How is the Dirac equation consistent with
special relativity? (Sections 3.2 and 3.4)

(i yo-m)y(x)=0 (1)

Consider two inertial frames,

xP* = {x0 x!, x? %3} ref frame F

x'P={x"0 x', x?% x%} refframe &

X' P= A“V X'  where A“V = Lorentz
transformation matrix

Suppose P(x) is a solution of the Dirac
equation in the unprimed coordinates.
What is the solution in the primed
coordinates?

I.e., we want
(iy.o'-m)y'(x')=0  (2)

Question: Whatisy' * ?
Answer:y' P=yH,
Proof: Gamma matrices are the same in all
inertial frames; e.q.,
v = [1 0] and y* = [0 o]
[0 -1] [-o 0]

Question: What is a'u ?

Answer: o' = (A )", 9,
Proof: By the chain rule,
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Require (1y.0'-m)y'x')=0 (2) .

Question: What is ¢'(x’) ?
Answer:

W'(x') =S(A) w(x)
[ PS notation: A, = S(A) ]

Here S(A) is the 4 x 4 matrix, such that Eq.
(2) is satisfied.

Theorem 1.

The matrix S(A) satisfies
STY'S=A" v .

Theorem2.  S(A) = expl[- (I/2) w ,S™]

where S¥ =1/4 [y*,v']
and W, 1s antisymmetric w.r.t. uv
exchange.

Proof of Theorem 1.

(1y.0'-m)y(x')
=(iy" (A1)" 9, -m) S(A) w(x)
=SS(ivF (A1), 9,-m) S w(x)
=S(iSty*S(AT)' 9,-m)y(x)
=S (1A, v (A1), 9, -m) p(x)
=S (1y°9, - m) y(x)
=0. Q.E.D. (assuming S exists)
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Theorem 2. To prove:S™y*S=A" y’
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Example. S(A) = exp{-0/2 [0 J°]

3
Consider a boost in the z direction. [ @] }

S(A) = [cosh(w/2) -o?sinh(w/2)]

The Lorentz transformation matrix: [-o3sinh(®©/2) cosh(w/2)]

x?% = [ e 0 -py ]x°

x’!=[0 1 o o ]xt

x’?=[0 © 1 0o ]x°

x> =[-By @ @ ¢ ]X
AH

v

What is S(A) ?




= [cosh(w/2) -o°sinh(w/2)]

[-o®sinh(®w/2) cosh(w/2)]

The Dirac spinors for a particle at rest are

tars (1) ot o< (]
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Therefore the Dirac spinors for a particle
with momentum p = (0, 0, p) are

w(pd= ST o)
o G| Ela P ()
(+o~3;1 e )r (5)

. (m(%zj / Cg= l(c+1):\)—{a’+‘.
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v v isascalar

v Y*y isavector
v y"yY vy isatensor
v v’y isapseudo-scalar

v Yy’ vy is apseudo-vector

Proof
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Homework Assignment #3
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