3 Apr 2012—Derivation of the Schwartzschild and Robertson-Walker metrics

e Outline
o Derivation of the Schwarzschild metric
o Derivation of Robertson-Walker metric
e Friedmann’s equation (Thurs)

The Schwarzschild metric

= Schwarzschild’s formulation of the problem

What is the metric outside a spherically symmetric, static star? Conditions:
1. The metric does not change with time.

2. The metric is spherically symmetric.

3. The metric must be the same as Newton's gravity far from the star.

Recall (13 Mar) we found in the Newtonian limit that
~1+24) 0 0 0
0 10 0
0 0r 0
0 0 0 r?sin’g
Here ¢ = —GM/(r c?) = =M /r is Newton's gravitational potential. Note the Newtonian limit is accurate to first order in ¢ for the

Yuv =

time-time term but not the space-space term because the equation of motion picks out T%g. In Newton’s laws, space is not curved.

4. Assume the metric is
ds? = -B(Ndt + AN dr? + r(d 6? +sin> 0 d ¢?)
Later we will show that this assumption is not restrictive.

5. What is E's field equation in the space outside the star?
G =Ry =3 GwR=-87GT,
G,y is called Einstein’s curvature tensor.
Contract:
9" (R =3 9w R) =-87G g T,
Q: Prove g g,, =47
R-34R=-87GT",.
Therefore
Ry =876 (T =3 G T%)
In the space outside a star, the stress-energy tensor, which is
p 000
T
“lo
0
is zero. Therefore
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Calculation in outline

The metric is
-B(n 0 O 0

0 Amn O 0

0 0 r 0

0 0 0 rZsin®¢
Calculate the Christoffel symbols

Iy = é 9" (Guva + Gave — Gpy)

Calculate the Ricci tensor

_9m
Rue =2 Ty —

v =

oxt

The condition R,,, = 0 imposes constraints on A(r) and B(r).

9 A A
T+ T T = T, Ty,

Calculation in detail

The metric is
-Bm 0 O 0
0 Am 0 0
0 0 r? 0
0 0 0 r’sin?¢

v =

= Christoffel symbols

1
My=75 9" (G + Gy — g,m‘v)

A
2A

1y
rrrr='2g‘r(grv,r"‘grv‘r_gvr,r)
r o _latpa At p a1
1“,72A A+2A A 2A A

We show that I'";, =

r
—Lla1pr
=3 A—"A
Other terms:
ro__T roo_ _rsif@ o _ 1B
FW*’Z FM**T I‘“,—Zi
[g=T% = % I, = —sin6 cos 6
1
Iy = r¢¢r =7 r"'w, = r%y =cotd

IMy=T'=B"/(2B)

See Hartle, pp. 546-547 for the Christoffel symbols of a spherically symmetric metric. In Hartle,

A(r) = e
B(r) = eVt

Of course, here ;a( v(r, ty=0and ;’3‘ A(r, t)=0.




= Ricci tensor

The Ricci tensor

9
Ru==~

A 9 m A A
HXAFMA—%FW'*F"W\F = T Ty

(Hartle p. 547)

Ryg = Sin% 0 Reg
The non-diagonal terms are zero.

Getrid of B":

Seb o (A )0
Then

dlogA+dlogB=dlog(AB)=0
Therefore

A(r) B(r) = constant

At r - oo, the Newtonian limit yields
AB-1-2M/r->1
Therefore
AB=1.

Consider
RW=—1+2—'A(—AA +EB)+
Since AB=1,
N
A
r B' 1 N d
Rp=-1+5,(27)+5=-1+rB'+B=-1+(rB)=0

1
2=0

B
B

Integrate to get

rB=r+const
or

B =1+2=
At oo,

BN =1/AM-1+2¢=1-2%
Finally,

B=1-24
My-1
AN =(1-27)"
Q: What went into the derivation of Schwartzschild’s metric?

Q: If a star has radial pulsations, does a planet’s orbit change?
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Schwarzschild's assumption of the form of the metric

Schwarzschild's assumption of the form of the metric
ds? =-B(ndt + A dr? + r(d6? +sin 0 d ¢?)
is convenient but not fundamental.

Assume the metric does not depend on time and it depends on space X and dx only through the spatial scalars X-X, X-dx , and
dX-dX . The distance? depends on all possible quadratic combinations of (dt, di)
ds? = —F(nd® + 2E(r) dt X-dX + D(1) (%-d %)’ + C(r) dx?
Use spherical coordinates.
(%%, X2, x%) =r(sinfcos g, sindsing, cos).
Then
ds?=-F(ndt2 +2rE(m)dtdr +D(r)r2dr?+C(r) rz(a*e2 +sin? 0d ¢?)

