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Chapter 13

|ntroductory Many-Body Physics

Muchos pocos hacen un mucho.
(Many a pickle makes a mickle [30])
— Miguel de Cervantes, Don Quixote.

13.1 Introduction

In the last chapter, the quantum nature of a system of identical particles was introduced. A
number of importance consequences, such as the construction of the periodic table of ele-
ments and the shell theory of nuclei, were deduced based on the independent-particle model,
in which the interaction between particles was represented by part of the one-particle po-
tential without specifying how it was to be approximated. In this chapter, we introduce the
construction of one-particle potentials whose purpose is to take into account the many-body
effects on the single-particle dynamics, in particular, the Hartree and Fock approximations
and the density functional theory. The last is the framework for the Thomas-Fermi approxi-
mation and its systematic density-gradient corrections. It isalso the basisfor the local-density
approximation, which has been widely used, especially by solid state physicists and quantum
chemists. By a dlight extension of the Hartree-Fock methodology, we study the theory of
fermion pairing in the Bardeen-Cooper-Schrieffer (BCS) state, which has applications in su-
perconductors, the physics of the nucleus, and particle theory.

The method of second quantization will be first introduced as a concise way to deal with
many-body systems and as a convenient conceptual tool to understand the physics. Thus, |

hope that this chapter would also serve as a preliminary step to further study in quantum field
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618 CHAPTER 13. INTRODUCTORY MANY-BODY PHYSICS

theory and in many-body physics.

13.2 Second Quantization

In principle, we can gain complete knowledge of a many-particle systems by writing down
the Hamiltonian for this system and solve the Schrodinger equation associated with it. How-
ever, the Hamiltonian typically contains, besides the sums of single-particle kinetic energy
and static potential, the interaction between pairs of particles. This makes the partial differ-
ential equation of many-particle coordinates not separable. The resource required for direct
numerical solution beyond afew particlesis prohibitive.

One might imagine that one could start with a complete set of one-particle states and
construct al the symmetrized (for bosons) and antisymmetrized (for fermions) states as the
basis set for the N-particle state. The problem is then reduced to diagonalizing a matrix of
the Hamiltonian. Of course, the size of the matrix grows exponentially with V. Nonetheless
the idea of independent-particle basis states is a useful one as a starting point for building
approximations. One needs a better tool than working directly with the sum of symmetrized
products (permanents) or Slater determinants introduced in the last chapter. Second quan-
tization is the tool which facilitates the construction of a complete set of basis sets for any
number of particles. The ideaisto use an operator to connect one state of a definite number
of particlesto a state with one more or less particle. The operator also contains the dynamical
information of the particle added or removed. The most general state can then be expressed

as alinear combination of these basis states.

13.2.1 Thecreation operator

In the beginning, thereisvoid. We describe the state with no particles as the vacuum, denoted
by |0), the first state vector in the Hilbert space. Then, we put one particle at the position r,
given by the state vector

r) = 1(r)]0), (13.2.1)
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where we have introduced the creation operator + (1) describing the act of creating a particle
at r out of the void. For definiteness, we will focus our attention on r as the position coor-
dinates of a particle. If we wish to include additional independent degrees of freedom for a
particle such as spin, we could include in r the eigenvalues of S? and S - 71, etc. Since identi-
cal particles have the same fixed spin s, we need only include the azimuthal quantum number
m, along a specified direction z. In principle, the spins of the particles can have different
orientations n but an equivalent description is to use the same basis set of eigenstates along a
common fixed z direction and to specify the spin components for various m,. Similarly, we
could add an isospin quantum number of 75 for a nucleon. In genera, r represents a set of
guantum numbers which yield a complete set of one-particle states, such as nfmm, for an
electron in an atom.

One function of the creation operator ' (r) is to transform the vacuum state to the one-
particle state |). The idea of the creation operator is not totally new to us. We have encoun-
tered a couple of examples before. The creation operation in the harmonic oscillator problem
which gives cf|n) = v/n + I|n + 1) connects a state with n quanta of energy hw (plus the
zero point energy hw/2) to the state with n + 1 quanta of energy. The raising operator L,
connects the angular momentum state |¢ m) to |¢ m + 1). The only difference is that the one-
particle state has to be characterized, in addition, by the quantum numbers for a compl ete set
of one-particle basis states, such as .

Now, for a state with thefirst particle at r; and the second particle at r,, we could use the

description
r2,71) = [r2)a|r1)1, (13.2.2)

where the right-hand side describes the Hilbert space made up of a product of two single-
particle particle Hilbert spaces, with the particle at r; in one and the particle at r, in the
second. (Notice that we arrange the order of the Hilbert spaces of the individual particles
from right to left, opposite to the convention commonly used, cf. Sec. 11.3). Itsrelation to

the vacuum is

|ra, 1) = ¥l (r2) 9" (r1)]0). (13.2.3)
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Thisrecipeis OK if thetwo particlesare distinct, such asaproton and an el ectron, represented
by two different creation operators which commute with each other. If the two particles are
identical, we need (1) the two operators to be identical except for the dependence on the
guantum number, r; or r, and (2) their algebra reflects the permutation symmetry of the
boson or fermion character.

For bosons, the two-particle state has to be symmetrized:

S|ra,r1) = \%nrrz)zym T ralra)al. (13.2.4)
The normalization factor of 1/+/2 is determined by the requirement
(r'1, 75|88 ra, 1) = 6(ry — 12)8(ry — 1) + 6(ry — )8 (r] —12), (13.2.5)

where the Hermitian conjugate of the state vector of |ro, 1) has the particle positionsin re-
versed order. The stateis normalized in the continuous el genvalue case if one pair of quantum

number equal to the other or its exchange. The second act of creation is given by:

Slra,r1) = ¥T(ra)|r1) = ¥ (r2)07 (r1)[0). (13.2.6)

The symmetry of the state under particle exchange demands the commutation relation,

(o)t () = ®i(r)e (ra), (132.7)

or

[0 (r1), 7 (r2)] = 0T ()0 (r2) = ¥ (r2)0 (1) = 0. (13.2.8)

If the particles are fermions, the two-particle state has to be antisymmetrized:

Alrg,r1) = % [[72)2]m1)1 — |ri)2|ra)a] - (13.2.9)

In second quantized form, the state is given by
Alry,r1) = ¢ (r2) (r1)|0). (13.2.10)

The antisymmetry of the state under particle exchange demands the anticommutation relation,

P (r) et (r1) = =T (r) 't (re), (13.2.11)
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or

{01 (r1), ¥1(r2)} = ¥ (r) 01 (ra) + @1 (r2)0 (1) = 0. (13.2.12)
By induction, the same creation operator can be used to build an N-particle basis state,

epPlrn)n ... |r2)a|ri), (13.2.13)

XN|’I“N,.. 7’2,7"1

-
where P is the permutation operator acting on permuting the one-particle states among the
individual Hilbert spaces. For thebosons, X y isthe symmetrization operator Sy withep = 1.
For thefermions, X y isthe antisymmetrization operator Ay withep = +1 depending on the
parity of the permutation (i.e. on whether the number of exchangesiseven or odd). To add a

particle to an N-particle state, theruleis

wT(TN+1)XN|7’N, e ,7’2,7"1> = XN+1‘7'N+17TN7 e ,7“2,7’1> (13214)

For each N-particle space, we have a complete set of position eigenstates

Xnlry, .. orer) = 0T (et (rv_y) . 0T ()]0, (13.2.15)

whose boson or fermion property simply depends on the commutation rule. In the repre-
sentation of the symmetrized state in the second quantized form, the order of labeling the

individual particle Hilbert spacesis no longer important.

13.2.2 Theannihilation operator

In this subsection, we show that v (r), the Hermitian conjugate of the creation operator ' (r),
removes a particle at r if there is one there and destroys the whole state if there is no particle
ar.

The Hermitian conjugate of the state ¢)7(r)|0) is (0|¢)(r). The overlap of two states is
given by

(r'|r) = (0] (r")' (r)[0). (13.2.16)
We may read the above equation as showing that the action of () following the creation of

a particle is to reduce the one-particle state to a zero-particle state. Because of the orthonor-

mality of the position eigenstates, given by

(r'lr) = o(r — 1), (13.2.17)
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the annihilation operator (") reduce the one-particle state to vacuum if it hits exactly where
the existing particle is but destroys the vacuum state on theright if it does not hit the particle.
Thus, two important properties of the annihilation operator ensue. Oneisthe reduction of the

vacuum state to nothingness,
¥(r)|0) = 0. (13.2.18)

The use of thewords, “void” and “ nothingness’ seems Zen-like but the distinction is perfectly
precise. The void or the vacuum state is a state of the Hilbert space with no particles (or at
least no particles of the kind under consideration) whereas nothingness means no state in the
Hilbert space at all. The second property is the commutation relations, which for the bosons

and fermions are, respectively,
[W(r),» ()] = &(r—1'), (13.2.19)
{(r),v'(")} = 6(r—1). (13.2.20)

Note that if » contains a component of discrete quantum numbers, such as the spin, » =

(r.my), then
S(r—1") =06(r — 1), m:. (13.2.21)

The commutation relations between () and +(r’) lead to their Hermitian conjugate rela-

tions, for bosons and fermions respectively,
[W(r), ()] = 0, (13.2.22)
{v(r), ')} = 0. (13.2.23)

In general, the destruction effect is

N
V() Xnlrn, ... ) = Z eed(r —ro) Xn-1|rn, ..., (reremoved), ..., ry), (13.2.24)
=1

where e, isunity for the bosons and isthe parity symbol for the fermions. The parity e, = +1

depends on the even or odd number of exchanges necessary for the annihilation operator ¢ (r)
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to get to ¢ (), It follows that

O(ry) -, ()0 (rw) T r)|0) = Y epP{r;} H<0|¢(T})¢T(Tj)l0>

P

N
= > epP{r}[] 60— ), (132.25)

S
where P{r;} denotes a permutation of the variables ry,r,,...,ry. This useful result of
breaking an expectation value of an “anti-normal” product of annihilation and creation opera-
tors(i.e., annihilation operatorsto the left of the creation operators) into a sum of permutation
of expectation values of pairs of an annihilation and a creation operator, (r’,|r;), is a specia
case of the Wick’stheorem. It can be proved either from the definition of the symmetrized (or
antisymmetrized) state, (1, ..., 7y| X\ Xx|ry, ..., ), or directly from the commutation of
the operators, such as Eq. (13.2.24).

