careful to break Fourier 2x oo 2

integral into pieces !l J V(R,0)sin mpdd = ch J' sin n sin mod¢
on  Use Orthogonality 0 n=l 0
4V,

COS nP cos mo = wo n 2 — 0
! ¢ ¢ mm =V, €oS mq)‘o +V, cosmq)‘ﬂ =c o . ™ m=135...

Complete v, &

solution Vi (1:0) = 7 2 . Slnfmb V., (r0)= 2 ——smmgz)

odd m odd M
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5.16

General solution in cylindrical coordinates

V(r,0)= Alnr + B+ i(Anrn + Bnr_n)(Cn cosnp+ D, Sinn(b)

n=1

_ 0 Boundary condition
Bl ) Bl )= crossing the boundary

0

V(r,..0)= Arcos¢ E (r_.,¢)=—A cosd R
B COS(D MaTching
Vir, .0)= —cosq) E (r, ,0)=+ terms
ext
B cos¢ o,cos¢p V. (R9)=V _(R,0)
Apply ——+ A4, cos¢ = 08 : Bt
boundary 7o 0 A Rcosp =—Lcos¢
conditions g - 1 R o o R’
—1+A1:—0 B A1=—° B, = J
R £, AR=—L 2¢, 2¢,
R
I d 2
Solution inside _ Yo _
nd out V(r, ..0)= G rcosgb Vir,.0)= 0” Cos
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b.28 (see problem 5.7)

X(x)=B, cos[(2n+1)|7x/a boundary conditions: X (£a/2)=0 a2V
Y(y)zCnsinh[(2n+1)77:y/a] odd B. C.: Y(ia/2):iV0 V=0 V=0

Il
o

—af2_
| |
—a2 V==V, a2

V(x,y)= i g, sinh[(2n+ Dz y/alcos|(2n+1)7x/a] &,=B,.C,
n=0

V(x+al2)=V, = i g sinh[(2n+1)7/2]cos[(2n+1)7x/a] B.C.: Y(+af2) =V, sets cocf. g,

n=0 J(x)
v

0

Be careful fo break Fourier -a ta

integral into pieces !l = i

+af2 !

L rGcos]@n+ 1ymfaldr = g, sinh[(2n + Drf2]
a —a
fy [sinlns tafal s snlon+ hasfal”

m = gn s1nh[(2n+l)7t/2]

—sin[(2n+ )7 X/G]Z/z

4V, (-D)" 4V, & (1" sinh|Qr+Dry/al

= __0
0™ Qn+ Drsinh[Qn+ Dr/2] Te=T Zg,(znﬂ) sinh[(27n+ D7/2] cos|(2n+1)mx/a]
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5.32

Dipole potential ~ General solution in spherical coordinates  Dipole in grounded
conducting sphere

_ pcosb > , B
V= > V(r.0)= Z(Afr + Tfljg (cos6)
=0

r

47r80r

B
V(r,0)= (Ar + —ZjPl (cos@) Only one ferm /=1

r

Apply boundary conditions

r->0 V(F’Q)_)Bcosezpcosz g__P R
r 4, r 47e,
_ B
r=R V(R,@):(AR+—2J=0
R
-B — — 1
A=—= = 3 Full Solution: V(r,0) = P ( :+ 2)0059
R 4me R e, \ R r
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2

Caps C; and C, carry charges Q; and Q. . C
Close the switch - find new charges Q'; and Q, J—{
Charge conserved: O/+ 0, =0, +0Q, \_{
Potentials become equal: V= Ql,/cl - Q;/C2; Q= (C2/C1)Q1, C,
Q1,+(C2/C1)Q1, =0, +0,
Q/: Q1+Q2 . Q/: CZ Q1+Q2 — Q1+Q2
CH(g/a)l o a(i+(G/q)) (1+(¢/G))

Compare stored energy before and after switch is closed

O =0/+A0; 0,=0/-A0

U +U, Potentials become equal: V=V =0
2 2 2 2 2 2 ’ ’
’ ’ Q Q
U1_|_U2=l Q_1+% :l Ql +Q2 +l (AQ) _I_(AQ) +AQ(_1__2
2\ C, C, 2\ C,  C 2 C C, C, C,

2
A CC
U1+U2=U1’+U;+( Q) ,  C=——2-
2C C, +C,
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3ab

Charge q, above a grounded conduction sphere 2 gy
Determine a) image charge and position, b) potential outside

Potential at points (a) and (b) must be zero.

