The Theory of the Photon

Planck, Einstein — the origins of quantum theory

Dirac
L the first quantum field theory

The equations of electromagnetism in empty space

(i.e., no charged particles are present)
using gaussian units,
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We can solve the equations of electromagnetism, by
introducing potentials ¢(x,t) and A(x,t) ...
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W.L.O.G. we can require V:A=0,
which is called the Coulomb gauge condition.

Then ® =0 and

_vrA = 0 (Weve quetin)

And how do we calculate coupled oscillations?

We use the normal modes.




“Normal modes” of the electromagnetic field

The normal modes of the electromagnetic field
are transverse plane waves.

Try A(x,t) = C g ellkx-wY) (€ is a unit vector)

The Coulomb gauge condition requires k- = 0;
1e, the waves are transverse.

The wave equation requires w = c |k|, which is called
the dispersion relation.

The wave velocity is
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(This is the starting point for the theory of special relativity.)




“Normal modes”: or, better, plane wave solutions
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The general solution of the field equation is a
superposition of normalmodes p[cme wawves,
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Infinite space, or finite? For normalizability, we

use a finite space with dimensions LxL x L,

with periodic boundary conditions, and then take the limit
L— infinity.

Iyecee A(xeLe,t)= A%
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Volume Q = L3.

Infinite volume limit: ¥ — Q [d%k /(2n)®
k

Then for the plane waves,

k= (2m/L ) n where nis integer valued.




So far, we have only discussed the wave solutions of the field
equations. Where are the photons?
Following Dirac, we replace the c-numbers,
c(k,0) and c*(k,0) ,
by annihilation and creation operators,

c(k,0) — a, and c*(k,0) — a"'ko
with
[ako'a+ko]_1
[ &, . k, , 1 =0 for {k',0o’} # {ko}
ie, la,,a, 1= Oy k' Vo

All other commutators are 0; eqg,la,_,a. ]=0




So we write
_ i(k.x -wt -i(k.x - wt
A(xt)=3N g {a,  e®&*x W)+ g* erikx-w)}
and that is the quantized electromagnetic field,

in the Heisenberg picture.

If this is to be a quantum theory, there must be a
Hamiltonian ( = the generator of translation in time).

What is the Hamiltonian? (Homework Problem 3)

The normalization factor N,
N, = Sqrt[ 2n h ¢* / wQ]
which is necessary so that H=1/(8n) [ (E?+ B?) d3x.




Pictures Here is something you must understand for
quantum field theory. You have already studied it, but we'll
go over it again.

I All predictions in quantum theory are based on matrix
elements; e.q., Oy = (alO|IB).

I Matrix elements may depend on time. But what depends
on time—the states or the observables?

I In the Schroedinger picture, the states depend on time, but
the observables do not depend on time.

I In the Heisenberg picture, the states do not depend on
time, but the observables depend on time.

I Essential: (a,t| OBt >Schr. =(al O(t) IB)

Heis.

(Homework Problem 4)




(Needed for Homework Problem 4)
Time dependence in the Schroedinger picture

ih(o/ot) |at>=H]|at> :
or,
la,t>=exp(-iHt/h)|q, 0>.

Time dependence in the Heisenberg picture
exp(+iHt/h) o(0)exp(-iHt/h)=o0(t)

or,
-ih(@/dt)o() =[H,o®)].
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Homework due Friday, January 22 ...

Problem 3.

The quantum field for the free electromagnetic field A(x,t) in the
Heisenberg picture is written as an expansion in plane waves, with
the annihilation and creation operators, a, _and a'l'kG .

From that, determine the Hamiltonian H.

k

Problem 4.
Start with the equations for time dependence in the Schroedinger
and Heisenberg pictures.

Prove (at[O]Bt),. =Cafo(t)|p)

Heis.
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