
Derivation of Friedman's equation—6 Apr 2010

The metric is

ds2 = -dt2 + aHtL2 B d r2

1-Irër0M2 + r2Idq2 + sin2 q df2MF

Since the coordinate time is the same as proper time, in average the galaxies are at rest.

Q: Galaxies occur in clusters. If the motion of the galaxies is faster, does that change the stress-energy tensor?

Einstein's equation is

Gmn ª Rmn -
1
2

gmn R = -8 pG Tmn
Plan: Calculate the curvature tensors and find conditions on aHtL and r0 that satisfy E's equations.

Rewrite

ds2 = -dt2 + aHtL2 B d r2

1-Irër0M2 + r2Idq2 + sin2 q df2MF

as

ds2 = -dt2 + aHtL2 Jgè rr dr2 + gèqq dq2 + gèff df2N

where gè =
A1 - Hr êr0L2E-1 0 0

0 r2 0
0 0 r2 sin2 q
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Compute the Christoffel symbols

a) Time term

G0
ab =

1
2

g00Ig0 a, b + g0 b, a - gab, 0M
a = 0:

G0
0 b =

1
2

g00Ig00, b + g0 b, 0 - g0 b, 0M = 1
2

g00 g00, b = 0,

because g00 = -1.
a = i ∫ 0 and b = j ∫ 0:

 G0
ij =

1
2

g00Ig0 i, j + g0 j, i - gij, 0M
The first two terms are zero because ???.

G0
ij = -

1
2
I-gij, 0M = aHtL „a

„t
gij
è .

G0
ij = a° a gè ij

b) Space-time term: a = 0 in

Gi
ab =

1
2

giiIgia, b + gib, a - gab, iM
Gi

0 b =
1
2

giiIgi0, b + gib, 0 - g0 b, iM
The first term is zero. Second term is zero unless b = i, in which case it is 1

2
gii 2 a a° gii

è = a°

a
. The third term is zero, since g00 = -1.

Gi
0 b = Gi

b0 =
a°

a
db

i

c) Space-space term: a = i ∫ 0 and b = j ∫ 0 in

 Gi
jk =

1
2

giiIgij, k + gik, j - gjk, iM
involves space coordinates only. Straightforward. Hartle p. 547

Gr
rr =

r
r0

2

1

1-Irër0M2  Gr
qq = -rA1 - Hr êr0L2E  Gr

ff = -r sin2 q A1 - Hr êr0L2E  Gqrq = Gqqr = Gfrf = Gffr = 1 êr

Gqff = -cos q sin q  Gfqf = cot q

The other terms are zero.
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Form of the Ricci tensor and the source of curvature

What is the form of the space part of the Ricci tensor in the frame in which the matter is at rest? Recall that the universe is
isotropic and homogeneous.
Q: Take a guess.

Rmn -
1
2

gmn R = -8 pG Tmn
Take the trace

Rm
m -

1
2

4 R = -8 pG T m
m

to find that the curvature scalar is related to the trace of the stress-energy tensor:
R = 8 pG T

Rmn = -8 pG ITmn - 1
2

gmn TM

The stress-energy tensor
T mn = Hr + PL um un + gmn P

For the frame in which the galaxies are at rest, um = H1, 0, 0, 0L.
T mn = diagonal 9r, a-2 A1 - Hr êr0L2E P, a-2 r-2 P, Ha r sin qL-2 P=.
T m

n = T ma gan = diagonalH-r, P, P, PL
T = T m

m = -r + 3 P

Tab = gam gbn T mn = diagonal :r, a2A1 - Hr êr0L2E-1 P, a2 r2 P, Ha r sin qL2 P>
The source of the curvature

Smn ª Tmn -
1
2

gmn T

= 1
2

diagonal :r + 3 P, a2A1 - Hr êr0L2E-1 Hr - PL, a2 r2Hr - PL, Ha r sin qL2 Hr - PL>
Then

Stt =
1
2

Hr + 3 PL

Sij =
1
2
Hr - PL a2 gè ij

Since Rmn = -8 pG Smn, the space-space part of the Ricci tensor is

Rij = f HtL gè ij

even though it involves derivatives of the metric.
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Computation of Ricci tensor

Plan:
a. Compute Rtt.
b. Compute Rrrto find f HtL.

a) R00 = -Ga00,a + Ga0 a,0 + Gas0 Gs0 a - Gasa Gs00

1st and 4th terms are zero because Ga00 = 0.

