Stress-energy tensor—25 Mar 2010

e Definition of the stress energy tensor T#”

Stress energy tensor of a particles

Stress energy tensor of a perfect gas

Energy and momentum conservation V, T# = 0

e "Derivation" of Einstein's field equation
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Example: Curvature tensors for the surface of a 2-d sphere

The metric is
ds® = a?(dé? + sin 6 dg?).
The nonzero parts of the Christoffel symbol are
%4 =—sinfcos
[y =T?,4 =cotd
The Riemann-Christoffel tensor is in general
R7yap = % 75— % 70+ T70e I = T7 e I'0
Q: Compute the component R,
Rpgp = ... =sin?0
Q: Compute the component
R"¢’9¢
Q: Compute the Ricci tensor. Answer:
Rfg=R%; =a"2
Ry =R%=0
Q: Compute the curvature scalar R

The metric is
ds? = a2(d¢? + sin? 6 dg?).

The nonzero parts of the Christoffel symbol are
Y4 =-sin@cos 6
[y =T?4 =coto

The Riemann-Christoffel tensor is in general

2] 0
Ro-y(yﬁ = v F(Tyﬁ - ﬁ F(Ty(y + ro—(xe rEyﬁ - rg—ﬂe réy(y

Q: Compute the component R? 4.
J

pv. F9¢9 + rege 1"€¢¢ — r9¢5 1"€¢9

6 _ 9 16
Rigas = 71700 =
d f 0
= ;-sinfcosf— — T s6(zero) + T0gs(zer0) 1% 5 — T%40(2€10) T945 — T045 T 44
= 2 singcosh - (—sin@cos 6) cot
aX(/
= sin?6+ cos? 6 — cos? ¢
= sin?6
Q: Compute the component
R% g
Q: Compute the Ricci tensor. Answer:
Rgg = R¢¢ = a_z
R, =R%=0
Q: Compute the curvature scalar R
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Stress-energy tensor without gravity

Definition of the stress-energy tensor T3,
1) Let uf be the 4-velocity of the observer. Then
T uf =T, uf = —d p?/d volume
is the density of 4-momentum. —T¢ uf dx dy dz is the 4-momentum in a box.
Q: Let n be a unit vector. What is T, uf n?
2) Letiand j be indices in space. Tj; = Tj; is the force in the i direction on a unit surface perpendicular to the j direction. It is also
the force in the j direction on a unit surface perpendicular to the i direction.
Q: What is Tyy?

Stress energy tensor for a swarm of particles.
The particles have mass m and 4-velocity u. Their momentum is p = mu. There are n particles per unit volume in the frame of the

particles.

In a frame in which the particles are moving, the flux of particles is

s=nu.
The x component of s is the number of particles per second crossing a unit area perpendicular to the x-direction.
Q: What is s%?

Q:s’=n(1- vz)’l/2

. What is the reason for the factor (1 - vz)fl/ 29

Since each particle carries momentum p, the density of 4-momentum is
Ton — poz S0
= mu®nu®
and the flux of 4-momentum is
T(xi — pa gt
= mu*nu
All together,
T% =mnu® ub.

Stress energy tensor for a perfect gas. Consider the frame in which the gas is at rest.

The T term is the sum of mn u® u®. muP is the mass-energy of the particle. n u®is the number density. The product is the mass-
energy density p.

The T** term is the sum of m n u* u*. What is this?
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where p is the mass-energy density and P is the pressure.
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Q: There are gas particles moving in the x and y directions. Why don't they transfer momentum across the y-z plane in the y

direction?

In some other frame, let u be the 4-velocity of the gas. In this frame,

T =(p+P)u*uf + Py,
p and P are the mass-energy density and pressure in the rest frame; they are scalars. This is clearly a tensor.
Check that it is correct in the frame in which the fluid is at rest: u® = (1, 0, 0, 0).

TO=(p+P) (D)D) +P(=1) =p.

TH=p+P)(0)(©0)+PQ1)=P.
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Conservation of energy and momentum

The divergence of the stress-energy tensor is 0
iTa,B: ﬁTUzO + iTax + iT(YY+ iTaZ =0
axP ot ox ay 0z

Interpretation: Integrate this inside a fixed 3-d box

9 a0 4 a. a o3 0 a
f(ET + T+ rril Y+ T Z)dxdydz
= %fT“O dxdy dz+ [To(x+ dx)dydz - [T™*(x)dydz+..=0

We said that T?%s the density of the & component of the 4 momentum, and T®* is the flux of the the & component of the 4
momentum in the x direction (d p*/s/m?)

