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Stolen from Weinberg,
“Gravitation & Cosmology”

Same everywhere at any given time.
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Curved Spaces & the Robertson-Walker Metric

with ¢2

, d 2 .
(ds)? = (cdn)® — RE(1) [(%) + (@) + (w sin8d¢)2:| [CO] notation,
— K’

R-W metric: most general solution for universe obeying Cosmological Principle.
Homogeneous & Isotropic

* Smooth distribution of matter.

The non-zero components of the Einstein equation then reduce to

Back to Weinberg's
notation, without ¢2

¢—{ Friedmann eqn.[29.10] |

4—’ Form of fluid eqn.[29.50]

¢ Curvature

j_:;gﬁo CURVATURE

POSITIVE CURVATURE

Curved Spaces & the Robertson-Walker Metric

, d 2 .
(ds)? = (cdr)? — R2(r) [(%) + (@ do): + (w sin9d¢)3:| [COJ notation,
— K

R-W metric: most general solution for universe obeying Cosmological Principle.
Homogeneous & Isotropic

Smooth distribution of matter.

Same everywhere at any given time.

_ k
R(t)
1 )
=3 R, = Present radius of
R, curvature (meters) —
» Can be found from local measurements =
Positive
* By bug on sphere Curvature
(K>0)

NEGATIVE CURVATURE

with ¢2

[CO sect. 29.3]
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Negative Curvature
(K<0)




Geometry of a 2D Spherical Surface

r = Rsinf
dr = Rcos6 df (d6)* = (dD)* + (r d¢)* = (RdO)* + (r dp)’

Rd8 dr Rdr dr g . 2
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wsh - IR oA P @ —( ,_rz,Rz) sltdg)

1 2 dr z 2
Kow D wr=(gm) rew
On Flat Surface A
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X n Surface of Ball

Geometry of a 2D Spherical Surface

r = Rsind
dr = Rcos8 do (@0)? = (dD)Y: + (r dd)® = (Rd8)* + (r dp)*
dr Rdr dr

=—= = dey? = dr : 16)?
cos@ JRP -1 [T—rR2 9 (de)” = W + (rdg)

1 2 dr 2 i
. K= R 9 (dety” = (wﬁ) + (rde)”
To get R-W metric:

2

1 s 2 " ® 2 s
* Add another dimension (de)* = (I—NF) + (r d6)* + (r sin 6 dg)?
)
. 2 2 dr ? 2 3 2
e Add time (ds)* = (cdt)” — =) (rd@)® — (rsinf dep)*
M — Kr2

2
(ds)? = (cdn)® — RY(1) [( ) + (m do)? + (w sian¢)2:|
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where r(1) =R(t)@ and K(i) = =0




Geometry of a 3D Surface (our Universe)
in an Expanding 4D Space

+ (7 d0)? + (w sin 0 dgp)?

22 (g2 p2 dw ?
(ds)” = (cdt) R(1) [(ﬁ) ]

Area of sphere at co-moving distance @: A = 47w ‘

") =R)@

k
Kit)=s —
=20

On Flat Surface A =

Positive Negative Curvature
Curvature (K<0)
Rt = did (K>0)

On Surface of Ball

Dynamics of a 3D Surface (our Universe)
in an Expanding 4D Space

d 2 R
(ds)? = (cdr)? — R*(1) [(%) + (@ do): + (w sin0c1¢)']
v 1 — Koy

2 Friedmann Equation
(( ! d—Rj —SEGPij =—kc’ e ‘

rt) =R()@
K@) =

Rdt) 3

R2(1)

On Flat Surface ' =

Positive Negative Curvature
Curvature (K<0)

R it = dld

On Surface of Ball




Dynamics of a 3D Surface (our Universe)
in an Expanding 4D Space

V1 —kw?

1drY 8 , )
rt) =Rt)@ ([Rdtj —37'CGPJR =—kc

k
K@) = ——
© R2(1)

2 > da 2 N R
(ds)? = (cdn)® — RX(r) [(—”) + (@ dO)’ + (w sinﬂdqh)']

"I:." ZERO CURVATURE POSITIVE CURVATURE NEGATIVE CURVATURE

* Dynamics and curvature both due to mass-
energy density.
E; *  For Friedmann Eqn without Dark Energy:
2
] Density | Curvature | Dynamics
5
fg; Po<Pco | Negative | Expands forever
Po = Peo Flat Oozes to stop at £ =0
) | =T e —» Po> Peo | Positive | Collapses back
s
Past Present Future
Sneak Preview
Accelerating Universe

* Hubble’s law:
V(1) = H(t) r(1)
» Lookback time =» for more distant objects,
we measure H(t) at earlier .

Stale of univarse, A

Pafl  Prosent Fulure

» If gravity constantly slows expansion, expect larger H at earlier .
» Late 1990s: Type Ia SNe showed H(?) is currently increasing with time.

COBE results
Flat Universe Blue = 0°K

) Red =4°K

* CMB fluctuations

* 1 partin 10° amplitude Blue = 2.724°K
+ COBE: angular resolution too low Red =2.732%

Dipole Anistropy
=>motion of Sun
through Universe.

*  WMAP has higher angular resolution.
* Fluctuations have known physical size.