Since the metric is static, we are free to replace t by t' + f(r). The t-t and t-r terms are
—FM)@t'+ f' (Ndr?+2rEmdrdt + f'(r)dr)

If we choose
—2F(@) f'(rn=2rE(r),

then the dtd'r term is zero, and
ds? =-F(d? +G(r)r?dr? + C(r) r(d 6? +sin® 0 d ¢?)

where G (r) = r?[D(r) + EX(r) / F(1)]

We may change the r coordinate. r'? = r2 C(r). Then
ds?=-B(r')dt + Ar)dr? +r?(d6? +sin? 0 d¢?)
where
B(r)=F(n)
A(r)=[1+G(r)/CM[1+r/2C(r)C' (N2

Robertson-Walker metric

A 3-d space that is homogeneous and isotropic has a special choice of time. A choice of coordinates is
tr 6 ¢
and the metric is

dr?
1-(1/r)?

ds? = —d + a(ty? [ +13(d6? +sin? empz)]

(r, 6, ¢) is called the comoving coordinate. A galaxy stays at the same position; time changes. rg can have any value, positive or
negative. a(t) is called the expansion parameter.

Friedman's equation is

(}ia)z,ﬂ(;p=, 1

a dt 3 a2

We derived Fiedmann's equation except for the constant —rgz on the RHS.
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Form of the metric

Assumptions:

1) There is a time coordinate that is proper time.

2) At a given time, the space within a small bubble is isotropic.
3) At a given time, the space is homogeneous.

The metric is
ds? = —dt? + A(t, vectorr) (dr? + r2(d6? + sin® 0 d ¢?))
Q: What assumptions have gone into writing a metric of this form?

Since the space is homogeneous,
A(ty, r)/Alt, 12)
can depend on time and also on the distance between the points. It cannot depend on the location. Therefore
ds? = —dt? +a(t)? B(r) (dr? + r2(d6 +sin?  d ¢?))
Q: Have | eliminated the possibility of a curved space by grouping the dr, d6, and d¢ terms together as
(dr? + r?(d6? + sin® 0.d ¢?)), which is the case for flat, spherical coordinates?
By mapping the 3 dimensions onto the surface of a 4-dimensional symmetric space, we can show that the possible metrics are

ds? = —dt? + a(t)? % +r(d@? +sin?0d ¢?)|,
(-

where r3 can be positive or negative.

Derivation of Friedman's equation

The metric is
2_ g2 o[ _dr?
ds?=—dt? +a() [m/mz

Since the coordinate time is the same as proper time, in average the galaxies are at rest.

+13(d6? +sin’ Gu‘abz)]

Einstein's equation is
Gy =Ry —3 GwR=-87GT,
Plan: Calculate the curvature tensors and find conditions on a(t) and ry that satisfy E's equations.

Rewrite
dr?

2 _ _ 712 2| 4 2 2 in2 2
ds? = —dt? + a(t) [Hr/ru)? +12(d6? +sin?0d¢ )]
as

ds? = —dt? +a)? (G, dr? + Goy d6? + §y d 8?)
[L-/m?]* 0 o
where § = 0 r2 0

0 0 r?sin?g

Compute the Christoffel symbols

a) Time term
1
Iy = H 9%(Goa, 5+ 90,0 — Yap.0)
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a=0:
4= ‘i goo(gmﬁ +9os0—Yog, o) = ‘; 9% goo, 5 =0,
because goo = —1.
a=ix0and B=j#0:
%= 2 900(901,1 +0o0ji— Qu,o)
The first two terms are zero because ???.

o = __; (~gij,0) =a®) “i; gij-

b) Space-time term: @ = 0 in
[yp = % 9"(i0, 5 + Gig, 0 — Yap.i)
Tiop= ‘i 9"(gio, s + Gig.0 — Gog.i)

The first term is zero. Second term is zero unless 8 = i, in which case it is —; gi2aadi= —: The third term is zero, since gop = —1.

c) Space-space term: @ =i+ 0and = j+0in
rijk :’; gii(gij,k + Oik, j — ij,i)
involves space coordinates only. Straightforward. Hartle p. 547

[ =—r[1- /o] |

Uy ==rsin®0[1- /10?] | [ M= =% =T =11

| %44 = —Cc0s #sin @ || %44 = coto |

The other terms are zero.

Form of the Ricci tensor and the source of curvature

What is the form of the space part of the Ricci tensor in the frame in which the matter is at rest? Recall that the universe is
isotropic and homogeneous. Take a guess.

R =3 GwR=-87GT,

Take the trace
RYy-34R=-81GTH,

to find that the curvature scalar is related to the trace of the stress-energy tensor:
R=87GT

Ruv=-87G Ty =3 0w T)

The stress-energy tensor
T =(p+P)uu” +g"” P
For the frame in which the galaxies are at rest, u“ = (1, 0, 0, 0).
TH” = diagonal {p, a? [1 - (r/rg)ZJ P,a2r 2P, (arsin®)2P}.
TH, =T+ g,, = diagonal(-p, P, P, P)
T=TH,=—p+3P
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Top = Gay Ypy T# = diagonal {p, a2[1 - (r/ro)ZJ’1 P, a®r2 P, (arsin6)? P}
The source of the curvature
1
Suw=Tuw =5 9w T

:—; diagonal {p +3P, aZ[l - (r/ro)Z]’1 (p—P), a2r’(p—P), (arsing)?(p — P)}

Then
5 =1 2~
ij =7 (0—P)a*g;
Since R, = -871G S, the space-space part of the Ricci tensor is

even though it involves derivatives of the metric.
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