Working in terms of the representation of a complete basis set, we often make use of the

completenessrelation. Hereit is, in terms of the unsymmetrized states,

/drN.../dm]rN...r1>(r1...rN] = 1. (13.2.26)

Since this operators between two states which are always either symmetric or antisymmetric,

we can replace the left-hand side by the symmetrized version,
/drN.../drlXN|rN...r1>%(r1...rN|XN =1, (13.2.27)
or, in the second quantized form,
/drN.../drli/)T(TN)wT(TN_l)...¢T(T1)|O>%<O]@/}(T1)...@/)(TN) =1, (13.2.28)

When each state in the completeness relation is replaced by asum of N'! permuted terms, the
whole integral needs to be divided by N! x N! terms. The absorption of /N! in each X

leaves only N! in the denominator.

13.2.3 Second quantization of the physical observable

If the mapping of the momentum p to the operator —iAV is regarded as the first quantiza-

tion, then the change of the wave function to the operator ¢(r) may be considered as the
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second quantization. The wave function of an N-particle state represented by a symmetric or

antisymmetric state vector | V) is given by

<T’N,’I“N_1,...,7”1|\If> = \/i\[i'<TN,7"N_1,...,7"1|XN|\IJ>
_ \/%<ow(w)...¢<m)|m>. (13.2.29)

Note that the bra state on the left is not symmetrized. One advantage which we shall demon-
strate presently is the convenience of second quantization for dealing with many-particle
states. Animportant concept is that we have transformed the treatment of the many-particle
system into a treatment of the particle field (). We shall later see that the quantization of
the electromagnetic field is closely related to the particle field.

We need a way to represent the physical observable in the first quantization in terms of

the creation and annihilation operators.

The density and number operators

First consider the Hermitian operator

a(r) = i (r)e(r). (13.2.30)
Since
A(r)Yl(r) .t (ry)]0) = Z 5 — )t () ..t (rw)|0), (13.2.31)

using the commutation or anticommutation relations and since the sum of the §-functions
gives the density of particlesin the system, we can interpret the operator 7(r) as the number

density operator. Similarly,

N = / dri(r) = / dr ot (r)o(r), (13.2.32)

Is the total number operator, since

Nt (r1) .. 4 (r)[0) = N (1) ... 0 () 0). (13.2.33)
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One-particle properties

A one-particle observable is a function of position, momentum, spin, etc., of a particle,
f(r,p), where p includes the dynamic operators in the |r) representation not in the set of
operators producing the eigenvalues r, such as the momentum operator and spin components
S, and S,. For the N-particle system, the sum of the identical property over al particlesis
given by the observable

N
F(ri,pi,-- 7N, PN) ZZf(Tj,pj)- (13.2.34)

j=1

Its matrix element between any two N-particle statesis given by

N
<(I)|F’\I/> :/d’l“l/d’I“N<(I)|’I“1T’N>Zf(T],pJ)<T’NT1’\I/> (13235)

j=1

- N/drl.../dTN<(I>|T1...TN>f(T1,p1)<TN...r1|\I/>

. ﬁ/drl.../drN(CI)WT(rl)...W(TN)|0)f(r1,p1)<0|¢(7‘N)...w(rl)\\m.

The first-quantized operator f(r1, p;) may be moved to the place just the left of () since
p1 commutes with all r; except ;. The middle two vacuum states may be replaced by a
complete set of states of any number of particles without changing the equation since the
additional states are orthogonal to the state to the right of (0] or to the left of |0) which has

no particles. Thus,
(®|F[W)

= ﬁ /drl . /drN((I)]@/)T(rl) .. .@N(TN)Q/J(TN) o (re) fry, p1)Y ()| W)

— (@ / At (r1) £ (1, po oo (1) 2). (13.2.36)

Since by Eq. (13.2.33) [ dryt¢t(ry)¢(ry) = N, operating on the state to the left containing
net one-particle, yields afactor of unity, the next integral operates on a two-particle state and

SO 0N, successive integration over ry,ry_1,...,7rs givesafactor of 1,2,..., N — 1 which
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cancels the factorial in the denominator. Hence, the second quantized form of the observable

Fis
F= / dr T (r) f(r, p)ip(r). (13.2.37)

Two important applications of the formula are for the total kinetic energy and potential

T = / dr )t (r) (—%W)W)

Vo= / dr (o) (r). (13.2.38)

energy of the system,

Two-particle property

We can similarly derive from

1
(O|U|W) :/drl.../drN<<I>|r1,...,rN>§Zu(7‘j,pj;rk,pk) (rn,...,r1|¥), (13.2.39)
ik

the second quantized form

U= % / dr / drpt (r )t (r yu(r, () (r) (13.2.40)

Thisis particularly important for the Coulomb interaction between two electrons where

2
u(r —r’) ©

(13.2.41)

- dreglr — /|
13.2.4 Transformation of the second quantization

We study the transformation from the creation operator ' (r) and annihilation operator (r)
in terms of r to another set of quantum numbers. Suppose that a new complete orthonormal
set of one-particle states |uy), k£ = 0,1, .. ., isused instead of |r). We choose here to assume
the quantum numbers k£ to be discrete. We can make a series expansion of the annihilation

operator as

Y(r) = up(r)ck, (13.2.42)
k
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where uy(r) = (r|u) and

k= /druZ(r)w(r), (13.2.43)

which may easily be interpreted as an operator which annihilates a particle in state |uy), just

asc| createsaparticlein the state
|ug) = ¢l |0) (13.2.44)
since
(rlcf10) = (Ol (r) / dr'ui (r)! (r)]0) = (0] / dr'8(r — ' )u(1)|0) = us(r) (13.2.45)
For the boson operators, the commutation relations are
[k, en] = crew — cpeg = 0; (13.2.46)
[ck, CH = ckcL, - chk = O - (13.2.47)
A normalized and symmetrized state made up of N noninteracting bosonsis given by

nsod)s = CHIDSNIINI Ny - [71)1]

1 .
= O 7 Epj [Gn)ws - i), (13.2.48)
where C'({j}) isthe normalization constant
‘ 1
CH{i}) = 7= (13.2.49)
Hk Nng-
to be derived now. Since for bosons, some of the quantum numbers ji, ..., jy can be the

same, let n;, be the number of particlesin state k. The number of distinct states after permu-
tation is N!/ [ ], nx!. The normalization constant using the sum of distinct states would be
V/TI n!/N'. In using the sum over all permutations we have overcounted the states which
should then be divided by [ [, n!. Thus,

C{i}) Nl Hk o=t (13.2.50)
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The argument for the normalization constant isillustrated by the consideration of two-boson

states in Problem 1. By the definition of the second quantized formin Eq. (13.2.15),

el cl10) = Snllin)ws - i) (13.2.51)

The normalized N-boson stateis, therefore,

Ny d1)s = \/ﬁc}N...CMO% (13.2.52)
7]

- HL/%(C;)W} 10). (132.53)
; !

For the fermion operators, the commutation relations are

{Ck, Ck/} = CpCr + Cpcp = O; (13254)
{Ck, CL,} = CkCL + CL,C}.C = 5k,k’~ (13.2.55)
The normalization of the V-fermion stateis much simpler sincethe occupied states j, . . . , j

have to be different from one another:
Ny g)a = An[ldnN)N, -5 )]
LS Pl i
= — e ey
\/m . PL[|JN)N Ji)
= el ... clo). (13.2.56)

It is, of course, possible to introduce the creation and annihilation operators in terms of

the single-particle states and derive the field operator ¢ (r) as an expansion in terms of them.

13.3 The Non-interacting Homogeneous Bose Gas

As an example of the use of the second quantization, we study a few key properties of the
ideal Bose gas, i.e., a system of N spinless Bose particles which do not interact with each

other nor experience an external potential. The Fermi gasis given in Problem 11.
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13.3.1 Energy eigenstates

The Hamiltonian is given by

H=S"2 (13.3.1)
— 2m
J
In second quantized form, it becomes
h2
H= / d*ript(r) (— 2—v2) P(r). (13.3.2)
m

Since the system is homogeneous, the eigenstate of each particle is a plane-wave state and in

that basis, the annihilation operator iswritten as
V() = V2N e, (13.3.3)
k

where we have put the bosons in alarge box of volume 1 with periodic boundary conditions.

