Some Metrics

ds* = Zg,.jdxidxj

Flat space-time (special rel. = no gravity):
(ds)* = (cdt)® = (d0)* = (cdt)? — (dx)* — (dy)* — (dz)*
Flat space-time, spherical coords:

(ds)* = (cdt)* — (dr)* = (rdf)* — (rsin@ do)?
Space filled by uniform matter distribution:

5 .y . dor 2 , ,
(ds)” = (cdt)” — R(1) (7_) + (7 d0)” + (o sin@ d¢p)”
{ V1—ko? ¢

Empty space around point source of matter:

(@) = (cd1/T=2GH]rE) - (

y

) — (rd#)* = (rsinf d¢)?

dr
V1 —=2GM/rc?
Units, etc. -- to ¢ or not to ¢:
QM oM 1
dr? = I:l — ‘””ild(z — |:1 _ ] dr? — v d0 — r?* sin® 0 dp* ct >t
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r (Weinberg)
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2 2MN , 2 d
de "= (l = T)d‘ ——;—M -r’dg’? ct 2t; GM/c* > M; leave out 6
[1 —TJ (Taylor & Wheeler)
. L. Stolen from Weinberg,
Vague outline of General Relativity “Gravitation & Cosmology’
Confusion Alarm!!!
Einstein's eqn: R, — g, K = —81GT,, The R,,, used on this &
Same as
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Same as:
R~ g1 K =-82GTy
K = Gaussian curvaturg R;,—-g1: K =-82GT,,
[CO eq. 29.103] .
(etc., fcra-ll 16 terms)

. . L - K
g,, = components of metric tensor Full of derivatives dg,,/dx, etc. : ,

g v measures slope

“stress”

Ve
- So dg,, /dx according to
L measures Hartle Fig.
R, = Ricci curvature tensor curvature. 22.3




Metric for flat space-time, spherical coords: Stolen from Weinberg,
“Gravitation & Cosmology”

(ds)* = (d)? = (dr)* — (rd)* — (rsin 6 dg)

Einstein'seqn: R,, — ¢, K = —8nGT,,
In empty space: £, = 0
For spherical symmetry: ds? = B(r) dt? — A(r) dr® — 72 (d0® + sin? 0 dp?)
‘\/'
Unknown functions, allow space to be curved ‘
Non-zero gt ) sk (f’"(f)) (_A'(’) AR EN LA 0
components of 2B(r) 4\ B(r) J\A()  B(r)) r\A@) -
Einstein Eqn: . A'r)  B(r 1
Ry = =1+ = e =0
Where: L 2.-1(r)( Alr) 3 B(r)) 2 A(r)
"= d/dr R = gin? =0
v o e = SIN* OR g,

- _B't) | 1/B(r)\ [ A'(r)  Br) 1 (B'(r)
Ru = - - + -] — 4 -_ =
24(r) 4 (A(r}) (A(r) + B[r)) r (A (r)) 0
Schwarzschild’s solution (1916):
MG 2MG!? .
ds? = |:l _ 2 :|d£2 - [1 _ :| dr? — r?df — r?* sin? 0 do?

r r

Black Holes & the Schwarzschild Metric

Simplified metric, from 2
Taylor & Wheeler2 as® = (l - Z—E)dxz o amm r2d¢2
(no ¢2, no G, no 6): (1 _ &4]
=
«  Schwarzschild radius: 7 = 2M R

» Schwarzschild coordinates
— reconstructed as if seen from a point where space is flat.

+ Metric for observer sitting on a shell at » / o \\
(s

Proper time: Proper distance: [ _/-,—_- ~\ h¥ \\
M 172 dr e .\\\1' \drlll
-l o e A N

oM 1/2 \ = /
) N\
= Observer measures things in locally flat space-time: \ B _//

2 2 2 73 85)
ds” = drshell D drshcll -rd¢ \ ———r
* Free-falling astronaut: ‘

— Metric = flat space-time in local region.
— Time on wristwatch = 7 =s.




World-Lines = path through space-time

Euclidean space: 16413 Space-time:
15 Straight line 19 Straight line
= shortest distance. = longest distance.
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9 ! TW1, Fig. 1-19
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Geodesics
» Light always follows null geodesic, with As = AT=0

+ In free-fall, world-line of objects with mass = extremum of Jds (= Jd7)
— Normally a maximum ds
=>» observer travelling on Geodesic sees max. time pass

22 _0
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Geodesics

Dubious example in CO (pgs. 632-633)

2 ————\2 dr
(ds)” = (f'd!v’l -2GM/re?) — | — (rd6)* — (rsinf dg)?
) S EUMI.-’:':-!_ ra rsint dd

A satellite in circular orbit.

. vt L. a2 2GM g
ASSl.lme. . (ds)* = [(t'\.fl - 2GM/rc? ) - r‘w‘}!r' = (r' - — —r‘m‘) dr
* Circular orbit = dr=0
* In plgne where .d¢= 0 A f L —
. <, As = [€f = —— = r-w-dI.

Moving at “specified angular s=1 .

speed” @ > dO= wdt

Find r that makes As be an extremum:

o —
d d f‘T @ [, 2GM [
—(As)=— Je* — - riwt dr | =0
da" ' dr ( 0 Ve r
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—.fc? -l =0
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r Newtonian result!




Geodesics
Better Example: Conservation of Energy in Special Relativity
(see TW2, pp. 109-111).  Metricis:  As? = At* — Ax?

Simplify notation: Let S, = AS between points (0,0) and (¢, x), etc. . . X.7)
Sy 7
&= -x si=(T—ty —(X-x) r
1 1
SA:(tz—xz)/z sB:((T—t)Z—(X—)c)z)/2 t
Sa/

ds, t ot dsy, (T—-t) t
dt (2 Z)yz s dtr s, s

t —

( X A B B e X

ds _ds, + dsy Lty _ 0 <:| Here is where we find the extremum!
dt dt dt s, s,

t t At
A4 =25 =qny E = constant of motion. Let’s call it “energy/mass”.

Sa Sp E =m At/As =m dt/ds

Similar argument to get momentum:  p = m dx/ds

Homework for next class — find definition of energy for Schwarzschild metric. "




