Peskin and Schroedinger The Dirac Equation

See their “Conventions and Notations” /1/ Recall the Schroedinger equation
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/2/ The Dirac equation

We want an equation that is (i) linear in
time, (ii) with plane wave solutions,

(iii) such that E = v [p?+m?).
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To be consistent with relativity, tand (x,
y,z) should be treated similarly;

because the Lorentz transformations
mix tand (x,y,z).

So let's try
, S—P= Y
‘e = (DPrpm) 4
=Y = (2 F + gm) ¥

The quantities B and (a, a, a, ) will be
matrices.




Band (a, a, a, )

Since they don't commute they must be
matrices.

Four - vector notations

Define y°=p;
also, (y',y*,v’)=(Ba,,Pay,,po,)
UPPER AND LOWER INDICES:

x0,x!,x*,x*}y={ct,x,y,z} (c=1)
{x,,x,,%x,, %, }={ct, x, -y, -z}

8y = diag(1,-1,-1,-1)

K Y=p{1l,0,0,0,}
{YO'Yl'YZ'Y3}= B{l,-ax,-ay,-az}
YoA:y”oAu:Yqu”:YOAO-YiAi




This is the Dirac equation.
Various notations may be used
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/3/ The gamma matrices
What are the gamma matrices?
They are not unique.

The gamma matrices are 4x4 matrices,
defined by certain anticommutation
relations:
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Thus, the defining equations are

{y,y=2g"
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# The standard representation (Dirac)
for the gamma matrices is

y=(, 0 —1) o X“‘(otcol)
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Exercise. Verify (1).

# The chiral representation (Weyl) for
the gamma matrices, which is used by
P&S, is

(11) =t ¥<(2.5)

It’s not a very convenient choice.

Theorem. If {y*,y"}=2g",andUisa
unitary matrix (U TU = 1), then
{y*,y"}=2g" wherey = Uyt UT
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For most calculations, we don't need to
use any specific representation of the
gamma matrices. Instead we can use
some identities that are true for all
representations.

/4/ Examples of gamma matrix
identities

#. Trace (V" V")
Lemma. Trace(BA) = Trace(AB).

Proof.

Trace(BA)=B A =A_B_= Trace(AB).
Even if A and B do not commute,

i.e., BA # AB, always tr(BA) = tr(AB).
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Etc.

We'll use a bunch of these identities.
See the Appendix A.3.




/5/ The Dirac spinors » In the standard (Dirac) representation:
< Th(_e Dirac equation and the plane wave 4! tm= §°E -y /’* o | 35c
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Plarizatiun Sums
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We derived this from the Dirac representation; the
same result holds for any representation of the
gamma matrices.



» Dirac spinors in the chiral (Weyl)
representation of gamma matrices...

Dirac spinors for antiparticles:
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