The Hamiltonian becomes

hk?
H= gekcf(ck, where ¢, = Syt (13.3.4)
An energy eigenstate is of the form
1
) = [{n}) = )™ 0), 13.35
W) = Kruc}) ];[\/n—k!(k)H (13.3.5)

where {n, } denotesaset of occupation functions of single-particle statesk. Thismany-boson

state | ') is also an eigenstate of the number operator chk for state k with the eigenvalue n,.

13.3.2 The pair distribution function

The pair distribution function, g(r, r’), is the probability of finding a particle at the position
r relative to the position of a particle already known to be at a position r’. By the classica

analogy, it may be written as the density-density correlation function,
g(r,r') = —(A(r)a(r))

= SR e ) )| e), (13.3.6)
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wheren = N/V isthe average density and the angular brackets denotes the expectation value
with respect to a state. For convenience of evaluation, the expression is rearranged into the

normal order, i.e., the creations operators to the left and the annihilation operatorsto the right,

g(r,1) = [ (0)(r)d(r — ') + (W) () ()1 (r))]. (13.3.7)

n
This result is valid for both fermions and bosons. Removing the spiky term, we obtain the

pair distribution function for the quantum particles,

Glrx) = gler) — ()~ v)
= WO ) (1339

The given boson system is trandlationally invariant. The distribution function can be simpli-

fied to depending only on the relative distance between the pair of particles,
/ 1 / /
G(r —r') = —(0i(r =)o 00 (r —1)). (1339)

Wick’s theorem states that the non-interacting N-particle state expectation value of a
“normal” product of equal numbers of creation and annihilation operators can be broken
into a sum of products of expectation values of all possible pairs of one creation and one

annihilation operator. Thus, the pair distribution function becomes

G(r) = %KWI‘W@)W(OW(O» + (T (0)(0)) (%7 (0)(x))]. (13.3.10)

(For fermions, the second term would be negative because an odd number of pair exchanges
were made.)

Since the trandation invariance of the system ensures that ()7 (r)w(r)) = n isindepen-
dent of the position, the pair distribution functionis

n1(07 I‘) ?

Gr)=1+ "

, (13.3.12)

wheren; (0,r) = (1(0)(r)) isknown asthe one-particle reduced density matrix. By means

of the plane-wave expansion (13.3.3), itis

(Wt 0)e(r)[w) = V1Y nget, (13.3.12)
k
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which can be evaluated explicitly, for example, for a Boltzmann distribution (as a high tem-

perature approximation for the bose thermal distribution),

ng = e~ (®=W/keT (13.3.13)

G(r)=1+¢e P, (13.3.14)

where )7 is the thermal wavelength, 71/\/mkpT. Note that at r = 0 the pair function is 2
and it decays off to unity. The enhancement of the probability of finding one boson on top
of another (even without interaction) is the constructive interference effect of the two boson
wave functions. Thisbunching effect isfound in abeam of photonsin thermal equilibrium by
the intensity interferometry of Hanbury Brown and Twiss, which will be studied in the next

chapter on the quantization of the electromagnetic field.

13.3.3 Verification of the special case of Wick’stheorem
In the plane-wave expansion, the pair distribution function becomes,

n*G(r) = V2 Z e_iE'Fer'F(\I/|chIcmcn|\I/>. (13.3.15)

klmn

For nonzero expectation values, the states k and 1 must pair up with the states m and n.
Because of the boson nature, the values are different depending on whether k and 1 are the

same or not. Thus,
(‘I’\CLCICan\\m = (1 — 0x1) (Ok.n01.m + Ok mO1n) kM + Ik 10k mOk nk (nk — 1). (13.3.16)

When the expectation value is put back in the sum, the factor dy; restricting the terms on the
right makes the contribution from such terms smaller than those termswithout such restriction

by afactor of 1/N. Thus, inthelarge N or V' limit keeping the density constant,
<\If]cltcchmcn|\Il> = (Ok nOLm + Ok mO1n )Nk (13.3.17)
Thisis an example of Wick’s theorem of two possible pairings,

<CLCICan> = (chcn)<c}Lcm> + <chm><cIcn). (13.3.18)
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13.4 Hartree and Fock Approximationsin a Fermion Sys-
tem

In the rest of this chapter, we shall concentrate on the many-fermion system. The simplest
approximation to find the ground-state energy is by utilizing the variational principle starting
with the wave function of asystem of noninteracting fermions, i.e., IV particles occupying the
single-particle states {¢;(r)}, wherej = 1,..., N. The“best” single-particle wave functions
are defined as those minimizing the total energy of the whole system.

By the method in the last chapter, we would write down the Hamiltonian of the system of
fermions,

H=>" {5—3 + u(rj)} 41 > ulry =), (13.4.1)
;L 2

where v isthe one-particle potential and « isthe interaction between two particles. To find the
ground state energy, we minimize the energy expectation (V| H | V), where | V) isa Slater de-
terminant of /V single particle orbitals ¢,(r). The resultant variational equations then govern
the orbitals.

Asan dternative way to proceed, we shall evaluate the energy by the second-quantization

method. We let the annihilation operator be given by the infinite series,
Y(r) = ¢i(r)e. (13.4.2)
j=1

The spin degrees of freedom are understood to be included in the coordinates » = (r, m,) and
the quantum numbers j = (k, o). The single-particle functions ¢,(r) are to be determined
bel ow.

The Hamiltonian for the whole system in second quantized form is

io= [ariio) (- o) o)+ [art et

+ %/dr/dr'W(T)@bT(r')u(r—r’)w(r')w(r). (13.4.3)

The first term on the right is the kinetic energy. The second is the total potential energy due

to the external potential v(r) acting on each particle. For example, in an atom, molecule,
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or solid, v(r) is the Coulomb potential due to the positively charged nuclei, which are taken
to remain fixed in position. The third term is the interaction between pairs of particles, for
example, the Coulomb repulsion between electrons,

2
’ e

O P — 13.4.4
u(r =) dreg|r — 1| (1349
In terms of the annihilators c;, the Hamiltonian is
1
H = Z hjkC}Ck + 5 Z U/Z'jMCIC}CkCg, (1345)
Jk ijke
where the single-particle part of the energy is given by the matrix element
hQ
by = [ draso) |- 57 4000 o), (1348
and the interaction part is given by the Coulomb matrix element,
Uispe — / dr / 4 ()8 (Y — 7)o () be(r). (134.7)
The variational ground-state vector is
N
@) =[]0y, (13.4.8)
j=1
and itswave functionisthe NV x N Slater determinant,
1
<T1, c. ,TN|\I’0> = Wdet[(b]<7“]/)] (1349)
The energy expectation is
(V|H|W)
E=-—" (13.4.10)
(W]w)

The Hamiltonian matrix element is easily evaluated if one has a couple of relations. Oneis
(U|chey|T) = n;d;, (13.4.11)

wheren; = 1 if statej is occupied by aparticle and = 0 if it isunoccupied. Note that if £ is
not one of the statesin |¥), the state will be annihilated. The reason j = k follows from the

orthogonality of two N-particle states with different orbitals. The other is

<\IJ|C;[C}L-C;€Cg|\D> = nmj ((Sl 5jk: — (Sik(Sjg), (13412)



634 CHAPTER 13. INTRODUCTORY MANY-BODY PHYSICS

which can be evaluated by the same pairing reasoning of each annihilation operator with a
creation operation as in the bose case above. Note the minus sign which comes with the

permutation required before the pairing. Hence, the variational energy is
1
FE = Z hjj + 5 Z ninj (uijji - uijij)7 (13413)
j ij

as we have taken the single-particle orbitals to be orthonormal. Since the matrix elements of
h and u involve the functions ¢;(r) and ¢;(r), we may vary them independently to find the

smallest . Since

N
(ww) =] / dr ¢ (r)o(r), (13.4.14)
j=1
we use the Lagrange multipliers ¢; to keep the single-particle wave functions normalized and
minimize
N
(UIH[T) =) ¢ / dr ¢ (r)o(r), (13.4.15)
j=1
subject to the condition that
/ dr gt (ro(r) =1, forall ) (13.4.16)

The variational equations can be obtained by differentiating Eqg. (13.4.13) with respect to
¢*(r),

I gy + [ ' veir. 16400 = ey, (13.4.17)
where
vt () = o(r)5(r — ') £ on(r)S(r — ) +va(rr’),  (13.4.18)
o) = Som / dr' u(r — )| s(r') . (13.4.19)
v(r, 1) = — Z i (r)u(r — ')t (). (13.4.20)

Theresult can be simply interpreted as that the Hartree-Fock approximation to the ground

stateismade up of N fermionsintheorbitals{¢;(r)}, which are governed by the one-particle
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Schrodinger equation with an effective non-local potential ves. The effective potential is
composed of three terms. The first is, of course, the original external potentia v(r). The
second vy () is the potential due to interaction of the particle in orbital j with the density
distribution of all the particles. For electrons, this is the electrostatic potential due to the

particle density n(r),
vg(r) = /dr’u(r — " )n(r’), (13.4.21)

n(r') = Zni|¢i(r')]2. (13.4.22)

It might seem that the electrostatic interaction of an orbital j with itself is unphysical and
should be excluded from the sum above. Indeed, the original Hartree approximation, which
is avariationa result using the trial wave function of a product of N orbitals (without anti-
symmetrization), leads to the Hartree potentia vy () with the sum excluding thei = j term.
However, for the convenience which an orbital-independent potential brings, we have kept
the self-interaction term in the Hartree potential. The defect is ameliorated in two different
ways:. (1) the second sum also containsan i = j term which cancels out the first term and (2)
in very large systems, the error is of the order 1/V.