* Angular size depends on geometry gif;géemo"'”g
of universe. Red — blue =

0.0002°K




The Cosmological Constant

Einstein’s Eqn: > 1
q jl,uv — -2.(];“,]{ +Ag‘uv = — 816G 1.‘”.

| One last possible term. A = arbitrary constant.

The “complete” 1 dR\?
Friedmann Eqn: (E I) —

8 1
grer - 3Acz] R? = —k¢?

A acts as outward force:

. . | 5 JMom
Newtonian version: ;JH v =0

I 3 9 I el >
— —AmerT = ——mhke"w”
r 6 2

Define a potential:

I 2 2 al 1
Us = —=Amcr® 9 LN
A 3 C Fi = r—?.!\ur{rl

i

2
The acceleration eqn: % - {—%HG [pm + P + M] + %A(.E] R

2 2

Equation of state [co pp. 1161-1162]
» Relation between P, R and p

Matter: w=0 P < R?
. _ =3(1+w)
Define: P=rkR 9 Radiation: w=1/3 p < R
Fluid eqn (29.50):  d(R'p) P d(R?) Lo o R°
S rawhwle prey Cosm. Const: w=-1 p

P=wu=wpc? ‘ P oc energy density of fluid ‘

Cosmological Constant as a “Negative Pressure”

Friedmann Eq. with [( 1 ‘:He)2

Cosmological Constant: R di

8 1
— 2 2| R2 = 2
3rrG,o 3Ac ]R ke

2

—_ *og N
= —— =constant = g 9 — - S 2 et
Pa — AU |:( T ) 3,‘76(,0,,. + Prel + ,O,:\):| R ke [29.114]

Acceleration Eqgn:

| dRp) P AR > 4R 4 3P+ P 1,
di 2 di F=I_ino[p""*'p’“'_i}f‘;’f\c‘lif

¢t

Negative pressure (29.115) 2R . . ;;) ;.el[,’z/:;w—)pACZ
as : + + ¥

Py=—pp P = {—inc [:su._. + fret + P2+ %] I R

dr?

4 H?
= —gnG [on+ 2pe1-2p4 R = o [on+ 2pe-2p4 R
c

Psst... is ita constant? 1S W =-17 using

8nGp,
3

=H?




A slight renaming....

A slight renaming....

1 dR\> 8 I )
R dr _?TGP_EA"" R® = —ke*

2

Ac?
oy = Py = constant = g4 g
2
1 dR 8
N _206(p, +p,, +p, ) IR =—ke?
[(R dtj 760+ Pt )
Y U
O 3H?
Q=0, +Qu+ Q0 [29.119]

8
[Hz—gnGijz =—ke* =P [ - QR = —k?

HE (1 — Q) = —ke?

Friedmann Eqn




HE(l — ) = —kc?
The basic WMAP result: k=0
= [2olwmap = 1.02 £ 0.02

Q= Qo+ Qo+ RLan=1

[€2 0 lwmap = 0.27 £ 0.04,

[ — wmar
=== L R0y =0

[CO Fig 29.20]
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(1.0, 0.0) ==e==
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Friedmann Eqgn: P
1 dRY 8
=
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Solution for k = 0: % 05F [
2 From a 2
,lll[:;_-[k RAR pre-WMAP Ira
I = —_— — E— : paper I ?U
VanG Jy VowoR 4 prao + paoR? 0.0 il et ol 2
_90 -150 =10 -6 NOW 5 10
Time [G"‘ltuam’n]
Open vs. Closed: Some Universes
[Hz—gnGp)R2 =—k*
HY(1 = Q)R = —ke?
HE( = @) = —kc? -0
k=0 => Q[J = Qm.() + rel 0 + Qr’\.{] =1 3.0 T T
No Big Bang
) ) 25 4
Accelerating vs. Decelerating:
2 .
Deceleration parameter: o R(t)[dzR(t)/dtz] 20 7.=0
gty =——r—-"7— o~
[dR(t)/dif 15
+ accel. egn: e
1.0 T i
2 2 ) o
iiin = —;I_ [pm + 2pr(-:l - 2pA] R 3 0.5+ occc -
Pe G Expands forever
(Camouflaged accel. eqn.) 00 Recollapses ]
1 -0 ~0.5} . .
= — (1) + Lra () — Q2alD) " &
q(t) 3 (1) /7!“3 ok %o ‘tbf%l N
5 I Qo’}’ﬁ' {""o,_i‘c’
-1.5F e -
Expands Forever vs. Recollapses: 2.0 I ! 1 L ! L
00 05 10 15 20 25 30
Does dR/dt ever = 0? | See [29.135] Q




‘Scale of universe, A

[29.4] Observational Cosmology

dar

V1 —kw?

1 dR\* 8 Leden
[(E “‘}?) - iier = anr} R = —k

HE(l — ) = —ke?

(ds)* = (cdn)? — RX(1) [( ) + (w d0)* +

* Some theoretical parameter sets:
* R()vs.t
° QA,O VS. Qm‘o
 Curvature k, dR/dt, d’R/dF

| ©3.00)

> 10}
== Tme — i
Tot 20

Pasl  Presqyt Future

20f T, 0y

| (1000) sanss
| ©0.00) ——
| 0301 —
[ @ioo) —

(or sinedmz]

* But what can we actually
measure that will tell us which
universe we live in?

As a function of z:

» Apparent mag. of standard
candles.

* Angular sizes.
* Space density of galaxies.

Are two numbers enough?
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