Mandl and Shaw, Chapter 4
Notations, conventions and units
Section 1.2: RATIONALIZED gaussian

electromagnetic units
Section 2.1: Relativity notations
Section 6.1: Natural units
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The Dirac Equation
(Chapter 4; Appendix A)

/1/ Recall the Schroedinger equation
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The plane wave solutions

W(x,t) = C el PX~ED) (h=1)
HY=EY = E=p?/2m (nonrelativisic)
P=-1V, so PY=pWYkXt).

The plane wave is an eigenstate of
momentum.




/2/ The Dirac equation To be consistent with relativity,

We want an equation that is (i) linear in t and (X, y, z ) should be treated
time, (ii) with plane wave solutions, similarly;
(iii) such that E = \ pZ+m? because the Lorentz transformations

mix t and (X, y, z ). So let’s try

\P(X,t) oC ei( p.x—Et)
i oW/ot = (P +pm) P

i0¥/ot=HWY
/ ..with  (e.P+pm)?=P?+m?
Should we try . ,
The quantities g and (a_, ay 5 0, ) will be
Hy = p2+m? P matrices.
ie., H=P%m? ? Now try

But that is a nonlocal operator.
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Since they don’t commute, they must be
matrices.

Four - vector notations (Appendix A)
Define °=8;

also, (y',¥*,¥°)=(Ba,, B, pa,)
UPPER AND LOWER INDICES:
{x0,x',x*,x*}={ct,x,y, z}
{x,,X,X,,X, }={ct, X, -y, -z}
g, - diag(1,-1,-1,-1)

(c=1)

v vy t= pi{l, 00,0, }
¥, Vi Yy s¥g b = B{l,—ax,fay,—az }
y.A=y“AH=YHA“=YOA0—YIA1




[3/ The gamma matrices
What are the gamma matrices?
They are not unique.

i(y? 0/0x" +y' 0/0x' )y —m y =0

That is the Dirac equation.
The gamma matrices are 4 X 4 matrices,

Various notations may be used defined by certain anticommutation
relations:
i}’“?ﬁ-ml}f:o {ﬂi,aj}=2:5ij
iy.op-my =0 {?’{,Fj]={ﬁﬂir5ﬂd—}=_2‘5ﬁ
idy=my=0 defines @ = y* Q) {(vi,y')={({Ba,B}=0

(V0,0 =2(y")?=2
Thus, the defining equation is
iy, y'r=2g" (%)




8 The standard representation (“Dirac
rep.”) for the gamma matrices is

) M &/ { (r‘ra
Mee 4= (J?) md g2= L Bl mbex

=), =043, =3
Exercise. Verify ().

(we never raise
the index on the
Pauli matrices!)

8 The Majorana representation

wm= L)‘M(J' (m‘.‘;’3 ete
0)

which is sometimes convenient.

(Peskin and Schroeder use yet a different representation.)

Theorem. If {y*,y'}=2g",andUis a
unitary matrix (U*U = 1), then
{y'*,y'V}=2g" wherey'* = Uy”U'l'.

Proof.
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= ngv Uu = _?g'ﬁ'v

Exercise. Find U such that

yM“:Uy"U*.




For most calculations, we don’t need to use
any specific representation of the gamma
matrices. Instead we can use some identities
that are true for all representations.

{y*, vy }r=2g" (%)

/4] Examples of gamma matrix identities

I Trace (y*vy")
Lemma. Trace(BA) = Trace(AB).

Proof.

Trace(BA) =B _A_=A_ B _=Trace(AB).
Even if A and B do not commute,

i.e., BA # AB, always Tr(BA) = Tr(AB).

Tr s*y” =L T (45 5" ¢
= 4T Qg'w:? = ?g’“"

Trace (y# 7"y v°)
T XNy
=T (10 250) Tyt
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FTelxvyfars ) =T 3y e~
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Ly yPy,

Y rPa. =3ty - ¥y
= 323,'“ Y, — ¥y 4

Etc.

We’ll use many such identities.
See the Appendix ; A.2 and A.3.




[5/ The Dirac spinors
» Plane wave solutions of the Dirac equation
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» In the standard (Dirac) representation:
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Normalization choice
This can be done in different ways.
We’ll follow Mandl and Shaw ; eq. (A.27) ;

ur'l'(p) u(p) = % 6., W/ randse€{1,2}

vipvm = 5, w randse{1

Also, define u=u*y? and v=v¥%y?;

Then

u () u(p = 5 and v (p)v (p) = —3

= Completeness relation

% [urur_vrvr] =14X4

Check: | ,, . N( EP;:) 2 w=N(em o}, b
P<+p '
at = N[ (ERYT B R R )
=W T E™26n + Wi s F7)
= N® 25 (E+w)

- E . P
=% = N-= 5w

Now

Tuy = YU = ’“f(or 2p)
=N [ temyt — B2 — w2 03]
= N[ E% 28m+ W — ]

= NT 'ZM(EJW\) = i v

Polarization sums. Mandi&Shaw call these “energy
projection operators” ; Section A.5;

A*(p) = (+m)/2m  [note: these are 4X4 matrices]

AP =Yu (Mulp) and A (p)=-Y v, (p)V,(p)
r r




Homework Problems due Friday, March 25

Problem 1.

A.  Determine the Dirac spinors v (p) and v,(p) for
antiparticles.

B. Determine the polarization sum A" (p) for
antiparticles.
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