Thethird term in the effective potential, v, (r, r’), isthe only nonlocal term. It isknown as
the Fock term or the exchange potential. Notice that from Eq. (13.4.13) the Hartree term v, ;;
originates in the Coulomb matrix element w;;,, which causes the scattering of one particle
from state ¢ to state : (see Eq. (13.4.12)) viainteraction with a second particle from state £ to
state j. The term “exchange” comes from the exchange of the roles of states & and 7 in the
two-particle scattering. Thispoint isillustrated in Fig. 13.1.

If we consider the fermionsto be spin 1/2-particles, the states 7 and j contain spin up and
down states. Further, let us consider the interaction potential to be independent of spins, asis
the case for the Coulomb interaction, i.e. in u;,, states ¢ and ¢ have the same spin states and
so do j and k. The sum over i in the density n(r) includes sum over spin up and down states
and the Hartree potential for the electron in state ; depends equally on the density distribution
of both types of spin states. On the other hand, while the so-called reduced or one-particle

density matrix n(r,r") = >, n;¢;(r)¢; (") does sum over both spin states, the exchange
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Direct Exchange

Figure 13.1: Direct and exchange interaction between two particles. The solid lines with
arrows represent the propagation of the two particles and the dashed line the interaction. The
diagram on the left represents the matrix element u;;; in Eq. (13.4.7) and the diagram on the
right is the exchange counterpart v;;;. Note the sequence of the indices start from the upper
left corner of the diagram and goes clockwise.

potential which contains the scattering of a particle from state 7 to j, leading to these two
states having the same spin state. (Thisis clear from Fig. 13.1.) The repulsive nature of the
exchange potential tends to keep the fermions with parallel spins away from each other. This
is the result of the Pauli exclusion principle obeyed by the variational determinant.

Unlike the old one-particle Schrodinger equation, the effective potential in the Hartree-
Fock equation depends on the one-particle density matrix and, thus, on the wave function we
need to solve. The solution isusually carried out by iteration. The potential isthen said to be
selfconsistent. The local part, v + vy, is sometimes called the self-consistent potential.

The Hartree-Fock approximation does a fair job in calculating the total energy of the
electrons in atoms and the electronic configurations of the atoms in the periodic table. The
relative ordering of the 3d and 4f electrons and other similar shells tends to be less reliable.
While the accuracy of one per cent for the total energy by the Hartree-Fock approximation
seems impressive, this discrepancy, which is called the correlation energy, is important for
molecule bonds and solid cohesion. The most important part of the correlation effect is the

repulsion by the electrons of opposite spins beyond the Hartree potential, which is not in the
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exchange potential.

A model of a simple metal is given by a system of interacting electrons in a uniform
background of fixed positive charges, with the amount of charge neutralizing the charge of NV
electrons. The system is known as the homogeneous el ectron gas or the jellium. Problem 11
shows what the Hartree-Fock solutions are. Because of the complete translational symmetry
of the Hamiltonian, the Hartree-Fock orbitals are plane waves. The ground state energy can
be split into akinetic energy term and a Fock or exchange term. Because of the compensation
effect of the positive background and the electron gas, there is zero contribution from the
Hartree term plusthe potential energy dueto the positive background charges. To compare the
Hartree-Fock energy with experiment, we need to take simple metals such asthe akali metals
or aluminum and subtract out the electrostatic energy (including the Hartree term). Then, the
result isnot asgood asfor atoms, especially for lower density metals. A particularly egregious
error isthat the Fermi velocity (see Problem 11) isinfinite. The difference between the exact
energy and the Hartree-Fock energy is known as the correlation energy of the homogenous
electron gas. Note that the kinetic energy in the Hartree-Fock approximation is not the exact
Kinetic energy. Therefore, the correlation energy contains a part which is a correction to the
kinetic energy as well as a part which is a correction to the interaction energy. The theory of

the correlation effects is beyond the scope of thistext and the reader isreferred to [13].

13.5 Density Functional Theory

The density functional theory provides an aternate view to the Schrodinger equation where
the potentia is the key to the determination of the properties of the system. It has a long
history starting with the Thomas-Fermi approximation and the Dirac exchange correction in
the early days of quantum theory. The general formulation and modern applications started
in the sixties. The method has been developed into a widely used computational tool for the
studies of the electronic and structural properties of molecules and solids.

For simplicity of exposition, we shall now restrict ourselves to the consideration of a
system of electrons which interact with each other via the Coulomb repulsion and with nuclei

inafixed configuration. Thisthen appliesto awide range of systemsfrom atomsto molecules
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to condensed matter. It is also possible to extend the theory to other fermions, particularly
systems of nucleons, and to interacting bosons.

The Hamiltonian of our many-electron system is given by

H=T+V+U, (13.5.1)
where the kinetic energy termiis
. ; h2 )
T = /dr¢ (r) (—%) V=3Y(r), (135.2)

the potential energy in the presence of afixed constellation of nuclel is

Vo= / dr T (ryv(r)v(r), (13.5.3)

and the mutual Coulomb repulsion between the electronsis

U= %/dr/drlw(r)W(r')u(r, ) (r')(r) (13.5.4)

We have seen that the Hartree-Fock approximation falls short in the physical and chemical
properties which depend on the correlation effects. An improvement is to use linear combi-
nation of the Slater determinants, known as the configuration interaction method. However,
the complexity of the computation grows exponentially with the size of the system. For ex-
tensive systems, especially metals, the model of homogeneous electron gas is studied for its
interaction effects. (See Sec. 13.5.6 and Problem 11).

The density functional theory provides an alternative way to proceed. First, the elec-
tron density distribution replaces the many-electron wave function as conceptually the key
guantity to compute. Historically, this point of view started with the Thomas-Fermi approxi-
mation. Second, the theory provides an approximation which makes use of the properties of
the homogeneous el ectron gas which are known. After much testing in thirty some years, the

strengths and weaknesses of the approximation are pretty well known.

13.5.1 Thedensity functional theorem or Hohenberg-Kohn theorem

All properties of an interacting electron systemis a functional of the density distribution.
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Let us elaborate on the statement of the theorem. In the Hamiltonian of the interacting
electron system, we observe three inputs which determine the properties of the system, the
electron mass, the Coulomb interaction between two electrons and the external potential v(r).
If we consider the class of al many-electron systemswhich include atoms, molecules, liquids,
and solids, the electron mass and the interaction potential between two electrons are constant
throughout the class but each external potentia v(r) uniquely determines al the properties
of a particular system. In principle, once the potential is given, the Schrodinger equation for
the system may be solved for the energy eigenfunctions and any property calculated. Thus,
we say aproperty isafunctional of the potential v(r). Theword “functional” is used in place
of “function” because the variable is not a number but a function itself. In particular, the

electron ground-density density distribution

n(r) = (L1 (r)o(r)| @), (1355)
isafunctional of the potential. The Density Functional Theorem asserts that the converseis
also true, namely that the potential is, apart from an arbitrary constant, uniquely determined
by the density n(r).

The proof is ssmple, showing, by reductio ad absurdum, that no two potentials differing
by more than a constant can correspond to the same density distribution. Suppose that there
are two potentials v(r) and v'(r) which differ by more than a constant and which produce
the same density n(r). Aside from n(r), al other quantities associated with the system with
potential v'(r) are denoted by primed symbols. From the variational principle we have the

ground-state energy

E = (U|H|U) < (V'|H|V'), (13.5.6)
where & and ¥’ are the ground states of the systems with potentials v(r) and v'(r), respec-
tively. The equality is excluded in Eq. (13.5.6). Were the equality to hold, W' would be
another state of H of the same energy as the ground state and

(V = V)T = (E — E"|T). (13.5.7)

It would mean that the wave function had to vanish where the potentials differ which is

impossible unless they differ only by a constant.
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The last expression of Eg. (13.5.6) is
(W H|WY = (V|H + (V- V)V = F + / driv(r) —o'(M)n(r).  (135.8)
Hence, the inequality (13.5.6) becomes
E<E+ / drlo(r) — o ()]n(r). (13.5.9)
Interchanging the roles of the two systems, we have
E <E+ / dr[v' () — v(r)]n(r). (13.5.10)

Addition of the two inequalities lead to the absurd result that £ + ' < E' + E.

When the theorem was first published, there were many objections from the physics and
chemistry communities. One reason was that it was then known that the knowledge of one-
particle density matrix n(r, ") was sufficient to determine all the properties of the interacting
system. Since the density is only the diagonal part of the density matrix, it contains less
information than the density matrix. How could it then replace the density matrix? A simple
and familiar way is to view the change of the functional variable from the potential v(r) to
the density n(r) as analogous to the Legendre transformation in thermodynamics when the

ground-state energy as afunctional of v contains the potential energy term

V= (v / dr 1 () o(r) e ()| ) = / drn(r)o(r), (135.11)

which is a“product” of v and n, similar to the PV, T'S or M H term in the free energy in
thermodynamics.

