3 Apr 2012—Derivation of the Schwartzschild and Robertson-Walker metrics

5 Apr 2012—Friedmann’s equation

e Derivation of Friedmann’s equation

Outline

= Summary of what we have done

The metric is
ds? = —dt? + a(t)? (grr dr? + gy d6? + Us0 ‘MZ)

[L-t/r2" 0 0
where § = 0 r2 0
0 0 r?sin’g
Einstein’s Field Equation is

Ry =-87GS,, |

where the source is

Su=7(p+3P)

Sij = (0 - P)a;

m What's left

Compute the Ricci tensor. Results

R00=3—:

Ri=—(a a+242+2r3?)g;

Use Einstein’s Field Equations.

Q: What Newtonian quantity is in Rgg?

Computation of Ricci tensor

Plan:
a. Compute Ry.
b. Compute R,,to find f (t).

a) Roo = —T%0,0 + T% 0,0 + 00100 = T%we 00

1st and 4th terms are zero because I'*gy = 0.
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2nd term: 5 g0 =Ei§t(§):3(§ - (_i )2)

3rd term: If @ =0, itis 0. % ; T'jo To; = (o)’ = 3
Therefore

o o

R00=3—:

D) Rir = —T%ra + T%ar + T T 0 = T T
=Tl + T + T T = Tl o Ty
= —(+rrrr,r + 0+ Iwrr,qﬁ)
HT o + T + T ) + T T = T, T
Collect the terms involving time:
e+ T + Tl T = Tt T + Tl Tl - (rrt r+ 0+ Fd)w) Iy
=T+ 0+ T T =0+ T T = BT ) My
= —Ftrr,t - I‘trr 1—‘rrt
0 ~ ~
=T aag,r—(@ag,)@/a
= —(a a+ 2a2) v
Then

Ry = —(a a+ 2a2)§rr + Iirr

where
lirr = _Firr,i + 1—‘iri,r + I‘ijrl—‘jri - F‘jirir,

c) Compute R, ..
The terms with derivatives:

i i d _ 2
i+ Tl =T er + (Frrr,r + T, + 1—‘qﬁrqﬁ,r) =2 il t= e

The other terms:
Iﬂlj rThei— Iﬁlji D =TT Tl + rgm Iﬁgre + r¢r¢ Iﬁd)rqﬁ - (rrrr +T%,, + r¢¢ r) My

1 1r 1
=2=-2=-=
r? rorZ 1-(r/ry)?

Finally,

B o 2,2 2 1
rre 22k 1-(r/rp)?

=-2 raZ grr

The Christoffel symbol involves first derivatives of the metric tensor. Ricci and Riemann curvature tensors involve second
derivatives, and therefore their units are distance™ or time™2.

The space-space part of the Ricci tensor is —2 (radius curvature) 2 metric. In n dimensions, the factor 2 is different, but the form
is the same.

Since this is true for all of the diagonal element, not only for the r-r term,

Ri=—(a a+242+2132)g;
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Friedman's equation

Put Ricci tensor into Einstein's equation to get

Ry =-87GS,,

= Time-time term

a 1
35=—871’G—2(p+3p)

a=-2G(p+3P)a
Q: Interpret the result for the time-time part of Einstein's field equation applied to the R-W metric. Hint: a = a®a™2.

m Thei-i term
—(aa+2a2+722)g” =—87TG_; (p— P)azgii
0
Eliminate a to get

8 1
32—?71Gpaz+rg =0

Q: Interpret the result.
Q: What is the big surprise?
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e QOutline
e Introduction (§16) (Today)
How to detect gravity waves (Today)
Order-of-magnitude strains
Polarization
e Wave equation (821.5)
e Source of gravitational waves (823)

Metric for gravitational waves

For a particular gravitational wave, the metric is
ds?=—dP? +[1+ f(t-2)]dx®>+[1- f(t-2)]dY? +d7?
where f (t-2) < 1.

Q: In what way is there a wave?
Q: In which direction is the wave moving?
Q: What is the speed of the wave?

Q: How does the wave affect distances?

