
The book by Fetter and Walecka is concerned with the 
application of QFT to many-particle systems.

Relativistic QFT applies to something different:
● .  cross sections for collisions
● .  field interactions

For today’s lecture we’ll study an example related to particle 
interactions (but still using nonrelativistic QFT).

Then we’ll return to many-particle systems.
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/2/ Kinematic variables; 4 momenta

In the center of mass frame,

ε1 = ε2 = ε3 = ε4  . We won’t use this now.

Electron-electron scattering
➢ at nonrelativistic energies
➢ calculated using QFT

/1/ The Hamiltonian is H = H0 + H1 .
The free Hamiltonian is

Set h-bar = 1.   At the end of the calculation 
we can restore the factors of h-bar by 
dimensional analysis.

The interaction Hamiltonian is

where V(x−y) = e2/|x−y|
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/3/ The transition matrix element

   

Start with the Schroedinger picture,

∴
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Thus,

| ψ , t >I  =  Û( t , t0 ) | ψ , t0 >I

Now remember, t0 ➝ −∞ and t ➝ + ∞.

So | ψ , t0 >I  = | e1 , e2 >

If H
I
 = 0 then the interaction picture is the same as 

the Heisenberg picture.

The transition probability amplitude is

S = < e3 , e4 | ψ, t>I 

= < e3 , e4 | Û(t, t0) | e1 , e2 >

Now recall,

Û(t,t0) = T exp { − i/ħ ∫t0
t  HI(t’) dt’ }

where HI (t’) is HI in the interaction 
picture; i.e., evolving according to H

0
.



… the transition matrix element

Letting t0 ➝ −∞  and   t  ➝ +∞ ; also, ħ = 1 ;

  S = < e3 , e4 | T exp { − i ∫−∞
∞ 

  HI(t) dt } | e1 , e2 >

where all states and operators are in the interaction 
picture.
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Now apply perturbation theory.

Zero-th order Û(0) = 1;

Sfi = < f | Û(0) | i > = δfi ; i.e., no scattering.

That does not contribute because we are interested in 
time evolution for which scattering does occur.

First order (or, Leading Order)

M = < e3 , e4 | −i ∫−∞
∞ 

  HI(t) dt  | e1 , e2 >

However, there will be some singular 
equations if we use t ∈ (−∞, ∞) ; so we’ll 
make t ∈ (−T , T) and later let T ➝ ∞ .

HI(t) = ½  ∫ d3x d3y V(x−y)
ψ♱(x)ψ♱(y) ψ(y)ψ(x)

where x = (x,t ) and y = (y, t) .

(The instantaneous interaction b/c this is a nonrelativistic approximation.)
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M = < e3 , e4 | -i ∫−T
T 

  HI(t) dt  | e1 , e2 >

HI(t) = ½  ∫ d3x d3y V(x−y)
ψ♱(x)ψ♱(y) ψ(y)ψ(x)

/5/ Calculation of the matrix element M

We could use Wick’s theorem, but it’ll be 
easier to go back to first principles.

+ +
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The rest is just mathematics.
Remember, T➝ ∞ and ħ = 1.



/4/ The time integral
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Homework problem



/5/ Finish calculating the transition matrix element
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     I(Δε , T)
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Next :  Calculate the scattering cross section .

(p1– p4)
2
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Homework Problem due Friday February 19

Problem 22.
Prove 

lim I2(Δε,T)/T = 4π δ(Δε)
       T⟶∞

where
I(Δε,T) = ∫−T

T  exp[i(Δε)t]  dt