As a corollary of the theorem, since v(r) is a functional of n(r), every property of the
electron system is and, in particular, so are the ground-state expectation values of the kinetic
energy and interaction energy.

Clearly, the theorem can be applied to more than the class of electron systems. It could
be for a class of fermions or of bosons. In the way the theorem was stated above, the math-
ematical niceties of the Banach spaces of n(r) and of v(r) are glossed over. A constructive

procedure which avoids such problems to some extent was given by Levy.
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As aresult of the density functional theorem, the ground-state energy can be put in the

form:
E = Elv,n] = / drn(r)o(r) + Fln(r) (135.12)

where the first term is the ground-state expectation of V' and F'[n| is the expectation value of
T + U, the kinetic energy and interaction energy. If the electrostatic energy due to the static

electron charge distribution —en(r) is explicitly written out,
Fln] = % / dr / dr'n(ryu(r — )n(r') + Gln). (13.5.13)
The energy functional G can further be expressed in terms of the one-particle density matrix
n(r,r') = (Wt () (r)|v), (135.14)
and the two-particle correlation function
c(r,r') = (W ()t () () ()| W) — n(r)n(r'), (135.15)

which isrelated to the pair distribution function. Hence,

Gln] = /drg(r, n]), (13.5.16)
h2
g(r,[n]) = — %VQTL(T, ) =y +% /dr'u(r')c(r — %7",7’ + %T,). (13.5.17)

For later use, we have introduce the energy density ¢(r, [»]) which isalocal function of r as

well asafunctional of the density n(r).

13.5.2 Thevariational theorem with respect to the density

If another density »’(r) which correspondsto the systemwith the potential «'(r) which differs
by more than a constant from v(r), the substitution of »’(r) in Eq. (13.5.12) will yield an
energy larger than the ground state energy.

As before, we have

(U|H|T) < (U|H|T". (13.5.18)
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But the right-hand side is
(W' H|W'Y = (W'|V|') + (W'|T + U|V') = / dro(r)n'(r) + F[n/].  (13.5.19)
Hence,
E,[n] < E,[n]. (13.5.20)

For agiven potential v(r), the correct density put in Eq. (13.5.12) yields the lowest energy.
The variational theorem can be put in an alternative form. Let én(r) be asmall deviation
from the correct density distribution n(r) without changing the total number of particles,

[ drén(r) = 0. Thefirst-order change in energy is zero,
SE,[n] = 0. (13.5.21)

Combining this equation with the condition of constant number by means of a Lagrange

multiplier i, leadsto
dE,[n] — u/drén(r) = 0. (13.5.22)

A physical interpretation for 4 is the chemical potential, i.e. the energy required to remove
or add an electron in an extensive (or thermodynamic) system. From the definition of the

functional derivative as

Fln + on] — Fln] / dr 52?; son(r) + O((6n)?). (13.5.23)
Eqg. (13.5.12) yields
5F
o () = (13.5.24)

Thisfunctional differential equation in principle determines the density distribution.

The two theorems form the theory framework for an approach to the problem of the inho-
mogeneous interaction electron system. Instead of the usual way of attempting to construct
the ground-state wave function, we | et the electron density distribution play the central roleto

characterize the system. The task isfirst to construct the functional F'[n], i.e. the functional
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dependence of the kinetic plus interaction energy on the density n(r). In what follows, we
shall examine a number of ways to construct F'[n]. Once F'[n] is at hand, one can then try to
solve the variational equation.

The most obvious approximation isto find theinfinite seriesin powers of v(r) and convert
it to aseriesin powers of n(r) — ng. In practice, thisis not agood computational scheme but
it is useful in contemplating some structures of the theory, such as in showing the existence

of the density functional for a set of the density functions near a constant density.

13.5.3 Systemsof noninteracting fermions

The density functional theory certainly appliesto the many-fermion systems without interac-
tion. Thisis more than an exercise to orient ourselves with the density functional theory. It
can actually tell uswhat is missing in the interaction effects and al so provide a handleto solve
the bland-looking functional differential equation (13.5.24). The sum of the single-particle

energies provides the ground-state energy in the density-functional form
Es, = /drv(r)n(r) + Ti[n), (13.5.25)

where T [n| denotes the kinetic energy of the noninteracting fermion system with the density

n(r). The variational equation which determines the density is

0T
on(r) Folr) =

(13.5.26)

Although we do not know if the variational equation has more than one solution for the
density, we do know that it has at least one, given by solving the single-particle Schrodinger
equation,
52
[— %VQ + v(r)] oi(r) = e;0;(r), (13.5.27)
and constructing the density distribution

n(r) =3 0(n—e;)lo(r)l” (135.28)

We have this rather useful result that a functional differential equation of the form of
Eq. (13.5.26) can be solved by the associated one-particle Schrodinger equation. Now we just
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need to mangle an energy functional into the form of Eq. (13.5.25). This observation enables
usto avoid the unpleasant task of having to construct T[n], although in some circumstancesit
ispossible to do so. The construction of the perturbation seriesin powers of the potential v(r)
for the noninteracting caseis easier than the interacting case mentioned in the last subsection.
The power seriesof T inv(r) isthen inverted to apower seriesof T[n] intermsof n(r) —ny,

the deviation of the density about the average.

13.5.4 The self-consistent field approximation

In the spirit of the Hartree approximation we make the approximation for the functiona F'[n]

by keeping just the el ectrostatic interaction energy term,
Fn] = %/dr/dr’n(r)u(r —")n(r') + Ty[n]. (13.5.29)

The variational equation isthen

o7,
on(r)

+o(r) +vg(r) = p. (13.5.30)

By the argument in the last subsection, the solution for the density is given by solving the

selfconsistent field equation

2

- h—VQ + Uscf<r) (bj(T) = €j¢j<r)7 (13531)

2m

where the self-consistent field potential is
Vsep (1) = v(r) + v (r). (13.5.32)
Compare this with the results in the section on the Hartree and Fock approximations.

13.5.5 Thedensity functional equation

The previous two subsections give us a way to develop the density functional theory further.

Let uswrite

G[n] = T.[n] + Ey[n). (13.5.33)
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The ground-state energy is now split up into

E =T,[n] + / dru(r / dr / dr'n(r)u(r — " )n(r') + Eg[n], (13.5.34)

i.e., the kinetic energy of noninteracting fermions which have the same density n(r), the
potential energy due to the external potential, the electrostatic interaction energy, and the
energy beyond the Hartree energy. Thus, we follow the common usage of naming E,.[n] as

the exchange and correlation energy. We note that
T,[n] # (U|T|W), (13.5.35)

i.e., the kinetic energy of the noninteracting system is not equal to the true kinetic energy of
the ground state of the interacting system with the same density distribution.
The variational equation becomes

0T,
W + Ueff(T) = U. (13536)

The effective potential has three terms:

Veps (1) = 0(r) + vE(r) + vee(r). (13.5.37)
The new term,
6Ea:c
Vge(T) = on(r)’ (13.5.38)

isthe exchange-correlation potential. It isalocal function of » and afunctional of the density.
For simplicity, the functional dependence of vy, v,. and v. s, iS understood.

The density is then given by

Z 0 — e;)|0;(r) ]2 (13.5.39)
where the orbitals are the solutions of the density functional equation,
7;L2
|:— %VQ + Ueff(T'):| ¢j (7") = 5j¢j (7") (13540)

Note that the reduction of the solution of a many-body problem to the solution of an ef-
fective one-particle Schrodinger equation is exact. The theory concentrates the work involved

in including the exchange and correlation effects into the construction of v,.(r).
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13.5.6 Thegradient expansion

As apreparation for an approximation of the exchange-correlation potential which turns out
to be widely used, let us consider an approximation dated back to Thomas and Fermi. The
density functional theory is aso avery natural framework for the Thomas-Fermi approxima-
tion and its extensions.

Imagine that the spatial variation of the density is actually slowly varying. Then, in a
neighborhood of the point r, we might approximate first the local properties of the system as
afunction of thelocal density n(r). The energy density in Eq. (13.5.17) for the homogeneous

gasisthen given by
go(n) = nexp(n), (13.5.41)

where e, (n) isthe total energy per electron of the homogenous electron gas. It can be broken

up into three parts
en(n) = eo(n) + ex(n) +ec(n). (13.5.42)

The first two terms are the noninteracting part of the kinetic energy and the exchange energy,

given by
3h? 1.1050
co(n) = 10m(37r2n)2/3: 5 au, (13.5.43)
2 4582
e.(n) = —ii(&r?n)l/?’:—o T58 au., (13.5.44)
m s

where r, isthe mean distance of the electron in units of the Bohr radius given in terms of the
density by n = 3/(47rr3ag). (See Problem 11.) The correlation energy wasfirst considered by
Wigner [29] in the low density limit and an interpolation formula was given with correction
by [19],

0.44

B P 13.5.45
r+ 779 2! ( )

ge(n) =

The correlation energy ¢.(n) has been evaluated as a function of the constant electron density
[4]. The method is based on avariational wave function which contains two-particle correla-

tion (the Jastrow function). A convenient form of the result may be written as an analytical
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formula[17]:

0.1423
¢ = — , forr, > 1, 13.5.46
e(n) 1+ 1.0520 /7. + 0.3334r," ' * = ( )

= —0.0480 + 0.0311Inr, — 0.01167, + 0.0020r, Inr,, for r, < 1.

