The Electromaqgnetic Field Tensor -

part I
F*(x)

Consider an arbitrary inertial frame
F:{ctxyvyz)}
How do we define the fields E(x,t) and B(x,t)?

The force on a test charge q is
dp/dt = F = gqE+quxB
where
u = velocity = dx/dt.

Recall: p = mu /V 1-u¥c?

Now, by the principles of special relativity (the

laws of physics are the same in all inertial

frames) we should write the equations in

.| covariant form; i.e,, write the equations only in

terms of Lorentz scalars, vectors and tensors.




Mathematics of Tensor Analysis

Definitions and Notations
Contravariant vectors : x*, A¥, ...
Covariant vectors : X, All ) o
These are related by
X =4, XV ; or, Au =g, AV
where we use the Einstein summation
convention (so the sum over v from 0 to 3 is
implied).

Here g, 1s the metric tensor
9, = diag(l, -1, -1, -1);
note that
A, = A°

“Raising and lowering the index”

(a,,a,,a,,a,)=(", -a', -a?, -a’)

i = W B = kv
Or, equivalently, a, =g,a or a g™ a,

where g% = 9, -

| Theorem 1. If A¥ and B* are Lorentz vectors

(contravariant) then A* B, is a scalar.

(* we always use the Einstein
summation convention, so A* BIl
means that we sum over p from 0 to 3. *)

Note this tricky important point:

| A® B, has no index.
| 1is summed from 0 to 3.

AH Bu means the sum of four terms.




Proof #1.

Consider 2 inertial frames, F and F’& relative
velocity v.

Relative to frame F we have
AP B}1 =AOB?- AIB! - A2B2 - A3B3

(do you see why?) |

=A°B°- AB -A,-B
Now consider the Lorentz transformation...
A" B’pl =AOB"0 - A'B, -A"| ‘B,
= y[A® -(v/c)A] Y[B® -(v/c)B]
-Y[A ~(v/c)A"] y[B, -(v/c)BY] - A ‘B,
=Yy2A%B° (1 - v?/c?) - y’AB, (1 - v?/c®) - A, ‘B,
=A"B° - AB -A; B
= A¥ B}1
Q.E.D.

- | frames;

Proof #2.
A¥B =g A"B"
(Au = the Lorentz transformation matrix)
=g, A"AP AV Be
(Elns{)eln summatlon convention for y, v, p, 0)
=g, A" A, AP B

The metric tensor is the same in all inertial
diag(1, -1, -1, -1).

A"B =g A*B°=A*B.  (Q.E.D)

| Do you get this?

| A" B, does not depend on p because 1 is
summed from 0 to 3 by the Einstein summation
| convention.

| A*B =A°B°- A'B! - A2B? - A’B®

"=A'B = A°B = A’B,




Theorem 2. If A*is a Lorentz vector and C% is
a Lorentz tensor, then C"A is a Lorentz
vector.

Proof. What do we need to prove? We need to
prove that C"A_ transforms in the same was
as x*;i.e, (remember, x* = A“p xP )

CWA' = AP CPA,
convention applies to p and v)
CWA', = g, CWA*= g AP AY.C* A\ A
=A" g, CPA<= A" C*A  (Q.E.D)

Do you get this?
Ignoring the indices, this is how it goes...
1 C'A'=gC'A'=g AAC ANA

=A AgA CA=A g CA=ACA;
.. but make sure the indices work out
correctly!

| Summary and generalizations

| and covariant indices: T

Contraction of ...

| | contravariant vector and covariant vector —
- | scalar

| contravariant tensor and covariant vector —
| contravariant vector

(N. B. - the Einstein summation || tensor of rank n and tensor of rank m — tensor

of rank [n-m|

| rank 1 7 rank 1 = rank 0 (ie,VOV=S)

rank 2 (I rank 1=rank1 (ie, T V=V)

In general, T, (1 T, = T, where the rank of T, 1S
|| n,=n +n, - #of contracted indices

There are also tensors with mixed contravariant

Apv
aBy

That is the algebra of tensors.




The calculus of tensors

Theorem 4. The differential operator 0/0x*,

which we sometimes denote by du ,
transforms as a covariant vector.

Proof. Let @(x) be a scalar function of x*.

Now consider & = du P.

According to the theorem, it is a covariant
vector. Or, equivalently, ®" is a contravariant

vector. That's what we have to prove.

£ =~ P,

then au @ =g, X°+g, X°

- )\ -
| 2 g X 2 Xu |
.. a covariant vector, as claimed.

Now watch carefully ...

o =g @’ =g O/0x" @(x)
= g™ 0/0x" ¢(x) { because ¢ is a scalar }
= g™ Op/OxP OxP/Ox"
{ sum over p is implied! }

gr (6} [Al ] PV

p |
{x' = Ax implies x=A'x} [§
A" _g°f @
o p
(recall: AgA=gqg)
AP _D°

vector

tensor

f n
Differentiation produces tensors from vectors.