9, —4 _ _qo(R_Zl)

= ;4
1 0 zy— R

9 _ 4 . __qo(R"'Zl)
ql_
ZO-I—R

R+Zl ZO-I—R,

(R_ZI)Z(R+ZI). 2R2:221Z

ZO—R ZO+R

0

a)z, = RZ/ZO; 4, = —4 R/Zo

1 4 q,

+
2 2 2 2
ey \/r +ZO—2rzoc0s9 \/r +z, —2rzlc0s9

b)V(r,0)=
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3cC

Two charges q, outside grounded conduction sphere
Image: Two charges q; inside make V=0 on sphere.

What radius sphere makes force F = 0 on q,?

— _ p? . - _ o 9, 9, 0
a—zo,b—R/a, q, = qOR/a i ! ! %
b a
2
F= %2 i 9,4, ot 9,4, 2
4a (a+b) (a—»b)
2 2
_ 9% R 4% R 4
_4 2 5 2 5 2
& (a+R a) (a—R a)
0= 12_R3 1 ~+ 1 5 2=1$2x+3x2+...
4a" a (1+R2/a2) (1_R2/a2) (1+x)
[ 2 4 2 4
1 R R R R R
= — [1—2—+3—+...}+(1+2 +3 +ﬂ
2 3 2 4 2 4
da a L a a a a
4
1 2R R 1 2R
= {1+3—+..}; ~ assuming Rz/a2 <<1 R==
2 3 4 2 3 ]
da a a da a
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4

Use this function: f (¢)= A sinng 4 TN

a) What is the best n o match this cylindrical potential? &
; § R \% '
i_ — Ifz = A2 sm2¢ é: ' ¢ ':
| | S, = A,sin2¢ ' ;

| | "

| | / I ", V

23 m/2 T + Ve o
| Tﬂ | | ZEeTO0S: 71'/2, T, 37:/2, 27, ... VoTreee e ’

7ol _ /! » :
" - - critical points: /4, 3r/4, 5n/4, Trn/4, ...

b) Next integer m where f, includes these zeros and critical points?

thor f, = 4, sin6¢
T
4
RY/4
4
AR

zeros:0, ©/6, w/3, @, 2n/3, 51/6, T, ...
critical points: 77/12, w/4, 57/12, Tn/12, 3n/4, 3n/4, 117/12, ...

c) Find V(r,q) that satisfies Laplace's equation and compare first two terms
with the functions above.

13
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4 ¢

oo

V(r,¢)=> Ar "sinng; Boundary: V' (R,¢) ZA R "sinng  V(R,9)=1V

n=1

2r 2r

71r J V (R,9)sin mode = EA R Jsmngbsmmd)dd) A4 R" jsinnq)sinm(bdgb =nd
0 T p= 0
2V - - 2V,
:m—;{—cosmgﬂo 2+cosmgl)|ﬂ/2} m—{ —2cosmm/2+ 1+ cosmm}

{—2005m§+1+cosmn} =0 (m=1)

=4 (m=2)
=0 (m=3,4,5)
=4 (m=06)

2r

4 J V (R,p)sin mpdp = Vg _ AmR_m
T

0 mit

8V o 1 R4n—2 .
m=4n-2, n=1273,... V(r,(p): ﬂong;4n_2 4n—2 sm[(4n—2)(/)]

r

8V,R"
—> A =

m 9

mi
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5

Solve Laplace's equation for a single line charge (radius a), charge density A .
You may need to use Gauss's Law to determine one of the unknown constants.

V(r,p)= Alnr + B; EI—VV:—éf
) r
Gauss's Law Potential on the surface of line charge
AL A A
2rrlE, = —; E = - A=——""—  V(a,$)=0=— A Ina+B; B= A Ina
£, 2me r 2re, 27e, 2re,
| Vo= (Tl/2ngo)lnr +(A/2me, ) Ina = (A/27e, ) In(a/r) 7
Find potential of Line Dipole: A
r .
7 ()= —mitr e i = 2 (s iy ) N L
2me, r, 2me, r  27E, A o )
7
1/2 d '
ri:r(1$2dcos¢/r+d2/r2) 1 ¢
1 V (r,0)= Inr —Inr
lnr+:lnr+§ln(1—2dcos¢/r+dz/rz) ¢ 27?80( +)
2Adcos¢p p, COSQ
1 = = llne —
Inr = lnr+§ln(1+2dcos¢/r+dz/rz) 2me, 1 2me, > TGS 2y, = 2]
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