The change in the amount of p® inside the box + the amount going out through the surfaces is zero.
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Stress-energy tensor with gravity

Q: What is the rule for including gravity?

Energy-momentum conservation is
V,T%¥=0.

For a perfect gas,
T% = (P + p)uuf + P g%.
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The cosmological constant

Einstein's argument:
The equivalence principle says there exists a frame n which the effects of gravity vanish. In that frame the metric is 7% and first

a
ekl

derivatives of n®fvanish. (The first derivatives give nonzero Christoffel symbols.) 8 = 0. The transformation of the zero

tensor is zero. Therefore
V,g% =0.

A stress-energy tensor having the form
Taﬁ =—A gaﬁ’
where A is a constant, is conserved. | can think of no reason why such a such a stress-energy tensor cannot exist.

What pressure and mass-energy density does this imply? In the frame in which the gas is at rest,
T¥#=-Ag¥ =P +p)utuf +Pg¥

becomes
A0 0 0 0000
0 -A 0 0 0P OO
00 -A 0| |ooPoO
00 0 -A 000FP

The pressure P = —p.
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"Derivation" of Einstein's field equation

The plan is to write
measure of curvature = source of gravity.

0. Einstein & Grossman, Z. Math. Physik, 62, 225, (1913) the mathematics of curvature.

1. A guess for the source of gravity is the stress-energy tensor. In the limit of slow speeds, the stress-energy tensor is

p 000 p 000
0P OO 0000
Taﬁ: —>
00PO 0000
00O0FP 0000

Q: Why does P — 0 for slow speeds?
The mass density is the source of gravity for Newton's gravity.

2. We have many choices for a measure of curvature.

Q: What are the choices?

Riemann-Christoffel curvature tensor (rank 4), Ricci tensor (rank 2), metric tensor (rank 2), and curvatrue scalar.
For the LHS to equal the RHS, we have to use the same rank for both.

Q: What rank 2 tensor is a measure of curvature?

3. For slowly moving particles, we reasoned using the equivalence prnciple.
The equation of motion is

dul i

4T, WU =0
The biggest term is u®. The equation of motion is

du

I + F'OO =0.
We computed I to find

T

dt 2 oxi
Newtons' equation is

a9 _

dt oxi
Therefore

Joo = —(1 +2¢).

We know V2 ¢ =4 1 Gp.
Therefore the constant is -8 7 G.
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4. Here was Einstein's guess:
R =—-8r1GTH.

5. There was a big problem. Energy and momentum conservation means V, T# = 0. However V, R*” £ 0. Einstein tried several
patches.

6. We know about Bianchi's identity (that carrying a vector around the 6 faces of a cube yields 0), but Einstein didn't.
Q: What is Bianchi's identity? (class of 23 Mar) What should the LHS be?

7. Success. 25 Nov 1915, Prussian Acad. Wissen, p8
R~ ZRg"” =-87GTH
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Newtonian limit of the equation of motion
(From 4 March with error fixed)

Consider the case of a ball and the stationary earth. Nonrelativistic limit v < 1: The 4-velocity

dx dx’  dxt dx®  dx®
=0 e w)r @00
The equation of motion

da?xt A dx dx®

dr? ve T Tar =
is then

d’xt 1 dx dx®

dr? YO gr dr

. daxt . axo . . .
Since ~—is of order v, whereas = is of order 1, the biggest term involves T'g,

1
0=73 9"7(0ov.0 + 9ov.0 — oo
Since earth is stationary, time derivatives of the metric are zero.
1
I'o=-59"" oo,y

Assume the metric is

-1 —hoo 0 0 0
0 1-hy 0 0
0 0 1-hy 0
0 0 0 1-hgs

0 __ 1,0 _
To0=~59" Gooy =0
1 __1om — 1 %Mo
oo = 797 %001 =3 e

The equation of motion is

P L
a2 axt

I know that
d?x
i —grad ¢

Therefore hgg = 2 ¢. In the nonrelativistic limit, the tt term in the metric is
Joo=—-(1+2¢).

The 1 comes from the Minkowski metric. Gravity enters as twice the potential energy.



