Equation for weak gravity waves—13 April 2010

e Outline

e Introduction (816)
How to detect gravity waves
Order-of-magnitude strains
Polarization

e Wave equation (§21.5) (Today)

e Source of gravitational waves (823)
For gravitational waves, the perturbation of the metric is small. Let the metric be

O =N + hyv;
where 7,,, is the Minkowski metric and h,,, is small.

Plan:
1) Compute the Christoffel symbols and then the Ricci tensor. Keep first-order terms in h. Then use Einstein's equation

Ryv=_8ﬂGSuv=_8ﬂG(TﬂV_ %gva)-

Will get the wave equation.
2) Solve the wave equation for plane waves.
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E's equation for weak fields

The Christoffel symbols
loa 1
r Au = 2 gvo-(gyv,)t + g/lv,y - gu/\,v)
The terms g, ,are first order in h. Therefore we neglect h in the term g7
1 Vi
Fo,)tp = 7 n (r(hyv,)t + h)w,p - h;txl,v)

The Ricci tensor

_ 9 m 9 A A
RﬂK— 071—‘ ur = %F ”K+F’7ﬂ,\l" K,]—F””Kr A
Neglect the 3rd and 4th terms are 2" order in h.
_ 9 m 9
R = 3¢ T = - T

Now do the work.

9 .
Term WF ur;

1
FAM =3 nm(hyv,)t + h)Lv,y - h,u)t,v)
Since | can swap v and A on RHS, 1st and 3rd terms cancel.

K O N 0 S =1 &
o AT T G W = 5 e

The other term

9 A 1.
_6? r K = 2 TIV (hyv,K,/l + hkv,/,t,)t - h/,zk,v,/\)
1 (.2 A A
-3 (hu,m +he i~ hyk,,/l)
The whole works:
1(0 a A
R”K = _E ((9)('( A'u + 67AK — h/u(,/\)’
where
_ ol
Aﬂ - oxt M 2 du h/\'

In more customary notation,

h’/‘ —(_£+i+i+i)h
pA TN g2 T axe gy o) X

is the d'Alembertian O hy,.
Finally,

1(0 0
RﬂK:_E(axK A, + WAK—Dh#K):—SnGS,W

Q: Is this a customary wave equation? What are the terms?
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Unphysical freedom

There is freedom in h. Change the coordinate system. Replace x* by
X' =X + €*(X),
where €*(x) is small just like h,z. Then

\ X oxP
naﬁ‘i‘h aﬁ=ﬁw(7]ﬂv+hw’)

((ﬁﬁ + E) (65 + giﬁ) (m* +h#)

ox# X"

— By heB 4 B 9 o
= n® +h + /Al
I ignored the 2nd-order terms to write the last line. The 1st order term is
B _ ho 4 9 up | 9 oy
h'® =h + poi/ v

Upon a change in the coordinate system, the strain changes to

. de,  Oep
h op = ha/ﬁ + M + v

Choose a "gauge" so that

0,110,1_0

™ gt KT 2 a0t AT

If h does not satisfy this condition, then choose a transformation e(x) so that it does.
Then we have the wave equation

#? P R
Dh'uKE (_¥+ﬁ7+ﬁ+ﬁ?) h”K = —167TGS”K K
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Solution of the wave equation

Guess a plane-wave solution

h(yﬁ(xy) =auB¢€

i 4
|kyx'

Q: How do you take derivatives of h? Compute stz hyg.



For this to satisfy the wave equation,

2 & & &
(——+—+—+—) ap €Y =a,6 X (—K3 + k2 + k2 +k2) =0,

o2 ox2  ay? 072
or for some a,p # 0,
k, k¥ =0.
Q: Interpret k, k* = 0.

For the solution to satisy the gauge,
kyay e = % kpa) e
A 1 A
k)L aﬁ = 7 k/g ah.
Problem: Consider a wave traveling in the z direction.

k# = (kl 01 Ol k)i
where k > 0. Determine the possible values for a,g.

The gauge condition k* az = % kg a).

1
kagp+kazg =3 kg(—ano + a1 + @z + ass)

gives
ago + ago = —% (—ago + a1 + az + ass)
Qo1 +as =ag +axp =0
o3 + a3z = % (—apo + @11 + a2 + as3)
So
Aoy = —az1
Agz = —az2

1
ag3 = —5 (@33 + go)
Ay =—ay
Replace x* by
X' =X + €¥(X).

hen hiys=hys+ 2o 4 2
Then aop = a'8+67+ﬁx”

yields
a'yy=a; +2kieg =an
a'p=ap+ke+ke=ap
a'13 =a13 + k1€3 +k3€1 = a3 +k€1
a'23 =ap3 + k263 +k3€2 = a3 +k62
a'33=ag3+2k3€3=a33+2k€3
a'gp=agy —2koeg =ag — 2k e

because k; =k, =0.

Q: Interpret these equations. Which a,z are physical?
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I can choose ¢; to eliminate a;3. Similarly I can eliminate a3, azz, and ago.
Setting azz = 0 removes the longitudinal polarization.

ay; and az» do not change. They cannot be removed with a coordinate change.

There are two independent numbers a;; and a;2. The two independent polarizations are

00 O O 00O0O
OlOOand001O
00 -10 0100
00 O O 00O0O

Q: Simplicio: If I did not choose to eliminate a3, then there would be additional terms in the metric
ds? = —dt? + [1+ f(t—2)]dX® + [1 — f(t — 2)] dy? + [1 + W(t — 2)] dz? — w(t — 2) dt dz.
I could make w(t — z) really big and detect gravity waves easily. What is wrong?
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Spin of gravity waves

Consider the polarization

00 0 O
01 i O
=10 i -1 0
00 0O
Rotate by angle 6 about the z axis. The transformation is
A1t =cos6
A2 =sing
At = —=sin6
Ay? =cos 6
A =Ag"=1

and the other terms are 0.

'ap = Ao’ Ap’ 8y
Do the 11 term

a'n=A"Aa,s= A Artag + A2 At ag + At AP ag + AP AP ag,
cos2f —2isin@cosd —sin’ @

= c0s26-isin26
— e2i9
We can show that
a'aﬁ:ezmaaﬁ
For the polarization
00 0O
01 -i 0
bep=1o _i 1 0
00 00O
b'ap =621y

Q: For what rotation angle is the rotated wave the same as the original wave?

Gravity waves are spin 2.



