13 Mar 2012—Equivalence Principle. Einstein’s path to his field equation
15 Mar 2012—Tests of the equivalence principle

20 Mar 2012—General covariance. Math. Covariant derivative

22 Mar 2012—Riemann-Christoffel curvature tensor.

27 Mar 2012—Bianchi’s identity. Stress-energy tensor. Conservation of energy and
momentum.

e Ricci tensor and curvature scalar
e Bianchi’s identity
Stress energy tensor T#”
e Stress energy tensor of a particles
e Stress energy tensor of a perfect gas
Energy and momentum conservation Y, T# =0
Bianchi’s identity is related to energy and momentum conservation

Ricci tensor and curvature scalar, symmetry

The Ricci tensor is a contraction of the Riemann-Christoffel tensor
Ryg = R%ap.

The curvature scalar is the contraction of the Ricci tensor
R= gﬁy Ryﬁ.

Symmetry properties of the Riemann-Christoffel tensor R,gys = Goo R s
1) Symmetry in swapping the first and second pairs
Rogys = Rysop
2) Antisymmetry in swapping first pair or second pair
Ropys = ~Rpays = —Rapoy
3) Cyclicity in the last three indices.
Ragys + Rasgy + Rayep =0

Example: Curvature scalar for surface of a 2-d sphere

The metric is
ds? =a?(d6? +sin” 0 d ¢?).
The nonzero parts of the Christoffel symbol are
[y =—sinfcos
[y =T?4 =—sinfcos o
The Riemann-Christoffel tensor is in general
ngﬁ = 5;; rgyﬁ - 0_(:;; F(TYG + 10 FEYﬁ - F”ﬂé FEW’

Q/NA: Compute one non-zero component (no sum)
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Rpgp = ... =sin?0
Q/NA: Compute (no sum)
R% g
Q/NA: Compute the Ricci tensor. Answer:
Rfy=R%; =a2
Ry =R%=0
Compute the curvature scalar R. Answer R =2 a~2

Q: What information is in the curvature scalar?

Bianchi identity

Bianchi's identity: The curvature induced change of a vector carried over the 6 faces of a cube is zero. (Carry in an oriented way,
so that the right-handed direction points out.)
Proof: Each side is traversed twice in opposite directions. Therefore the total change is zero.

Q: The x-y planes have been traversed in the figure. Draw the traversal of the y-z planes

In equation form:

The change on the y-z at face at x is
dA;(X)=-A;R7,y,(X)dydz

The change on the y-z face at X + d x is
dA;(X+dX)=-A;R7,y,(X+dX)dydz

The change over both faces is
dA;(xX+dx)— dA;(X)=-As VxR, y,dxdydz

Q: Is VxR7, y, the same as fx R7,y2?

Traverse the face at x + dx in the outward-pointing sense and the face at x in the outward-pointing sense.

The change over all 6 faces is
Ardxdydz(VxR7yyz+ VyR%x+ ViR, xy)
and since each side in traversed in opposite directions, it is zero.
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We chose X, y, and z, but we could have also chosen t for one of the directions. Therefore, we have proved the Bianchi identity,

Vry Ro-‘rﬁy + Vﬁ Ra-‘rya + Vy Ra-‘mﬁ =0

A contracted form of the Bianchi identity is:

TR R) -0

= Fig

Stress-energy tensor without gravity

Definition of the stress-energy tensor T,
1) Let u® be the 4-velocity of the observer. Then
T uf =T,z uf = —d p®/dvolume
is the density of 4-momentum. —T?z uf dxd y dz is the 4-momentum in a box.
Q: Let n be a unit vector. What is T, uf n?
2) Leti and j be indices in space. Tjj = Tj; is the force in the i direction on a unit surface perpendicular to the j direction. It is also
the force in the j direction on a unit surface perpendicular to the i direction.
Q: What is Tyy?

m Stress energy tensor for a swarm of particles

The particles have mass m and 4-velocity u. Their momentum is p = mu. There are n particles per unit volume in the frame of the
particles.

In a frame in which the particles are moving, the flux of particles is
s=nu.
The x component of s is the number of particles per second crossing a unit area perpendicular to the x-direction.

P=n(1- vz)_l/z.

Q: What is the reason for the factor (1 - vz)_m?
Since each particle carries momentum p, the density of 4-momentum is
TaO — pn SO
=mu®nu®
and the flux of 4-momentum is
T(xi — pa St-
=mu*nu'
All together,
T% =mnu®u?.

m Stress energy tensor for a perfect gas

Consider the frame in which the gas is at rest.

The T term is the sum of mnu® u®. mu® is the mass-energy of the particle. n u®is the number density. The product is the mass-
energy density p.
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The T** term is the sum of m n u* u*. What is this?

where p is the mass-energy density and P is the pressure.

Q: There are gas particles moving in the x and y directions. Why don't they transfer momentum across the y-z plane in the y
direction?

In some other frame, let u be the 4-velocity of the gas. In this frame,

T% = (p + P)u® uf + P .
p and P are the mass-energy density and pressure in the rest frame; they are scalars. This is clearly a tensor.
Check that it is correct in the frame in which the fluid is at rest: u® = (1, 0, 0, 0).

TO=(p+P)(DH QD) +P(=1) =p.

TH=(p+P)(0)(0)+P1)=P.

Conservation of energy and momentum

The divergence of the stress-energy tensor is 0

9 tap_9 a0 L 9 Tax . 9 Tay L 9 Tez _

X8 T = (?tTa t T+ dy T+ azTa =0
Interpretation: Integrate this inside a fixed 3-d box

0 0 d 0

JaTe0+ Loy ST+ 2 17)daxdydz

=2 [T0dxdydz+ [T*x+dxdydz— [T*X)dydz+..=0
We said that TCis the density of the & component of the 4 momentum, and T®* is the flux of the the & component of the 4
momentum in the x direction (d p®/s/m?)
The change in the amount of p® inside the box + the amount going out through the surfaces is zero.

Stress-energy tensor with gravity

Q: What is the rule for including gravity?

Energy-momentum conservation is
VoT% =0.

For a perfect gas,
T% = (P + p)u? uf + P g%.

Conservation of energy and momentum is related to Bianchi’s
identity

Energy-momentum conservation is
Vo T%=0.
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A contracted form of the Bianchi identity is:

VR LgR <o

Q: Is energy-momentum conservation is a principle of physics or geometry? Is the Bianchi identity is a principle of physics or
geometry?

Einstein’s Field Equation is
R -2 Rg"” =-87GTH

Q: In light of Einstein’s equation, what is surprising about the conservation of energy and momentum?

29 March—Einstein’s discovery of the field equation



