Electron-muon scattering
Imagine the process

e(p) + np,) — elpy) +up,)
plll + pzu = p311 + p411
We will regard the electron as the projectile

and the muon as the target.
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Comments.

This is an imaginary process, because the muon
is an unstable particle (mean lifetime in the
muon rest frame = 2.2 us) so you can’t make a
muon target. We'll do the calculation, imagining
that the muon is stable, as an academic exercise
-- a simple example in QED.

One could make ep scattering more physical by
regarding the muon as the projectile and the
electron as the target.

E.g., consider a muon created at the top of the
atmosphere by a cosmic ray. How does it lose
energy (by ionization of molecules) as it passes
through the atmosphere. Or, how does a muon
make a track (by ionization) in a muon detector?




(1) The transition amplitude

There is only one Feynman diagram.

m = U] ey uh)
Ulpy) €eyY otlp:)
D,«vc"!"h)

M 2

2

m =
RO

(2.) Calculate the magnitude squared
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(3.) For unpolarized scattering...

.. We average over the initial spins and sum
over the final spins.

R p
M= = =5 o T ¥ Giem)y” @om)

Ty ¥, (hem)x, CopamM)

’—
ur = 2z g“M

b o X SV

(4.) Calculate the traces.
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5.) Substitute Mandelst 1abl - i
(5.) Substitute Mandelstam variables step 1 : E dot M in Mandelstam variables

nE06)= (*# € mu - € mu %)
EdAM = 16 * (2 * p1ldp2 * p3dp4 + 2 * pldp4 * p2dp3) +

s = Q' .(.*2)’-2 - (n.’. rq) < (-1) *16 » (p1dp3 -mA2) % 2 » p2dp4 +

(-1) »16 » (p2dp4 - MA2) % 2 * pldp3 +
16 * 4 » (pldp3 -mA2) » (p2dp4 - MA2) ;
all = {pldp2 -> (s -mA2-MA2) /2, p3dp4 -> (s-mA2-MA2) /2,

PI'P:. = P3.r)’ _-.-(S*)..-M'}/z pldp3 -> (2+mA2-t) /2, p2dpd -> (2+*MA2-t) /2,

pldp4 -> (mA2 +MA2 -u) /2, p2dp3 -> (MA2 +MA2 -u) /2};
n@i4- EAM = EAM /. all ;
t — ( LA ( )2 EdM = FullSimplify[EdM]
—a .—)1,} P* }I; Expand[EAdM /. {s >mA2+MA2+50, u-mA2+MA2 +u0}]

out315]= 8 (2m"+2M"+sz+2m2 (2M2—s+t—u) +u?-2M (s—t+u))
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Note that |M |? is dimensionless

and Lorentz invariant.



(6.) Calculate the differential cross
section...

..In the lab frame of reference;
1e the rect frame of the initial miiaon

—e—

( { d;PJ g JPv lwlz.
16y 2E, U ) (2r)? 26 (?zﬂazq}

d"-:..

() 5 & +e-5-6) PGty

—

b

&erw con SexvraXyon ¢

\/ps e F (/(p, h;lﬁni

:WFM

Kivewu>tr £ fle. laif:;;c
)@

’| __?—-— & e
Vs

h=(6, o o k)

h=(M o, 0, o)

Bi=(€5, P8, o, b, s0)
b= (&, >, h—he)

—_—_—z

Apprarmehin | Me = O

accurate for energies E1 >> 1‘MeV

Then T Wm&wwm&«dm

be correa

Pz + VR-B)* 3 m?

(P-E)} +M* = (b +M-BY
AR —2p b ls0 FH

= pC+M+ )
+ 2Mp-rs)

=ph +M

—2h ik

2pp(l—w6) = ZMCh-P)

N [N+b, Cl—za;d]z MP

V . MP)
3T Mxo (~a0)

Mr

~ A




step 2 : lab frame kinematics

In[320]:=

(* lab frame (initial muon at rest) =)
Ms = {Ss>mA2+MA2+2%xE1l *M,
t->-2%xMx* (E1-E3),
u->mA2 +MA2 -2 xMxE3};
EdM = EAM /. Ms;
EdM = FullSimplify[EdM]

22- 32M (E1* M- E1 (m® +M?*) + E3 (m® + M (E3 + M) ) )

step 3 : electron mass =0

In[323]

(* approximate m = 0 =*)

appx = {m- 0, E1 » pl, E3 » p3};

EdM = EAM /. appx;

EdM = FullSimplify[EdM]

EAM /. {M-> 106., pl > 10, p3 » 106 *10/ (106 +10)}

5- 32M° (-Mpl+pl® +p3 (M+p3))

- 3.31228x 107

step 4 : |ME |?

- 32 M2 pl

Substitute p3 -> M pl /A
{where | defihneA=M + pl *(1-cosd)}

77- EAM = EAM /. {p3 > M*pl/ A};

EdM = FullSimplify[EdM]
M2 (pl +A4) )

-M+pl
+ P14 A2

- Msq=EdMxeAd / (4% tA2);

Msgq=Msq /. {t » -2+*M*xpl (1-M/A)};
Msq = FullSimplify[Msq]

2e* (-MA? +plA?+M? (pl+A))

pl (M-A)2?
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step 5 : cross section

n@z- ¢s = Msqg/ (64 * PiA2) / AA2;
cs = FullSimplify[cs];
cs=cs /. {A-> M+pl=* (1l-costh)};
cs = FullSimplify[Expand[cs]]

e* ((1+costh) M+ (-1+costh)?pl? +M (pl - costh? pl))

32 (-1 +costh)?pl? (M+pl-costhpl)? n?

g3 - cross =cs /. {e->1};
cross =cross % (4« Pi/137)A2%197A2 % (1000/100) ;(* 1 b = 100 fmA2 «)
o[El_, th , Mmu_] :=cross /. {pl - El, costh » Cos[th], M - Mmu}
o[El, 6, Mmu]
{o[10, 3.14 /2, 106], o[200, 3.14/ 2, 106]}

194 045 (E1? (-1 +Cos[6])% +Mmu? (1 +Cos[6]) +Mmu (E1 - E1 Cos[6]2))

18769 E1% (-1 + Cos[©])? (E1 + Mmu - E1 Cos [6])?

outa40= {0.0954743, 0.000200322}




Out[344]=
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