2nd term: Si Gi
0 i,0 = Si

„

„t
J a°

a
N = 3 K a–

a
- H a

a

°
L
2
O

3rd term: If a = 0, it is 0. Si, j Gi
j0 G j

0 i = SiIGi
i0M2 = 3 a°

a

Therefore

R00 = 3 a
a

–

b) Rrr = -Garr,a + Gar a,r + Gas r Gsr a - Gasa Gsrr

= -Gt
rr,t + Gt

r t,r + Gt
s r Gsr t - Gt

sa Gsr r

= -I+Gr
rr,r + Gqrr,q + Gfrr,fM

+IGr
r a,r + Gqr q,r + Gfr f,rM + Gas r Gsr a - Gasa Gsrr

Collect the terms involving time:
-Gt

rr,t + Gt
r t,r + Gt

s r Gsr t - Gt
s t Gsr r + Gr

t r Gt
r r - IGr

t r + Gqt q + Gft fM Gt
rr

= -Gt
rr,t + 0 + Gt

r r Gr
r t - 0 + Gr

t r Gt
r r - H3 Gr

t rL Gt
rr

= -Gt
rr,t - Gt

r r Gr
r t

= - ∑

∑t
a° a gè r r - Ia° a gè r rM Ha

° êaL
= -Ia– a + 2 a° 2M gè r r

Then

Rrr = -Ia– a + 2 a° 2M gè r r + R
è

r r

where
R
è

r r = -Gi
rr,i + Gi

r i,r + Gi
j r G j

r i - Gi
j i G j

rr

c) Compute R
è

r r.
The terms with derivatives:

-Gi
rr,i + Gi

r i,r = -Gr
rr,r + IGr

rr,r + Gqrq,r + Gfrf,rM = 2 „

„r
r-1 = - 2

r2

W12SchRWMetric.nb   5



The other terms:
Gi

j r G j
r i - Gi

j i G j
rr = Gr

rr Gr
rr + Gqrq Gqrq + Gfrf Gfrf - IGr

rr + Gqq r + Gff rM Gr
rr

= 2 1
r2 - 2 1

r
r
r0

2

1

1-Irër0M2

Finally,

R
è

r r = -
2
r2 +

2
r2 -

2
r0

2

1

1-Irër0M2

= -2 r0
-2 gè rr

The Christoffel symbol  involves first  derivatives of  the metric tensor.  Ricci  and Riemann curvature tensors involve second
derivatives, and therefore their units are distance-2 or time-2.
The space-space part of the Ricci tensor is -2 Hradius curvatureL-2 metric. In n dimensions, the factor 2 is different, but the form
is the same.

Since this is true for all of the diagonal element, not only for the r-r term,

Rii = -Ia– a + 2 a° 2 + 2 r0
-2M gè ii
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Friedman's equation

Put Ricci tensor into Einstein's equation:

Rmn -
1
2

gmn R = -8 pG Tmn

Rmn = -8 pG ITmn - 1
2

gmn TM = -8 pG Smn

The time-time term:

3 a
a

–
= -8 pG 1

2
Hr + 3 PL

a– = - 4 p
3

G Hr + 3 PL a

Q: Interpret the result for the time-time part of Einstein's field equation appied to the R-W metric.

The i-i term:

- a– a + 2 a° 2 + 2
r0

2 gè ii = -8 pG 1
2

Hr - PL a2 gè ii

Eliminate a–  to get

a° 2 - 8 p
3

G r a2 + 1
r0

2 = 0

Q: Interpret the result.
Q: What is the big surprise?
Q: In outline, how did we derive this result?
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Gravitational waves—6 April 2010
è Outline

è Introduction: metric, polarization, how to detect (§16)

è Wave equation (§21.5)

è Source of gravitational waves (§23)
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Metric for gravitational waves

For a particular gravitational wave, the metric is
ds2 = -dt2 + @1 + f Ht - zLD dx2 + @1 - f Ht - zLD dy2 + dz2

where f Ht - zL` 1.

Q: In what way is there a wave?

Q: In which direction is the wave moving?

Q: What is the speed of the wave?

Q: How does the wave affect distances?
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