
Radiation of Electromagnetic Waves

We need...

Field Equations - to relate charge, current and 

fields

∇∙E = ρ/ε0  ; ∇∙B = 0

∇×E = − ∂B/∂t ; ∇×B = μ0 J  +  μ0 ε0  ∂E/∂t

Potential functions - to simplify the solution of 

the equations

B = ∇×A ; E = − ∂A/∂t  − ∇V

Lorentz gauge condition

∇∙A = − 1/c2 ∂V/∂t    (gauge fixing)

Then A(x,t) and V(x,t) obey the inhomogeneous 

wave equation,

− ∇2 V + (1/c2) ∂2V/∂t2 = ρ/ε0

− ∇2 A + (1/c2) ∂2A/∂t2 = μ0 J

The d’Alembertian

□ ≡ 1/c2   ∂2 /∂t2  −  ∇2  ,   

a differential operator ;

□ V = ρ/ε0 ; □ A = μ0 J   .

We can solve for V and A (in terms of ρ and J) if 

we know the Green’s function of □; 

i.e., G(x,t; x’,t’)  . 



Proof#1. Equation (3) is just the superposition 
principle.
Proof#2.

D f  (x) = ∫   D G(x;x’)     σ(x’)     dnx’

= ∫   δn(x−x’)   σ(x’)     dnx’
=   σ(x) QED

Example 1 : Electrostatics

−∇2   V = ρ/ε0

−∇2   (  1/   4π|x −x’|  )  =  δ3(x−x’)

V(x) = ∫                    = ∫              
“reduced to an integral”

Green’s functions

Suppose we have a linear differential operator 
D and an inhomogeneous equation

D f = σ (1)
f(x) : the function we want to determine;
σ(x) : a known function; the source of f;
x : the coordinates, which may have multiple 
components.
The Green’s function G(x;x’) is defined by

D G  = δn(x−x’) ; (2)
i.e., G(x;x’) is the function for a point source at 
x’.

Then f(x) = ∫ G(x;x’) σ(x’) dnx’. (3)
The problem is solved; i.e., it is reduced to 
integration.

ρ(x’) d3x’                dQ
4πε0|x −x’|          4πε0 r 



Example 2 : harmonic time dependence



     e  ik |x-x’|

    4πε0 |x−x’|

Result
If ρ(x,t) = ρ(x) e −iωt

then   V(x,t) = V(x)  e −iωt where

V(x)  =    ∫                             ρ(x’) d3x’

Note: k = ω /c
General time dependence
Arbitrary ρ(x,t) …
We can write ρ(x,t) as a Fourier 
integral; then use Eq. (4) for each 
frequency; and then apply the 
superposition principle to the set of 
frequencies. 

If ρ(x,t) = ~(x) e −iωt

then   V(x,t) = ~(x)  e −iωt where

~(x)  =    ∫                             ~(x’) d3x’
   

The retarded time    t’ = t − | x-x’ |/c 
∫−∞

∞ ρ(x’,ω)  eiω|x-x’|/c e−iωt dω    =  ρ(x’,t’)

                             e−iω ( t − | x-x’ |/c ) 

~



The retarded potentials

Note that V(x,t) and A(x,t) depend on ρ(x’,t’) and 
J(x’,t’), 
where t’ is the earlier time

t’ = t - | x-x’ | /c.
The time delay | x - x’ |/c is equal to the time 
that it takes for light to travel from x’ to x.
In other words, if the source suddenly changes 
at x’, the potential at x will not change until the 
light-travel-time later.

The Green’s function of   □



Example - generating a plane wave

The horizontal plane (z = 0 ) carries an electric 
current with surface current density

K(x,y,t) = K0 j e −i ωt

(A) Determine the vector potential A = Ay(z,t) j.
(B) Determine the magnetic field B(z,t).
{Nota Bene: By translation invariance, A and B 
do not depend on x or y.}