Thus, we can consider the total energy per electron as afunction of density as known.
If the density distribution actually varies gently over space, thefirst approximation for the

energy functional is
Gln] = /drn(r)eh(n(r)). (13.5.47)

The classic Thomas-Fermi approximation keeps only the kinetic energy termin EqQ. (13.5.43).

The variational equation becomes

n(n(r)) + vr) + op(r) = (13.5.48)
where
pn(n) = %[nah(n)] (13.5.49)

isthe chemical potential of the homogeneous gas at the density n. When the potential v(r) is
given, the variational equation may be solved selfconsistently for the density n(r).
To improve on the local approximation, one would include the effects of the gradient of

the density. The gradient expansion of the energy density has the form

g lal) = go(nl0) + 3t (n(r))n(r) (13550
b 3 [ ot pntr) + 5 0l 5 )]
a,fB @ @

Rotational symmetry excludes the odd-power gradient terms and simplifies the expression to
g(r,[n]) = go(n(r)) + gra(n(r))|[Vn(r)]* + . ... (13.5.51)

We have also eliminated the term g, (n(r))V?n(r) since it can be expressed as a divergence

plustermslinear in Vn(r).
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Application of the Thomas-Fermi approximation to the atoms has given a good trend
for variation of some properties of atoms as functions of the atomic number. However, the
density reflects too faithfully the features of the potential. Thus, it diverges at the nucleus.
The density also lacks the shell structure. Piecemeal addition of the gradient correction terms

yields results which oscillate about the true solution.

13.5.7 Thelocal-density approximation

Since the quantum effects on the density are retained approximately in the Hartree approxima-
tion, retention of thekinetic part, T;[n], should be avast improvement over the Thomas-Fermi
approximation. The problem now becomes the construction of the exchange-correlation en-
ergy functiona FE,.[n]. A sSimple approximation in the spirit of the Thomas-Fermi approxi-

mation is the local-density approximation:

E..= /drsxc(n(r))n(r), (13.5.52)

where ¢,..(n) is the exchange-correlation energy per electron of the homogeneous gas at the

density n. The exchange-correlation potential is then given by

Ve = ch(n) = %[nexc(n)]a (13553)

the exchange-correlation part of the chemical potential of the homogeneous electron gas at
thelocal density n. Gradient corrections have also been given in the literature.
The many-electron problem is now reduced to solving the one-particle Schrodinger equa-

tion (13.5.40) with the effective potential in the local-density approximation,
vLpa(r) = v(r) + vE(r) + frac(n(r)). (13.5.54)

Thiswasfirst tried out on a number of atoms[25]. The comparison of anumber of properties
with experiment and with the Hartree-Fock approximation was quite encouraging and the
amount of computation, being similar to the Hartree approximation, was considerably less
than the Hartree-Fock approximation. Since then, many calculations with vastly larger scale

problems have been carried out by many workers, particularly in quantum chemistry and in
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solid state physics. The results have been very useful as guides to experiments and to inter-
pretation of experiments. There are also sufficient defects in the local-density approximation

to keep thisfield an active research area.

13.5.8 Summary

WHAT ISDENSITY FUNCTIONAL THEORY ?

The one-line answer is that it is many-body quantum mechanics for everybody. By ex-
pressing the ground-state energy as a functional of the density, the theory reduces the many-
body problem to an equivalent one-particle theory with all the many-body effects collected
in an effective potential. In this form, simple and effective approximation for including the
many-body effects can be devised.

Although | have not explicitly mentioned it in this section, the spin-dependenceisimplicit
in r and could be included explicitly in the spin-polarized cases or implicitly in the spin-
compensated cases. Extension to systems at final temperature is aso possible. Extensions
to other fermion and boson systems have also been made. The wide range of applications
possibleis clearly outside the scope of thisintroductory account. The reader isreferred to the

extensive literature.

13.6 Theory of Superconductivity

The superconducting ground state of a system of fermionswith amutual attractiveinteraction,
known as the BCS state, is made up of pairs of fermions (known as the Cooper pairs). The
state owns its very existence to the interaction. It is the foundation of atheory of the striking
properties of the superconductors for their electric conduction without resistance, perfect
diamagnetism, and unusual electromagnetic properties. The pairing state is also valuable in
understanding the distinct nature of the nuclei with even number of nucleons compared with
the odd-number ones. The concept of BCS pairing and the deduced vortices are aso applied
to elementary particle theory, such as the chiral symmetry breaking by the condensation of
particle-antiparticle pair or the spontaneous symmetry breaking in the Higgs sector by quark-

antiquark pair condensation. Strictly speaking, these latter condensations are closer to the
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electron-hole condensation in solids giving rise to charge density waves, whose theory was
first given by Frohlich. We shall reach thisimportant concept of pairings by aslight extension
of the Hartree-Fock method while emphasizing that the small step in methodol ogy should not

obscure the giant step in concept.

13.6.1 Thereduced BCS Hamiltonian

The Hamiltonian of the fermion gas with an attractive interaction is written as
H=> eu,cuo+ > VEK)ccy cowiaer, (13.6.1)
ko k k’
where the single particle energy ¢, is measured from the Fermi energy, the spin label o
denotesthe up (T) and down () spin states and the interaction is given by a simple model for

ease of evaluation while retaining the essential properties,
V(k,K)=-VO(D — |ex|)0(D — |ew]), (13.6.2)

with V' being a positive constant. In the case of the electrons in a superconductor, the attrac-
tion may be thought of as the net result of the attractive interaction between two electrons
mediated by a phonon and the direct Coulomb repulsion. The phonon is a quantized unit of
energy of acrystal lattice vibration mode (see problem 16). Thisis a somewhat oversimpli-
fied picture. The cutoff D isthen roughly of the order of the maximum phonon frequency
times /.. To demonstrate the existence of the BCS state, it is sufficient to consider D much
smaller than the Fermi energy. Hence, the single particle energy isex = vr(|k| — kr) to
first order in the excitation vector from the Fermi surface, where vy = kr/m is the Fermi
velocity at the Fermi radius k. Notice that the interaction term does not contain all the terms
in the general fermion-fermion interaction. The reason for keeping only the specia terms
containing pairs of electrons with opposite momentum and spin directions follows from the
Cooper finding that the attractive interaction causes such a pair added to the Fermi seato be
unstable, i.e., having alower energy for the whole system than the Hartree-Fock ground state,

(see Problem 18).
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13.6.2 TheBogoliubov-Valatin Method

The Hartree-Fock approximation may be viewed as a factorization scheme where the two

particle correlation (c{clcy,c,) is approximately,
(clc}ckcﬁ ~ (clc@(c}ck} — (cjckﬂc}cﬁ. (13.6.3

The second term is the exchange counterpart of the first. Now suppose we make pairs of
the four operators without regard to whether they are creation or annihilation operators, we
would obtain an extraterm (cc!) (cyc;). It may be observed that if the angular brackets denote
the expectation of an [V particle state, these brackets would vanish. However, to incorporate
the Cooper pair, one has to use a linear combination states of different numbers of particles.
Bogoliubov has shown that in the limit of infinite NV the pairing states would dominate the N

particle state. To proceed with the factorization scheme to include the pairing states,
<CIT(TCT_le—k’le’T> =~ <CIT(TCT—kl> <C_k/le/T> s (1364)

we actually drop the Hartree-Fock terms with the understanding that the modification of the
single particle energy by the Hartree-Fock and correlation terms simply changes the Fermi
velocity to vg = kr/m* (mass renormalization).

In the Bogoliubov-Valatin method, thisis equivalent to an expansion of the pair operator
coxckt = P+ (coxiexr — Br), (13.6.9)
where O, = <kaleT>a (1366)

is a macroscopic “condensation” of order unity and the fluctuation correction within the
brackets tendsto zero for large V. With the neglect of the second order fluctuation terms, the
reduced Hamiltonian becomes then an effective single particle Hamiltonian,
He = Z €kCLo_Cka~ —+ Z V(k, kl)[CLTCT_klﬁk’ + ﬁ,:c,k/lcm — BZﬁk/] (1367)
ko k.k’

The Hamiltonian may be simplified by introducing the order parameter,

Ap=-> V(kX)d, (13.6.8)
kl
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leading to the form bilinear in the operators,

Ho=>_ el cxr] [ _EZZ — Ay } { i } — 3 ek — AL, (13.6.9)
k

For the ground state, the order parameter A, may be chosen to be real. The matrix is easily

then diagonalized by the Bogoliubov-Valatin transformation,

[ (;kT ] _ [ cosf,  sindy ] {’Yko ] . (13.6.10)

Cly —sinf, cosb, '7111
The diagonalization of the 2 x 2 matrix in the Hamiltonian in Eq. (13.6.9) requires the value
of 6, given by

A
tan(26,) = E—"f (13.6.11)
k

Thus, the eigenvalues and the state coefficients are given by

By = \/AZ4e2 (13.6.12)

1 €k
O = (5| 1+ 13.6.13
cos 0y, 5 ( + Ek>’ ( )

. 1 Sk
O = (/5(1——) 13.6.14
= 3(0-5) s

The transformed Hamiltonian is
He = Z Ex (o + ) + Z(gk — B + ArBy). (13.6.15)
k k

