Chapter 3:
GREEN’S FUNCTIONS AND FIELD THEORY
(FERMIONS)
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7. GREEN’S FUNCTIONS

Definition. The time-ordered product of

operators in the Heisenberg picture
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7a. Definition of the Green’s function

The Green’s function (or, also called 1-
particle matrix element) is GGB(x,t;x',t')
where af are spin indices;

X,X' are two positions;

t,t’ are two times. The definition is ...
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7b. RELATION TO OBSERVABLES

Some quantities in the theory can be calculated
from GGB(x,x’).

Let J be a one-particle operator...
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There are some tricks for calculating the
ground state energy.
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So, by this or other formulas we can determine the
ground state energy E=<T+V >

Lesson #1: If we know the Green’s function,
then we can calculate some interesting
quantities.

Lesson #2. Of course we do not know the
Green's function; but we can estimate it,
approximately, using perturbation theory.




7c. Example : “free fermions” in a box

What is the Green’s function for free particles in
a box, with periodic boundary conditions, that
do not interact with each other?

The ground state: fill the lowest available states
up to the Fermi energy.

This could be interesting, e.g., as the first
approximation for nuclear structure:
protons and neutrons confined inside a
sphere.

Particles and holes

We have Y (3) = % 'tPh(ir) Cpa
M

| BE Y =(2)
? (‘;) g —2E Ma

P kN Uy =()
N '{e»ﬁ'ng_ o

thilyFe

ey o 4 10 frloke Tyl

L’f;;aﬁ" kak. crpe

A hole with momentum —hk,
is created by annihilating an electron with
momentum hk below the Fermi surface.

(@1




7Zb ’ﬁs{i Obevedn bt T ﬂbeﬁwr
hdlclzg.g L5

tw-Z o,

(k>kp)
f.
+ = Y, @ bl
CR<ke)
4—,"‘ amLlods  parbcts and
CN@-’-I; ho-’fﬁ

“’1’*’ Ctate parkeless  and
ann kilaks  holes

“creating a hole” 1s the same as “annihilating a
particle below the Fermi energy” .



Calculate the one-particle Green'’s
function, for free particles (H=H,)
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Check your understanding: what is y, , (x)?
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propagator for a particle
and propagator for a hole
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7d. The Lehmann representation (skip)
7e. The physical interpretation
of the Green’s function

The “propagator”.

(1) Start with the ground state at time t’ in the
interaction picture;

(2) create a particle at x’;

(3) let the system evolve to time t;

(4) annihilate a particle at x;

(5) and calculate the overlap with the ground
state;

(6) rewrite the overlap in the Heisenberg
picture;

The result is the Green’s function, fort > t’.

In words, it’s the matrix element for a particle to

propagate from (x’,t’) to (x,t) in the ground

state.

Lett>t.
Consider, in the interaction picture,
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Homework Problem due Friday February 12
Problem 20.

(a ) Evaluate Equation (7.8) for the free Green’s function, (7.44).

(b ) Do the same for Equation (7.10).

(7.8) <n(x)>=+itr Gaa(xt,xt+)

(7.10) < T>==i [ d’x lim[ (-1h*V?/2m) tr Gua(xt,x’t+) ]
X X

(7.44) G° (xtxt) = (2n)™* &k [ = do el&X) goltt) G0 (k)
ofl oo ofl

where Goaﬁ(k,m) = 5043 [ 8(k-kr) / (0 - o, +in) + O(kr-k) / (0 - @, -in) ]
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