The energy-momentum flux tensor

~| Energy and momentum

For a particle, €*(1),
p* =m d¢&* /dt

pi=mul/ (1-u?/c?
E = ¢ p° = mc?/ (1-u?/c?

~ | Fora field, energy (and momentum) are spread

throughout the field;
u(xt) = (g,/2) E*(x,t) + 1/(2n,) BA(x,t)
U=[ud3x

- | Now field energy (and momentum) needs to be
| expressed in terms of tensors --- to satisfy the

= postulate of relativity
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Note: T*Vis a tensor

We'll see that T*' describes the energy and
momentum flux.

| To do: Understand the interpretation of T";
| and express T"' in terms of E and B.
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~ | Symmetry properties

g™’ 1s symmetric
F" is antisymmetric : F"'= - FW
TW is symmetric: T"" = TW

: ngl = gllV
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Calculate the divergence (4d) of T* Theorem. The sum of the 3 cyclic
= 7 = | permutations is 0 because of symmetry or
Mo 2T _ 9F " ov L 45 OF | because of the Maxwell’s equation of the
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Proof. 2 X %o
Each term is a 4-vector with index p

-2nd term = P
F7 (4 T3)

= - 4th term = same as 3rd term
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Result: 1, oT" /dx'=-n,F*J A




\ vV — Thus we must have
aTu / dX - F]lp J 0 : TO=u (energy density)

The interpretation T%=S!/c (energy flux)

| This is the continuity equation for :
: ou/ot+V-S+EJ=0
energy and momentum conservation. : :
_ = | which expresses the conservation of energy.
Proof. First, the casen =0 ...

| NB: E.J = the work done by E on the charged
| particles, per unit time: per unit volume:
dW=F.dx=(pdV)E.vdt=E.JdtdV




GT“" /dxY = - F¥P J

‘ Wehave,forp—1(-1,2,3)
OTV /dx"=-F*J
LHS = 0T /dx° + 9TU /dx¥
= (1/c?) aSt /dt + (V-T)!

=-(E1/c)(c£>) € . J BE
-{pE+J xB}l

anﬁelds

§~ whereIT. . = S/c?

fields

/ot+{pE+JxB}=-V-T

| () S=Ex B /p, = energy flux

L 2 1ty =
— | S/c* = momentum density =11 _

- | (Check units!)

| (1) VT = divergence of the momentum
flux

| (iii) The force per unit volume on
| particles = {pE+JxB} =4Il /ot

particles

(momentum density of the particles).

i E. M. fields carry momentum, and the total

= momentum (fields + particles) is conserved

»== at every point in space.

B om . +m /ot =-V-T

particles )
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