The Hamiltonian represents a system of independent fermions with energies E,. The two

new sets of one-particle states are, from the inverse of Eq. (13.6.10), defined by

Mo = Chycosty — cisinby, (13.6.16)

Mo = cxrsinby+cly cosby. (13.6.17)

The operators %T{j, j = 0,1, obey the usual anticommutation relations and each creates a
fermionic quasiparticle state composed of an unusual mixture (from the Hartree-Fock view-

point) of an electron and a hole of atime-reversed state.
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The problem is a self-consistent one like the Hartree-Fock one. When the ground state
is specified (see the next subsection), the occupation number of the quasi-particle state % is

given by the expectation value,

F(Er) = (1om0), (13.6.18)

in terms of which the expectation value ;. defined in Eq. (13.6.6) can now be expressed:

Ak/
2Ek/ '

B =1[1—2f(Ey)]sinbcosby = [1 —2f(Ey)] (13.6.19)

From Eqg. (13.6.8), the order parameter is then governed by the equation, known as the gap
equation,

Ap=—Y V(kK)1-2 f(Ek/)]%. (13.6.20)
-

13.6.3 TheBCSground state

The ground state | ') may be considered the vacuum states for the %:j particles (called bo-

goliubons),
Y| V) = 0. (13.6.21)

Thus, f(Ex) = 0. From the separable form of the model attractive potential in Eq. (13.6.2),

the solution for the gap has the form of the step function,
Ap = A0(D — |eg|). (13.6.22)

The solution is either A = 0 for the normal state or for the superconducting state,

N(

1=

N(0)V sinh™* <§) , (13.6.23)

0)V /D g _
2 Jop VEE+A?
where we have assumed that D is much less than the Fermi energy so that we may treat the
density of states of the normal state Fermi gas in the range of +D around the Fermi level to
be constant at the density of states at the Fermi level, N(0). Hence, the energy gap is given
by

D

A= ﬁ ~ 2De VNOV. (13.6.24)
S11

NV
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for small N(0)V.
It may be shown that the BCS variational wave function yields the ground state (Prob-
lem 20),

W) = H (cos 0y + sin 0y, CLTcikJ |0), (13.6.25)

v

where |0) is the true vacuum of no particles. The superconducting ground state energy is

given by
E, =Y (ex — Ep+ M) (13.6.26)
k
The corresponding normal state energy of the system is given by letting A tending to zero,
E,=2) epf(ex) (13.6.27)
k

The condensation energy which is defined as the difference between the normal state energy

and the superconducting state F,, — E isthen given by

D A2

E,—E, = 2N(O)/ de {E —c— —] , (13.6.28)
b E

A %N(O)AQ. (13.6.29)

where £ = v/¢2 + A2, The final expression can be explained by the gap energy times the
number of states in the gap of the order N (0)A.

13.6.4 Theexcited states

To construct the excited states, we can just add bogoliubons to the ground state, such as
ylij\\m. E, isthe additional energy of such a particle. The density of states of these quasi-
particles per unit volumeis

£

Note that the number of statesis conserved, i.e., there is no change from the total number of

N(E) = é > 4(E - E) = N(0) (13.6.30)
k

states in the normal state. The density of states can be probed by atunnel junction made of a

superconductor and a normal metal separated by athin layer of an insulator.
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13.7 Problems

1. Normalization of boson and fer mion states.

@

(b)

Show that the normalization factor of 1/+/2 isindeed automatically generated in

the two-particle state,

1 S
Pl (ra)pl(r1)|0) = E[|7’2>2|7“1>1 + (=1)%[r1)2lra)1l, (13.7.1)

for bosons (s = 0) and fermions (s = 1).

The wave function of atwo-particle state is (11, 72|« ), where (r1, 5] is given
by the product state in Eg. (13.2.2) and the normalized state of discrete indicesis
given by

la, B) = Ca,ﬁcgcgyo% (13.7.2)

C.. 5 being the appropriate normalization constant you are to determine, distin-
guishing between the cases whether & = (5 or not. Find the expression of the
permanent (for bosons) and determinant (for fermions) for the state wave func-

tion in terms of the single-particle wave functions (r|a) and (r|3) in two ways:
i. by expressing (ry, 2| in the second quantized form;

ii. by expressing |«, 3) as product states of |«) and |3).

2. A one-state system of many bosons. Suppose that there is only one single-boson state

|1} (normalized) with energy e. Denote the n boson state by |n), where

n) = [¥)nl0)n-1. .. [¥)1, (13.7.3)

in terms of the state of each particle in its Hilbert space.

(a) Show that in the second quantized form,

1 n
In) = ﬁ(CT) |0), (13.7.4)

where c' isthe creation operator of the boson in state ).
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(b) Find the Hamiltonian of the many-boson system. Show that |n) isits eigenstate.

Find the associated eigenvalue.

(c) Explain carefully the similarities and difference between this system and the
single-particle harmonic oscillator. In particular, delineate the state |¢)) of the

bosons and the energy eigenstates of the harmonic oscillator.

3. A one-state fermion system. A system of fermions has only one single-particle state

|4b) with energy e. Denote the creation operator for afermion in that state by c'.

(8 Find the Hamiltonian in second quantized form.

(b) Map ¢, cf, and the Hamiltonian to the Pauli spin operators o in the spin-1/2 prob-

lem.
(c) Arethe commutation rulesfor the spin operators reserved?

(d) Isit valid to assume that the Hamiltonian is isotropic in the pseudo-spin space?
(Hint: does the rotation of the Hamiltonian violate the fermion number conserva-

tion?)

4. The Hubbard model and the stability of H~. Consider the problem of putting from
zero to two electrons in the hydrogen atom. Model it with four normalized states. the
single proton with no electron state, |0); one electron in 1s spin-up state, |+); one

electron in 1s spin-down state, |—); and the two-electron state in the same 1s singlet

|+ —).
(a) Put thefour states in the second quantized form.

(b) Deducethe model Hamiltonian [9] including el ectron-electron interaction in these
four basis states only in terms of the creation and annihilation operators of the |+-)

statesin the form
H= Z eacj,cg + ucicic_ar, (13.7.5)

where o = +. ldentify the coefficients in the Hamiltonian.
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(©

(d)

(€)

(f)

Show that the four basis states given are the eigenstates of the Hamiltonian and

find their eigenvalues.

By comparing the eigenenergy for | + —) with the total energy of a neutral hy-
drogen atom plus an electron at infinity, show that the two-electron bound state
in H™ isunstable in this model. You may use the Coulomb energy evaluated in
Eq. (12.3.12).

The result from the model contradicts the experimental fact that two electrons do
form abound state in H~. What approximate measures would you take to make a

better estimate of the two-electron state?

Write down the second quantized form of the perturbation term to the Hamiltonian
in the presence of acircularly polarized light (Ieft or right handed) propagating in

the z direction, i.e., in the same direction as the spin-up state points.

5. Color Quarks. Consider a system of three quarks made of two kinds of quarks « and

d. For the charge, spin and Baryon number properties, see Sec. 5.10. For the color

property, see Sec. 8.6.2. Denote the state of aquark by |¢¢,), where ¢ = w or d for the

up and down quarks, C' = R, G, B for the color states, the eigenstates of A3 and \g of

the generators of SU(3), and o = + for the spin up and down states. Construct both in

terms of the one-quark states and in second quantized form, the general state of

@
(b)
(©)

AT = wuu;
aproton, p = uud,

aneutron, n = udd.

Explain in each case whether the color is necessary. Which state is invariant under the

rotationsin the color SU(3)?

6. Anticommutation relations for fermions. From the definition of the operators

P Anlre, .. rn) = Angalr T, (13.7.6)

N
YAyl ry) = > (=D = r) Anoalre, e T TN,

(=1
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acting on the antisymmetrized position eigenstate Ay/|ry, ..., ry), prove the commu-

tation relations,
{&(r),v(")} = 0, (13.7.7)

{v), 0"} = 6(r—1"). (13.7.8)

Examples of Wick’s theorem. Evaluate in a non-interacting many-particle state for

both the boson and fermion systems,
@ (Wt (ro)e! (r)y (1) ()| V)
(b) (¥|clcleacs| V).

Slater determinants. Let the fermion annihilation operator be expressed in an or-

thonormal series
) =i (13.7.9)

Show explicitly that for N = 2,3, the wave function (ry, ... ,rN\c}1 : ..c}N]0> isa

Slater determinant.

The number-state representation.

Let the orthonormal set of {|p;)}, 7 =0, 1,2, ..., bethebasis set of one-particle states.
An independent N-particle state can be described by the number of particles occupying

each state n;, denoted by |ng, nq,...,nj,...), Wherezj nj = N. Let

Y(r) = pi(r)e. (13.7.10)
j
Show that for the boson system,
cjlng,ni, ..., nj, ... = /njlne,na, .. n— 1,000,

c}|n0,n1, oMy, = /nj+1ng,ng, ..o ny+ 1,000, (18.7.11)
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10.

11.

and for the fermion system,
cilno,n, ... mj, ) = (—1)Zi;é"’“nj|n0,n1,...,l—nj,...>, (13.7.12)
i—1
chno,na,. .. ng, ..y = (=1) gf:O”’“(l—nj)|no,n1,...,1—nj,...).

