
Interactions of Radiation and Matter

H = Hatom + Hrad + Hint

We know

Hatom  = 

Hrad =

But what is Hint?
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Start with the Hamiltonian for an electron in an 
electromagnetic field,

H = 

(electron charge = -e)

Why?

Use Hamilton’s equations, 

Now write H = p2 /2m − e φ(x) + Hint
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So,
Hint = 

(in the Schroedinger picture)

The first term of Hint will annihilate or create a photon.
The second term could annihilate or create 2 photons.
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Radiative decays in atomic physics

a ⟶ b + γ where εa   >   εb

We’ll calculate the transition rate by Fermi’s Golden Rule, 
from perturbation theory, treating Hint as a perturbation.

dR = 

(first order approximation in time-dependent 
perturbation theory).

The initial state is | i〉= | a〉atom | vacuum 〉rad.

The final state is | f〉= | b〉atom | k, ε〉rad.

i.e., a+
kε |vacuum〉rad.
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Calculate the transition matrix element

〈 f |  Hint  |  i 〉= 
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≈
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Example: 
The decay H(2p) → H(1s) + γ for atomic hydrogen.
The atomic matrix element is

<2p, m | p | 1s>      for m = 0, +1,−1
This is just a problem in ordinary quantum mechanics.
The calculation is not difficult.
Recall the wave functions,
Φ1s(x) = exp(−r/a0)  /(π a0

3)1/2

Let’s take m=0 , (m=1 or -1 would have the same total decay rate) 

Φ2p(x) = (r/a0  )   exp(−r /2a0)  cosθ /( 32 π a0
3)½

<2p, 0 | p | 1s> = −iħ ∫  r2 dr sinθ dθ dφ   Φ*2p ∇Φ1s  

= ez (iħ/a0) (⅔)4 √2
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Sum over polarizations
To get the unpolarized decay rate we must sum over the 
final two polarizations , ε1 and ε2  . They must both be 
perpendicular to k .  Let  ε1 = eφ and ε2 = eθ .
Note that ez • eφ = 0 and ez• eθ =–sin θk

So,

∑σ  | εσ•<b| p |a>|2  =  (eθ • ez)
2 (ħ/a0)2 (29 / 38 )

= sin2 θk
   (ħ/a0)2 (29 / 38 )

and Rate = 
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The differential decay rate (for m = 0)

We need to calculate the sum over k.

Remember the infinite volume limit, 

To get the total rate, integrate over all directions of k.
To get the differential rate we don’t integrate over 
directions...

  dR /dΩk   =  

The k integration is evaluated with the delta function.
Remember how to do delta function integrations:

 ∫–∞
∞  δ(ax)  f(x)  dx =  1/a   f(0)   
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Final results for the decay H2p ↦  H1s + γ

dR /dΩk =                                                                    
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   ∝ sin2 θ because m = 0


