
Chapter 9 : Functional Methods

We’ll use this chapter to derive the 
equations for the quantized 
electromagnetic field. 

Sec. 9.1.
Path integrals in Quantum Mechanics.

The path integral method is a different 
way to quantize classical mechanics -- 
an alternative to the Schroedinger 
equation.
Quick review



Path integrals = the functional method 
applied to ordinary quantum 
mechanics.
Now, can we apply functional 
integration to a field theory?

Evolution from state |xa> to state |xb> 
is equal to the integral over all paths 
from xa to xb, weighted by the factor 
exp{i Action /hbar}.



Sec. 9.2.
Functional Quantization of Scalar 
Fields.
Let’s compare and contrast: (i) the canonical 
quantization of the scalar field, and (ii) the 
functional formalism.
(i) canonical quantization

(ii) functional integration



To see how this works, we’ll consider the 
correlation function (2-point function)      

DF(x1 - x2 )   =   <0| T φ(x1) φ(x2) |0>
in the free  field theory.

This an ordinary function.
It should be the same in either formalism.

We already know what it is in the canonical 
field theory,

Now let’s try to calculate D(x-x’)  using 
the functional method.



Gaussian integration





Results.
(my proof was a little bit rough, but it 
can be made rigorous)

§ The two-point function from 
functional integration is the same as for 
canonical quantization.

§ The perturbation expansion can be 
carried out using the functional 
integrals (just expand eiS in powers of 
the interaction) and it’s just the same as 
Wick’s theorem.

§ The theorem can be extended to n-
point functions.

So... the functional method is a correct 
quantum theory.



Sec. 9.3.
The analogy between quantum field theory 
and statistical mechanics.

In statistical mechanics, we sum over all 
the states of a large system. Think of the 
partition function Z = Sum e-βE .

In quantum field theory, we sum (i.e.,  
integrate) over all the field configurations 
in space time:

∫ Dφ eiS[φ] .

Sec. 9.4.
Quantization of the electromagnetic 
field.

Aμ(x) = Aμ(x,t)

L = -¼ FμνFμν - jμ Aμ

where Fμν = ∂μAν-∂νAμ ,

(jμ(x) is electric current density 4-vector, 
to acts as a source.
For free fields, jμ = 0.)

Lagrange’s equations are Maxwell’s 
equations



Lagrange’s equations are Maxwell’s equations What is the problem with canonical 
quantization?

/1/ Aμ has 4 components.
But ∂A0/∂t does not appear in the 
Lagrangian.
So the canonical momentum for A0 is

Π = δL / δ(∂0A0) = 0.
We can’t apply canonical quantization to A0.

/2/ The Maxwell equation corresponding to 
A0 is

∂μFμ0 = j0

∂iF
i0 = j0

∇ . E = ρ (Gauss’s law, not a 
dynamical equation)



/3/ One method is to impose the Coulomb 
gauge condition, ∇. A = 0.
Then 

∇.E = ∇. (-∇A0 - ∂A/∂t) = - ∇2A0 = ρ
so

I.e.,  the field A0 is not quantized.
This method is used by Bjorken and Drell, 
and often in atomic physics. But it is not 
manifestly Lorentz invariant, so it is 
inconvenient for relativistic calculations.

/4/ Peskin and Schroeder use the 
functional method, and impose a 
covariant gauge condition on the integral 
over field configurations.

The functional method
For example, consider the correlation function

But S is gauge invariant ;
S(Aρ) = S(Aρ + ∂ρλ)

for any function λ(x).
The integral is undefined because the 
integrand is constant over an infinite 
space.



Another indication of the failure of the 
theory…

Challenge: How to integrate over gauge 
inequivalent configurations , instead of 
integrating over all configurations.
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Another common 
choice



Sec. 9.5.
Functional Quantization of Spinor Fields.

Needs Grassmann variables, i.e., 
anticommuting numbers.

Sec. 9.6.
Symmetries in the Functional Formalism.