The propagator. (Use the atomic units, i.e, i = 1, ¢ = 1, and m, = 1.) For asystem
of NV noninteracting fermionsin no external potential, the one-particle Green’sfunction

Is defined as
G(r,t;r', ') = —i(T{Y(r, )1 (', 1)}, (13.7.13)
where the angular brackets denote the ground-state average,
U(r,t) = el (r)e (13.7.14)
and T isthe time-ordered operator,
rpaste oy ={ S0 2L st
Evaluate the Green’s function by first proving that its Fourier transform is given by

1—7’Lk T

G(k,w) =

. —, (13.7.16)
w—e¢e+10 w—¢€ —10

where n,;, and ¢, are the occupation number and energy of the & state.

Express the density distribution n(r), the occupation number n,, and the total energy

of the system in terms of this Green’s function.

The jellium. Also known as the homogeneous electron gas. For simplicity, use the

natural unitsinwhich 7 = 1, m, = 1, and €? /4meq = 1.

() By expanding the annihilation operator in the plane-wave basis set, show that the
Hamiltonian of the whole system is given by the form,
1
HeY ot oo Y g cevisquen. (1377
ks qkk'ss’

You need to supply the meanings of the symbols.
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(b) Establish the Hartree-Fock equation, find the single-electron Hartree-Fock energy
and verify that indeed the single-electron eigenstate is a plane-wave state. Find

the Fermi energy (the single-particle energy of the highest occupied state, i.e., at
kr).
(c) Construct the ground state in the Hartree-Fock approximation. Show that the

electron occupation is given by
ngs = 0(krp — k), (13.7.18)

where the Fermi wave vector k5 isgiven in terms of the constant electron density

n by
k3 = 3n°n. (13.7.19)

(d) Find the Hartree-Fock ground-state energy as the total energy per particle. (See
Sec. 13.5.6).

(e) Find thekinetic and exchange parts of the chemical potential, 1o(n) and p.(n) as

functions of the density n.

(f) Find the single-particle “velocity” or “group velocity” as afunction of &, and its

behavior near kr.

12. Fermion pair-distribution functions. For the system of noninteracting fermions at

zero temperature:
() Find the spin-dependent one-particle density matrix
M (2, 7') = (T (', Yoo (x, m) | ), (13.7.20)

where m = +1 denotes the spin direction and ¥ denotes the ground state. Sketch

it asafunction of |r — r’|.

(b) Find the spin-dependent pair-distribution function,

G () = (UG (0, 1) (1, ), ) (0, ) |0) (%) . @s7.21)

Sketch it asafunction of |r|.
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13. Kohn’sTheorem.[10] A static uniform magnetic field B ismaintained in an interacting

homogeneous electron gas. Define the kinetic momentum of the whole system as

K= / drip(r)(p + eA)(r). (13.7.22)
Prove that
dK e -,
=~ -KxB. (13.7.23)

Hence, show that, if B = (0,0, B) and K = K, + i, and |¥,) is the ground state
with energy FEy, then K, |¥,) is an energy eigenstate of the interacting system with
energy Ey + hw., where w, isthe cyclotron frequency eB/m.

14. Thomas-Fermi screening with exchange and correlation corrections. Introduce a
fixed point charge of charge e (proton charge) into ajellium of agiven density ng. Treat
the potential and the change in electron density as small and the electron dynamics
in the local-density approximation for the density functional terms 7[n], E,[n], and
E.[n].

(& Inthe Thomas-Fermi approximation, show that the effective potential of the im-
purity seen by an electron is given by the form

62

e hrEr, (13.7.24)

veff (1) = —

4megr

or the Fourier transform,

62

_—— 13.7.25
co(q* + kip) ( )

veff(q) =

Supply an expression for the screening vector k.
(b) Find the exchange correction to the effective impurity potential.
(c) Find the correlation correction to the effective potential. You may use any reason-

able form of the correlation energy per electron.

15. Density functional theory in the presence of a static magnetic field?
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(a) First neglect the vector potential modification of the kinetic energy (i.e. the orbital
motion) and include only the spin-magnetic field term. Show explicitly how the
total density n(r) = n¢(r)+n,(r) and the spin density m(r) = n;(r) —n (r) can
be the two variables for the density functional of the ground-state energy. Explain

how to calcul ate these densities.

(b) Neglect the spin part of the Hamiltonian and consider only the vector potential
modification of the kinetic energy. Show by symmetry argument that the density
is still a constant in a jellium if the magnetic field is uniform. Argue, therefore,
that the density functional theory with only the density functional variable is not
valid. Speculate what additional variables are needed.

16. Quantization of a scalar field. The quantization of the motion of the elastic string is

perhaps the simplest example of aquantized field. We study this problem as a precursor
to the quantization of the electromagnetic field.

(@) Show from first principles that the classical Hamiltonian of an elastic string is

given by [14]

H= / da [p (2322 + % {ag(;) }2] : (13.7.26)

where = denotes the coordinate of apoint on the string, p(x) the momentum den-
sity of the string, u(x) the transverse (or longitudinal) displacement of the string
a x, p the uniform mass density of the string, and 7 the uniform elastic constant

in the string.

(b) To find the norma modes of vibration in classical mechanics, take the Fourier

transform with box normalization with the string of length L,

plz) = %Zmei’“‘; (13.7.27)
k
pr = % / dap(z)e™*, (13.7.28)



13.7. PROBLEMS 663

The Fourier transform of «(z) is defined similarly. Show that the Hamiltonian is

given in terms of the normal modes as

2
H=Y" {p’“p i +iuku Ll (13.7.29)
k

(c) To quantizethe Hamiltonian, we note that = isjust amarker for the dynamic vari-
ablesu(x) and p(z). Thus, the commutation relation is for the material particle at

[u(z), p(x')] = iho(xz — ). (13.7.30)

Define the normal mode frequency by wy, = s|k|, where s = /7/p is the sound

velocity, and, by analogy with the quantization of the harmonic oscillator, the

PWr; . 1
=/ = — Dk 13.7.31
o= [y [ (137.30)

Show that the Hermitian conjugate of a,. is given by

b=/ 2%~y ! 13.7.32
a, 57, Uk 1 2hpwkp_k’ (13.7.32)

lak, al)] = Gy (13.7.33)

operators,

and

(d) Show that
1
H = Zk: Fiwy, (a;ak + 5) . (13.7.34)
Thus, az creates a*“ phonon” of wave-vector k& with energy hwy,.
(e) Find the energy eigenstates and eigenvalues.

17. Thephonon propagator. For the elastic string, the many-phonon Hamiltonian isgiven
in thelast problem. For the boson propagator, the definition isthe same as Eq. (13.7.13)

except that the angular brackets denote the expectation value with respect to an energy
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eigenstate with phonon distribution {n;} and that in the time-ordering, Eq. (13.7.15)

there is no change of sign when the boson operators are exchanged,

Tl 4 i ’.
Tt oy ={ T (13739

(8 Find the Fourier transform of the propagator G (k, w).
(b) When the elastic string is subjected to a weak perturbation,
Hy = —Fug(e**™! 4 emthetin) (13.7.36)
by evaluating the linear response function (see Chapter 10), find the Fourier trans-
form u(k, w) of thefirst order displacement u(z, ¢t) caused by the driving force.

(c) Evaluatethe last part if the system isin equilibrium at temperature 7'.
18. The Cooper Pair [5].

(a) Show that, for the Hamiltonian given by Eq. (13.6.1), the state of apair of fermions
added to the Fermi sea, 3, axcl,c! | [Wo) with scalar coefficients o, satisfiesthe

equation of the relative motion,
2epcn + Y V(k K)o = Eay, (13.7.37)
where the pair energy F is measmkjred from the ground state energy.
(b) Hence, show that the energy is, for the density of states at the Fermi level N (0),
E = —2De 2NOV, (13.7.38)
19. Normal state excitations. In analogy with the bogoliubons, the one-particle excita-

tions of the normal Fermi sea may be expressed by letting the gap parameter tending to

Z€Ero.

(@) Show that the BCS state in Eq. (13.6.25) reduces to the Fermi sea.

(b) Find the quasi-particle and quasi-hole operatorsfor the excitation out of the Fermi

Sea.

(c) Sketch the one-particle excitation versus the wave vector through k.

20. The BCS state. Derive Egs. (13.6.24), (13.6.25), (13.6.26), (13.6.29), and (13.6.30).
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13.8 Source Material and Further Reading

§13.1 Thereisalarge number of eminently readable books in the areas of manybody physics,

e.g. [1, 13, 15], field theory, e.g. [22, 18, 28], and superconductivity, e.g. [21, 24].

§13.2 Second quantization is the conversion of the many-particle state to a field representa-

tion, and is, therefore, central to both many-body physics[13] and field theory [22].

§13.5 Thereisagreat dea of literature on the density functional theory. We record here for
further study the original papers on the general density functional theory [8, 10, 23, 12]
and three monographs [16, 26, 6]. A somewhat dated review of the applications was

given for a non-expert audience [20].

§13.6 The famous paper on the theory of superconductivity [2] can still be read today for
the depth and breadth of the physics covered. Frohlich’s theory [7] predated BCS and
had many of the same form but is for the pairing of the particle-hole channel. The
quasiparticle theory given above follows the treatment by Bogoliubov[3] and Valatin
[27]. Among the many excellent textbooks on superconductivity, two classics are [21,
24].
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