Diffraction Geometry

We wish to find the light electric field after a screen with a hole in it.
This is a very general problem with far-reaching applications.
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What is E(x,,y,) at a distance z from the plane of the aperture?



Diffraction Solution

The field in the observation plane, E(x,,y,), at a distance z from the
aperture plane is given by:

E(x,»,2) = J. h(x, — X, V) = Yo, 2)E(Xy, ¥,y) dx, dy,
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A very complicated result! And we cannot approximate r,, in the exp
by z because it gets multiplied by £, which is big, so relatively small
changes in r,, can make a big difference!



Fraunhofer Diffraction: The Far Field

We can approximate r,, in the denominator by z, and if D is the size of
the aperture, D? > x> + y,?, so when k D?/ 2z << 1, the quadratic terms <<
1, sO we can neglect them:

n, :\/zz+(xo—xl)2+(yo—yl)2 zz[1+(xo—xl)2/222+(y0—y1)2/222]
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Small, so neglect T T T Independent of x, and
these terms. ¥, SO factor these out.
exp(ikz) XY ik
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iz 2z z
A(xg,¥p)

This condition means going a distance away: z >> kD”/2=nD*/A
fD=1mmandA=1um,thenz>>3m.



Fraunhofer Diffraction

We'll neglect the phase factors, and we’ll explicitly write the aperture
function in the integral:
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This is just a Fourier Transform! Elxoyo) = constant if a plane wave

Interestingly, it's a Fourier Transform from position, x,,, to another
position variable, x, (in another plane). Usually, the Fourier “conjugate
variables” have reciprocal units (e.g., t & @, or x & k). The conjugate
variables here are really x, and k= kx,/z, which have reciprocal units.

So the far-field light field is the Fourier Transform of the apertured field!



The Fraunhofer Diffraction formula

We can write this result in terms of the off-axis k-vector components:

E(x,y) = const if a plane wave

J.J' exp —l k x+k y)}A();,y)E(x,ly)dxdy

Aperture function

where we've dropped

the subscripts, 0 and 1, E(kx9ky) oC @Q{A(x,y)E(x,y)}

and: |k, =kx/z and k, = ky,/z | E

or: = k./k =x,/z and q, = k,/k = yl/z %




The Uncertainty Principle in Diffraction!
E(kk,) < 7{A@NE®Y} k= kx/z

Because the diffraction pattern is the Fourier transform of the silit,
there’s an uncertainty principle between the slit width and diffraction
pattern width!

If the input field is a plane wave and Ax = Ax, is the slit width,

Ax Ak, >1
Or:
Axy Ax, >z /k

The smaller the slit, the larger the diffraction angle and the bigger
the diffraction pattern!



Fraunhofer Diffraction from a slit

Fraunhofer Diffraction from a slit is simply the Fourier Transform of a
rect function, which is a sinc function. The irradiance is then sinc? .

sinc 3
——— I, = sinc? 8




Fraunhofer diffraction
from two slits

A(x,) = rect[(x,+a)/w] + rect[(x,-a)/w]

E(x)) o< 73 A4(x,)}

oc sinc[w(kx, / z)/ 2] exp[+ia(kx, / z)]+
sinc[w(kx, / z)/ 2]exp[—ia(kx, / z)]

E(x,) o< sinc(wkx, / 2z) cos(akx, / z)




Diffraction from one- and two-slit screens

Fraunhofer diffraction patterns

One slit

Two slits
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