How to detect gravitational waves

For a particular gravitational wave, the metric is
ds?=—dtP +[1+ f(t-2]dx®+[1-f(t—2)]dy* +dz?
where f (t—-2) < 1.
The equation of motion of a mass is
% + T, uPur =0.
Since the mass moves slowly, the force term depends only on ut = 1. Then

dul .
I + I =0.

Moo = —; g™(2 §t Oxo0 — 6—6)( Joo) =0

Surprise: coordinates of the mass do not change.

Q: Simplicio says, "Since the coordinates of every part of my gravity wave detector does not change, there is no way | can
detector gravity waves." Is Simplicio correct?

How to detect gravitational waves

For a particular gravitational wave, the metric is
ds?=—dP? +[1+ f(t-2)]dx®>+[1- f(t-2)]dY? +d7?
where f (t-2) < 1.
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The equation of motion of a mass is
‘i—“ +T%, ufur =0.
Since the mass moves slowly, the force term depends only on u* = 1. Then

ﬂ +F'00—0

1 0 0
o0 =5 9%(2 2 9x0 — 5 Goo) =0
Surprise: coordinates of the mass do not change.

Q: Simplicio says, "Since the coordinates of every part of my gravity wave detector does not change, there is no way | can
detector gravity waves." Is Simplicio correct?

Gravity wave detector: Hold two masses loosely so that there are no other forces. I do not want
% + forces of bolts=0

Q: Suppose | want to detect kHz gravity waves. How do | support my gravity wave detector? Write requirements for the supports.

Measure the distance between two parts of the gravity wave detector. The distance is measured with a Michelson interferometer.
The interferometer compares the distance between two perpendicular arms. For the Laser Interferometer Gravitational Wave

Observatory (LIGO), the arms are 4 km in length. LIGO can detect f = 10722,

Q: What is the detectable change in distance for L =4 kmand f = 107212
sL/A=10"1

10721 4000. Meter / (500*"-9 Meter)
8.x1012

Q: Simplicio says, "l want to use very light mirrors for my Michelson interferometer, because for heavy mirrors, the inertia will
lessen the response of the interometer to gravity waves." Is Simplicio correct?

Emission of waves. Order-of-magnitude examples

= Quadrupole oscillations

A mass M of size a oscillates at angular frequency w. The system is at distance r. Then the amplitude of the gravitational wave

h=glMae 2 normal units)

—gMew (mass asalength)

More pre0|sely, the quadrupole moment is M a2.

1. The earth and sun.
Q: What frequency of gravity waves will the earth and sun emit?

Q: What kind of system will produce gravity waves having a detectable frequency?

2. Two neutron stars of a solar mass (M=1.5km) separated by a = 100 km. (The radius of the sun is 700 Mm. The radius of a
neutron star is 10 km.)
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Kepler's 3rd law:
2 _ Mo 3
Pe=-R
(100. Kilo Meter / Convert[AstronomicalUnit, KiloMeter])®3/2 Convert[Year, Second]
0.0172353 Second
The strain at 1pc is (The distance to the nearest star is about 1pc.)
h=10".
Convert[8x 1.5Kilo Meter (100Kilo Meter)?1/%”/ (SpeedOfLight)? /Parsec, 1]

1.45663 x 10716

Convert[SolarRadius, Mega Meter]

695.99 Mega Meter

Polarization

For the + polarizarion, the metric is

d?=—dtP +[1+ f(t-2)]dx®+[1- f(t—2)]dy? + d
For the x polarization the metric is

ds? =—d? +dx* + f(t—2)dxdy +dy> +dz?

A gravity wave is moving perpendicular to the screen The points are at fixed position. The lines represent the distance between
the center and the points.

Q: Which polarization is on the left?

Q: Is an EM wave with y polarization have the same polarization as one of these gravity waves?

: —DIEEIE]

Q: A gravity wave moves parallel to an arm of a LIGO interferometer. Is this detectable regardless of polarization?
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Q: Most astronomical objects emit unpolarized light. Are gravity waves likely to be unpolarized?

Q: Does the Earth attenuate gravity waves? Are gravity waves weaker if they have to pass through the earth?

= Plot

10 Apr 2012—Wave equation



